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Abstract—Load balancing is an important activity in dis-
tributed systems. At a high-level of abstraction, this problem
assumes processes in the system begin with a potentially uneven
assignment of “work” which they must then attempt to spread
evenly. There are many different approaches to solving this
problem. In this paper, we focus on local load balancing—
an approach in which work is balanced in an iterative and
distributed manner by having processes exchange work in each
round with neighbors in an underlying communication network.
The goal with local load balancing is to prove that these local
exchanges will lead over time to a global balance. We describe and
analyze a new local load balancing strategy called max neighbor,
and prove a bound on the number of rounds required for it to
obtain a parameterized level of balance, with high probability, in
a general dynamic network topology. We then prove this analysis
tight (within logarithmic factors) by describing a network and
initial work distribution for which max neighbor matches its
upper bound, and then build on this to prove that no load
balancing algorithm in which every node exchanges work with at
most one partner per round can converge asymptotically faster
than max neighbor.

I. INTRODUCTION

Load balancing is an important activity in distributed sys-
tems. At a high-level of abstraction, this problem assumes
processes in the system begin with a potentially uneven assign-
ment of “work” which they must then attempt to spread evenly.
Load balancing is relevant to a variety of scenarios, from
distributing tasks in multiprocessor systems [11], to optimizing
virtual machine placement in data centers [15], to enabling
fairness in cooperative downloading/uploading in mobile peer-
to-peer networks [6], [23], [10]. Accordingly, there exist a
variety of different approaches to solving this problem.

This paper focuses on local load balancing—an approach
in which work is balanced in an iterative and distributed
manner by having processes exchange work in each round
with neighbors in an underlying communication network. The
rules determining these exchanges tend to be simple. The goal
is to prove that they will lead over time to a global balance.

Local load balancing was first formalized and analyzed
mathematically by Cybenko [11] and Boillat [8]. It has
since been well-studied by the algorithms community in both
static [11], [8], [14], [29], [28], [30] and dynamic [3], [4],
[5], [24], [13] network topologies. In this paper, we describe
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a natural local load balancing strategy that satisfies the useful
property that each process connects with at most one nearby
process per round. We then prove a concrete bound on the time
required for it to reach a parameterized level of convergence.
Our analysis assumes an arbitrary dynamic network. We then
prove our strategy’s performance near optimal (i.e., within
logarithmic factors) with a pair of lower bound results.

Our Results. In this paper, we study a natural local load
balancing strategy called max neighbor. This strategy has
nodes attempt, in each round, to balance their current work-
load with the single neighbor in their network neighborhood
with the most different workload. For example, if you have
workload 5, and have three neighbors with workloads 1, 6,
and 15, respectively, this strategy would have you attempt to
balance your load with the third neighbor from this list—
leaving you both with workload (5 + 15)/2 = 10. We
emphasize that this strategy is memory-free in the sense that
the only state a node must maintain between rounds is its
current workload. We also emphasize that it satisfies the strong
property that each node connects with at most one neighbor
per round. As noted in Section II, this property is desirable as
many distributed systems cannot support simultaneous work
transfers with multiple neighbors (c.f., the discussion in [11]).

We study the max neighbor strategy in dynamic networks
that guarantee only that the network is connected in every
round (and can otherwise change arbitrarily). Given any
network size n ≥ 1, total amount of work in the system
T ∈ R≥0, and convergence factor τ ∈ R>0, we analyze how
many rounds are required before the max neighbor strategy
guarantees (with high probability in n) that every pair of
workloads in the system are within an additive factor of τ ;
i.e., for every pair of workloads x, y: |x − y| ≤ τ . In more
detail, we prove that this strategy achieves this parameterized
convergence in the following number of rounds:

O

(
min

{
n2 log (

Tn

τ
) log n,

Tn log n

τ

})
.

Note that these two bounds essentially coincide at Õ(n2)
with τ = Θ(T/n), where the notation Õ hides logarithmic
factors. In other words, if we want all nodes to have the same
workload up to a constant factor, the max neighbor strategy
uses Õ(n2) rounds. We show that our analysis is tight by
identifying a network and initial work distribution for which
max neighbor does require Ω(n2) rounds when τ = Θ(T/n).



We then build on this result to establish a more general lower
bound that establishes that Ω(n2) rounds are required for a
large family of load balancing strategies that include max
neighbor (in more detail, this family includes all strategies
that allow each node to exchange work with at most one node
per round).

Techniques. To achieve our time bounds, we borrow gen-
eral techniques from Lyapunov optimization—a well-used
approach in the study of dynamical systems. In more detail,
we capture a measure of the current amount of imbalance in
the system in a given round r with a potential function φ(r)
that maps the vector of workloads in r to a single scalar value.
We then prove that this function decreases by an amount in
Ω(Dr) during this round, where Dr is the sum of the size of
the workload gaps that are averaged in r.

Once we bound the behavior of φ, we establish that, with
constant probability, Dr is relatively large. In more detail, we
identify a path in Gr such that the sum of the workload gaps
represented by its edges is large. We then prove that a constant
fraction of these edges will either connect and exchange their
workload, or belong to a small graph neighborhood in which
an edge will connect and exchange at least as much workload.
Given these tools we can then bound the rounds required for φ
to decrease from its theoretical maximum value down to τ—
at which point convergence is complete. We emphasize that
this approach is different than many existing load balancing
strategies which instead tend to model a balance strategy by
repeated matrix multiplication and leverage spectral techniques
to prove convergence.

II. RELATED WORK

Load balancing on static graphs. In his seminal 1989
paper, Cybenko [11] noted that in distributed multiprocessor
systems static load balancing (i.e., where work is divided
in advance) does not work well for many problems. In
these cases, system designers were instead relying on simple
heuristics that balanced load on the fly in a distributed and
local manner (e.g., if a nearby processor has significantly less
work, pass it some of your own). Cybenko was one of the
first to capture these local load balancing strategies in a form
amenable to mathematical analysis. He proved that a diffusion
strategy, in which processes iteratively adjust their workload
to the weighted average of the workloads in their network
neighborhood, will converge to a uniform distribution in the
limit. He then argued, however, that many systems cannot
support diffusion strategies because these systems lack the
ability to exchange work with many neighbors concurrently.

With these limits in mind, Cybenko also proposed and
analyzed a strategy, called dimension exchange, that only
requires each process to communicate with a single neighbor.
The strategy, however, assumes that processes are connected
in a static hypercube topology. He proved dimension exchange
converges efficiently in the dimensionality of the hypercube.

In 1990, Boillat [8] independently formalized and analyzed
diffusion strategies. Whereas Cybenko leveraged spectral anal-

ysis techniques in his convergence proof, Boillat interpreted
diffusion as a Poisson heat equation, allowing him to leverage
known techniques from Markov chain analysis. In particular,
Boillat proved that diffusion combined with a somehwat
complicated averaging rule (which requires nodes to solve a
local optimization problem in determining their new workload
in each round) converges for a static graph to uniform in O(n2)
steps.

In the years that followed, many papers have built on the
general foundation of Cybenko and Boillat to formally analyze
the convergence properties of diffusion and dimension ex-
change local load balancing under different network assump-
tions and strategy variations. For example, Hosseini et al. [14]
and Xu et al. [29], studied generalizations of Cybenko’s
dimension exchange strategy to more general topologies. They
prove convergence in the limit. A core technique in these
papers is to edge color the network and then restrict balancing
in a given round to a single edge color. (This strategy is
echoed in our max neighbor algorithm which uses a simpler
mechanism to ensure that the connections in a given round
form a matching.) In follow up work, Xu et al. [28], [30] study
the optimal weighted average parameters to use for diffusion-
style load balancing in a variety of network topology types—
including k-ary n-cubes, n-dimensional torii, and meshes.
Load balancing on dynamic graphs. The papers cited above
assume the network topology is static. A series of subse-
quent papers by Bahi et al. [3], [4], [5], by contrast, prove
convergence (in the limit) of local load balancing strategies
in dynamic network topologies. In [3], the authors prove the
convergence of a dimension exchange algorithm in hypercubes
with edges that can come and go. And in [4], [5], the authors
prove that diffusion strategies converge (in the limit) in general
network topologies with edges (and in the case of [5], also
nodes) that can come and go. Bounds on the convergence rate
for diffusion strategies in dynamic graphs were given in [13]

More relevant to our own work, however, is an additional
result in [4], which proves that dimension exchange strategies
eventually converge in dynamic networks. The max neigh-
bor algorithm we study falls into this general class of load
balancing strategies, as it has nodes connect with at most
one neighbor per round. It follows from [4], therefore, that
our solution converges in the limit. Our focus, however, is
not on eventual convergence, but instead on upper bounding
the rounds required to achieve convergence. We emphasize
the techniques we use to prove these time bounds differ
significantly from those used in these existing studies of
eventual convergence.

Also related to our work is a paper by Sider and Cou-
turier [24] which examines a dimension exchange strategy
in which processes select neighbors in a manner that max-
imizes the amount of work transferred in the round. Our
max neighbor strategy can be seen as a simple approximation
of this optimality. Unlike our work, however, [24] does not
contain convergence bounds. It instead explores (complicated)
distributed algorithms that can be executed in a static graph
to identify the globally optimal set of neighbors to exchange



work, and presents simulation results that imply that this
general approach is effective.
Load balancing and consensus. We note that there are close
connections between diffusion style load balancing and the
study of average consensus—a problem in which all nodes
start with an initial value and the goal is for all nodes
to converge toward the same value (typically required to
be the average). The problem originated in a 1973 paper
be DeGroot [12], though it was subsequently independently
identified in other fields. (Vicsek et al. [25], for example,
studied particle systems in which, in each time step, each
particle adopted the average heading of nearby particles—
proving that particles in this system will converge to the same
heading.) Many variations of this same general neighborhood
averaging strategy were subsequently studied; c.f., [16], [22],
[7], [26], [21], [17], [27], [9].
Dynamic network algorithms. We also note that there is
a growing literature on general distributed algorithms in dy-
namic network models similar to the one we study in this paper
(see [19] for a survey). A well-known result [18] provides
an O(n2) round algorithm for all-to-all gossip in a dynamic
network of size n in which nodes communicate through local
broadcasts. The superficial similarity between the O(n2) result
of [18] and the Õ(n2) result described in this paper hints at
intriguing connections. However we have not been able to
show a formal connection. It is not obvious, for example,
how to implement load balancing (which requires work to be
transferred in a pairwise fashion) using the gossip technique
of [18], which leverages network-wide floods as its main
communication strategy.

III. THE LOAD BALANCING PROBLEM

Fix a set V consisting of n ≥ 1 nodes, each corresponding
to a probabilistic computational process. We assume time
proceeds in synchronous rounds that we label 1, 2, .... At the
beginning of round 1, each node u ∈ V is assigned an initial
workload xu(0) from R≥0. More generally, we use xu(r) to
denote the workload of node u at the end of round r. Let
T =

∑
u∈V xu(0) be the sum of the initial workloads. We

call T the total workload of the system. The goal of the load
balancing problem is for the nodes to coordinate to balance
the total workload such that every node is committed to a
workload close to the global average of T/n.

To accomplish this balancing goal, the nodes can attempt in
each round to exchange some of their workload with neighbors
in an underlying communication network. Formally, we de-
scribe the communication network in each round r ≥ 1 with a
connected undirected graph Gr = (V,Er). The network topol-
ogy over time, therefore, is defined by a sequence G1, G2, ...
of graphs. In the static setting, for all r, r′ ≥ 1 : Gr = Gr′ .
In the dynamic setting, the graphs can change. In this paper,
we assume the more general dynamic setting.

At the beginning of each round r ≥ 1, each node u ∈
V learns the current workload of its neighbors in Gr. That
is, for each v ∈ Nr(u) = {v | v neighbors u in Er}, u
learns xv(r − 1). At this point, u can exchange work with

nodes in its neighborhood. In more detail, we assume that
each node u can send connection proposals to any subset of
its neighborhood. It can also choose to accept any subset of
the connection proposals it receives from its neighborhood.
If a node v accepts a connection proposal from neighbor u,
then v and u can exchange work. The logic that specifies how
nodes decide which neighbors to connect with and how to
exchange work over connections is called a load balancing
strategy (equiv., “load balancing algorithm”) in the following.

We now formalize what it means for a particular load
balancing strategy to solve the load balancing problem in
our model. Fix some convergence factor τ ∈ R>0. We say
a given round r ≥ 0 is τ -converged if for all u, v ∈ V ,
|xu(r)−xv(r)| ≤ τ . In this paper, we analyze the time a given
load balance strategy requires to guarantee τ -convergence
(with high probability), for a network size, total workload,
and convergence factor. Formally:

Definition III.1. We say a load balancing strategy solves
the load balancing problem with convergence factor τ in
f(n, T, τ) rounds, for some f : Z>0 × R≥0 × R>0 → N,
if and only if for every network size n, total workload T , and
convergence factor τ , with high probability in n: for every
round r ≥ f(n, T, τ), round r is τ -converged.

We sometimes use the natural generalization of the above
definition by allowing the possible values of n, T , and/or τ to
be restricted.

IV. MAX NEIGHBOR LOAD BALANCING

In this paper, we study a natural load balancing strategy
(also called an “algorithm” in the following) in which nodes
attempt to balance their workload with the neighbor represent-
ing the largest current workload gap. Our algorithm requires
no advance knowledge of n, T , or τ , and is memory-free in the
sense that the only state each node needs to maintain between
rounds is its current workload. In more detail:

Max Neighbor Load Balancing.
In each round r ≥ 1, each node u ∈ V flips a
fair coin to determine whether to send or receive
connection proposals. If u decides to send, it se-
lects neighbor v = argmaxv∈Nr(u)

{|xv(r − 1) −
xu(r − 1)|} and sends v a connection proposal. If
u decides to receive, and it receives one or more
connection proposals, it will accept the proposal
from v = argmaxv∈S{|xv(r − 1) − xu(r − 1)|}
(where S is the set of node(s) sending proposals
to u), and we say that u and v are connected
in round r. In both argmax decisions, ties can be
broken by any fixed deterministic criteria. If two
nodes u and v are connected in round r, they
evenly balance their respective workloads by setting
xu(r) = xv(r) = 1

2 (xu(r − 1) + xv(r − 1)).
Notice, our max neighbor algorithm satisfies the strong prop-
erty that no node is involved in more than one connection per
round. This allows it to be implemented in distributed systems



such as smartphone peer-to-peer meshes, or certain multipro-
cessor networks, in which concurrent local connections are not
possible.

V. ANALYSIS

We now analyze how long it takes the max neighbor
algorithm to solve the load balancing problem for a given
set of system parameters. In this section, we will prove three
theorems. The first handles the trivial case where τ ≥ T . The
second and third theorems provide two different convergence
time bounds for the more interesting case where τ < T . We
pull out the τ ≥ T case into its own theorem so that we can
simplify the statements of the results that then follow. Due to
space constraints, many proofs are omitted or only sketched,
but full proofs can be found in the full version [1].

We first tackle the simple case where τ ≥ T . When the
convergence factor is at least as large as the initial total
workload, the initial workload is already τ -converged, and
nothing we do can possibly make it not τ -converged. Hence
we immediately get the following theorem.

Theorem V.1. Fix some total workload T > 0, network size
n ≥ 1, and convergence factor τ ≥ T . Given these param-
eters, the max neighbor algorithm solves the load balancing
problem for convergence factor τ in 0 rounds.

A. Convergence for Large T .

Moving forward, we assume τ < T . We begin by proving
the below bound on convergence that is optimized for large
T (as compared to n). We will later prove a bound optimized
for smaller T .

Theorem V.2. Fix some total workload T > 0, network
size n ≥ 1, and convergence factor τ , 0 < τ < T .
Given these parameters, the max neighbor algorithm solves
the load balancing problem for convergence factor τ in
O
(
n2 log (Tnτ ) log n

)
rounds.

Proof Overview. Our analysis technique leverages core ideas
from Lyapunov optimization. In particular, we begin by defin-
ing a potential function, φ, that measures at each round the
total magnitude of workload gaps in the system:

∀r ≥ 0 : φ(r) =
∑
u,v∈V

|xu(r)− xv(r)|.

Similar to a Lyapunov function, φ maps the system state (in
this case, a vector of workloads) at any given round to a
non-negative scalar value that describes the desirability of the
current system state. As φ decreases toward 0, the system state
becomes more desirable in the sense that the workload in the
system becomes more balanced. As in standard Lyapunov op-
timization, our analysis below will show that the modifications
to system state caused by executing a single round of our max
neighbor algorithm will drift the value of φ toward zero in a
non-decreasing manner. To obtain our time bounds, we will
establish a probabilistic lower bound for the amount of drift in

a given round. Combining these lower bounds with an upper
bound on φ(0) will provide the needed result.

Preliminaries. For a given round r ≥ 0 and node pair u, v ∈
V , we define du,v(r) = |xu(r) − xv(r)| to describe the gap
between u and v’s workload at the end of that round. For each
such r, we also define: Ar = {{u, v} | u and v connected and
averaged their workloads in round r}, i.e., the set of node pairs
that connect and average in r, and Dr =

∑
{u,v}∈Ar

du,v(r−
1), i.e., the sum of gaps averaged in r. Finally, we define
tmax(r) = maxu,v∈V {du,v(r)} to describe the largest gap
between any two nodes at the end of round r.

We now proceed with the main proof argument for Theo-
rem V.2 in three steps that build upon each other.

Step #1: Prove that φ is Nonincreasing and Decreases
Proportional to Dr. The goal of this step is to prove that
in any execution of our algorithm, we can lower bound
φ(r− 1)−φ(r) with Dr. In particular, we begin by bounding
this value in the case where Ar contains only a single pair in
the round in question. We will then apply that result iteratively
to handle other possibilities for Ar.

Lemma V.3. Fix some execution of the max neighbor load
balancing algorithm and some round r of the execution such
that Ar = {{u, v}}. Then φ(r − 1)− φ(r) ≥ du,v(r − 1).

Proof. Assume without loss of generality that xu(r − 1) <
xv(r−1) (the opposite case is symmetric). Fix V ′ = V \{u, v}.
We partition the nodes in V ′ into three sets depending on the
value of their workload after r − 1 rounds in comparison to
xu(r − 1) and xv(r − 1):

Vlow = {w ∈ V ′ | xw(r − 1) < xu(r − 1)}
Vmid = {w ∈ V ′ | xu(r − 1) ≤ xw(r − 1) ≤ xv(r − 1)}
Vhigh = {w ∈ V ′ | xw(r − 1) > xv(r − 1)}

For each w ∈ Vlow, we know that dw,u and dw,v potentially
change from round r − 1 to round r, and that these are the
only gaps involving w that change in this round (as only
u and v change their workload). In more detail, we know:
dw,u(r) = dw,u(r − 1) + du,v(r − 1)/2, as u increases by
du,v(r − 1)/2 during round r. At the same time, we know
dw,v(r) = dw,v(r − 1) − du,v(r − 1)/2, as v decreases by
du,v(r − 1)/2 during round r. Hence

dw,u(r) + dw,v(r) ≡ dw,u(r − 1) + du,v(r − 1)/2

+ dw,v(r − 1)− du,v(r − 1)/2

= dw,u(r − 1) + dw,v(r − 1),

from which it follows that the contribution of dw,∗ variables to
φ(r) is the same as their contribution to φ(r−1). A symmetric
argument can be applied to prove the same holds for every
value w′ ∈ Vhigh; that is, v’s workload moves away from
the workload of each such w′ by the same amount that u’s
workload moves toward it, balancing out their impact on φ(r).

We are left to consider nodes in Vmid. For each w ∈ Vmid
there are two relevant cases. The first case is that w’s round



r − 1 workload is closer to u than v. Formally: xw(r − 1) ≤
xu(r − 1) + du,v(r − 1)/2.

In this case, we know that dw,v(r) = dw,v(r−1)−du,v(r−
1)/2, as v moves the full du,v(r−1)/2 size gap toward w. The
most we can say about dw,u(r), however, is that dw,u(r) ≤
dw,u(r− 1) +du,v(r− 1)/2. The actual amount dw,u changes
depends on xw(r − 1): if xw(r − 1) is close to xu(r − 1)
then dw,u can grow by close to the full du,v(r−1)/2 amount,
whereas if xw(r−1) is in the middle of this interval dw,u does
not change, and if xw(r−1) is closer to xu(r−1) +du,v(r−
1)/2 then dw,u can actually shrink. The claim that dw,u(r) ≤
dw,u(r − 1) + du,v(r − 1)/2, therefore, is potentially a crude
upper bound—but sufficient for our purposes. In particular, we
now have that

dw,v(r) + dw,u(r) ≤ dw,v(r − 1)− du,v(r − 1)/2

+ dw,u(r − 1) + du,v(r − 1)/2

= dw,v(r − 1) + dw,u(r − 1),

from which it follows that the contribution of dw,∗ variables
to φ(r) is no more than their contribution to φ(r− 1), and is
potentially less. A symmetric argument applies to the second
case where we consider w′ ∈ Vmid with a round r−1 workload
closer to v than u; i.e., xw(r−1) > xu(r−1)+du,v(r−1)/2.

To pull together the pieces, fix Q = {{x, y} | x, y ∈ V }
and let Q′ = Q \ {{u, v}}. The following inequality is a
direct implication of our above results:

∑
{x,y}∈Q′ dx,y(r) ≤∑

{x,y}∈Q′ dx,y(r − 1). We also know by assumption that
du,v(r) = 0. It follows that φ(r) =

∑
{x,y}∈Q′ dx,y(r).

Therefore

φ(r) =
∑

{x,y}∈Q′
dx,y(r) ≤

∑
{x,y}∈Q′

dx,y(r − 1)

= φ(r − 1)− du,v(r − 1),

which directly establishes the lemma statement.

We will now apply Lemma V.3 iteratively to generalize our
bound on φ’s reduction to handle any feasible set of averaging
nodes in a given round. Recall from the preliminaries above
that Dr is the sum of gaps averaged in round r.

Lemma V.4. Fix some execution of the max neighbor load
balancing algorithm and some round r of this execution. It
follows: φ(r − 1)− φ(r) ≥ Dr.

The below corollary, which will prove useful in our later
analysis, follows directly from Lemma V.4 and the fact that
by definition Dr is always non-negative:

Corollary V.5. The potential function φ is monotonic nonin-
creasing.

Step #2: Lower Bound Dr. In the previous step we proved the
deterministic property that φ(r) decreases by at least Dr from
φ(r − 1). In this step, we prove a probabilistic lower bound
on Dr. In particular, we prove that with constant probability,
Dr ∈ Ω(tmax(r − 1)/ log n). In other words, the decrease in
the potential is proportional to the largest workload gap, even

if that gap is between nodes that are far away from each other
in the graph and thus not able to connect to each other. We
will start by fixing some important notation concerning a path
in Gr with a large sum of pairwise gaps. We will then study
the behavior of nodes near this path during round r.

Setup. Fix some r − 1 round execution of the max neighbor
algorithm. In this proof step, we will argue about the behavior
of the algorithm during round r. To do so, we begin by noting
that by the definition of tmax there must exist some umax
and vmax such that dumax,vmax(r − 1) = tmax(r − 1). Fix P
to be a shortest path in Gr between umax and vmax, where
we define “shortest” with respect to hops. We know such a
path must exist as we assume Gr is connected. We label the
nodes in this path as P = u1, u2, ..., uk, where u1 = umax
and uk = vmax, and call P the maximum gap path.

In the lemmas below for this step, for each i ∈ [k − 1],
we define ei = {ui, ui+1}; i.e., the ith edge in P . In a slight
abuse of notation, we sometimes use de(r − 1), for an edge
e = {ui, ui+1} from P , to describe dui,ui+1(r − 1). Finally,
for any node ui in P , we define ûi to be the neighbor of ui
that has the r− 1 workload most different from ui. Formally,
ûi = argmaxv∈Nr(ui)

{dui,v(r − 1)}, where we break ties in
the same way that ui would in the max neighbor algorithm.

We begin with a useful observation that follows from the
assumption that |xuk

(r − 1)− xu1
(r − 1)| = tmax(r − 1):

Lemma V.6.
∑k−1
i=1 dui,ui+1

(r − 1) ≥ tmax(r − 1).

We next analyze the neighborhood surrounding each edge
(equiv., step or hop) in P . Our goal is to show that for
each such edge {ui, ui+1}, there is a reasonable probability
that a nearby pair of neighbors {x, y} with dx,y(r − 1) ≥
dui,ui+1

(r−1) connects during round r. We will then build on
this argument to show that many of the steps in P have nearby
pairs with similar sized gaps (or larger) connect. Combined
with Lemma V.6, it will follow that there is a good probability
of Dr being lower bounded by something close to tmax(r−1).
We first formalize the type of behavior we are seeking:

Definition V.7. We say an edge {ui, ui+1} from P is pro-
ductive if there exists an edge {v, w} in Gr that satisfies the
following properties:

1) v and w are both within three hops of ui and ui+1 in
Gr;

2) v and w connect during round r; and
3) dv,w(r − 1) ≥ dui,ui+1

(r − 1).

We now establish a particular probabilistic event which guar-
antees productivity (recall that ûi is the neighbor of ui in Gr
with the largest workload gap with ui):

Lemma V.8. For any edge {ui, ui+1} in P , if ui decides
to send proposals in round r and ûi decides to receive
proposals in round r, then {ui, ui+1} will be a productive
edge regardless of the outcomes of other nodes’ coin flips
during this round.



Proof. Assume that ui decides to send and ûi decides to
receive proposals in r. We now perform an exhaustive case
analysis on the fate of ui’s proposal.

1) The first case is that ûi = ui+1 and ui+1 accepts ui’s
proposal. In this case, the definition of a productive edge
is clearly met for v = ui and w = ui+1.

2) The second case is that ûi = ui+1 but ui+1 accepts
a proposal from a different neighbor u′ 6= ui. By
the definition of the algorithm, it must follow that
du′,ui+1

(r − 1) ≥ dui,ui+1
(r − 1) (as ui+1 will accept

the proposal that contains the largest workload gap).
Because u′ neighbors ui+1 which neighbors ui, it is
also clear that u′ is within 2 hops of both ui and ui+1.
In this case, the definition of a productive edge is met
for v = u′ and w = ui+1.

3) The third case is that ûi 6= ui+1 and ûi accepts ui’s
proposal. Similar to the above case, we know here that
dui,ûi(r− 1) ≥ dui,ui+1(r− 1) and ûi is within 2 hops
of both ui and ui+1. In this case, the definition of a
productive edge is met for v = ui and w = ûi.

4) The fourth case is that ûi 6= ui+1 and ûi accepts a
proposal from a different neighbor u′′ 6= ui. In this
case, by definition, dûi,u′′(r − 1) ≥ dûi,ui(r − 1) ≥
dui,ui+1

(r − 1). We also note that u′′ is within 3 hops
of ui and ui+1. In this case, the definition of a productive
edge is met for v = u′′ and w = ûi.

In all possible cases {ui, ui+1} ends up productive.

We now leverage Lemma V.8 and Definition V.7 to bound
the probability that enough edges are productive, and they
represent enough independent workload averages, to ensure
Dr ∈ Ω(tmax(r− 1)/ log n). The below lemma will leverage
the shortest path property of P to ensure that the set of
productive edges we identify are sufficiently isolated to behave
sufficiently independently.

Lemma V.9. With probability at least 1/8: Dr ≥ tmax(r −
1)/(60 ln (2n)).

Proof. We begin by selecting a subset S of the edges in P
for further consideration in this proof. We do so by applying
the following iterative greedy selection procedure:

1) Initialize P̂ to contain every edge in P (i.e.,
{u1, u2}, {u2, u3}, ..., {uk−1, uk}) and initialize S = ∅.

2) Fix {v, w} = argmax{v,w}∈P̂ {dv,w(r − 1)} (i.e., the
edge in P̂ with the largest gap; breaking ties arbitrarily).

3) Add {v, w} to S and remove from P̂ the edge {v, w}
as well as any other edge containing a node within 6
hops of v or w in Gr.

4) While P̂ remains non-empty, loop back to step (2).
For the remainder of this proof, let S be the set of edges
defined after the above iterative procedure terminates. We
continue by proving several key properties regarding S then
leverage these properties to establish the lemma statement.

Property #1: For each ei ∈ P , there are at most 14 other
edges in P within 6 hops of ei in Gr.

Property #2:
∑
e∈S de(r − 1) ≥ tmax(r − 1)/15.

Property #3: For each e, e′ ∈ S, e 6= e′: the three hop
neighborhoods of the endpoints in e share no nodes in common
with the three hop neighborhoods of the endpoints in e′.

These three properties make it straightforward to prove the
lemma, since they imply that the edges of S contain significant
workload gaps, and that if two edges of S are both productive
they each contribute separately to this sum of gaps (since they
are far enough apart in Gr). Since each edge has a constant
probability of being productive (and these are independent),
this establishes the lemma. Details can be found in [1].

Step #3: Bounding the Number of Reductions Needed to
Achieve τ -Convergence. We are now ready to prove Theo-
rem V.2. The interesting argument is bounding the number of
rounds until the system is τ -converged for a given convergence
factor τ . We will leverage the key results from Steps #1 and #2
to bound this value. In particular, in Step #1 we established
that φ(r) decreases by at least Dr in each round r, and in
Step #2 we showed that there is a constant probability that
Dr ∈ Ω(tmax(r − 1)/ log n). These pieces are sufficient to
obtain the claimed converge time complexity bound.

Proof (of Theorem V.2). We first note that if we arrive at a
round r in which φ(r) ≤ τ , then the system ends this round
τ -converged: the sum of the gaps is at most τ , and thus
clearly any individual gap is at most τ . Since φ is monotonic
nonincreasing (by Corollary V.5), it follows that every round
r′ ≥ r is also τ -converged. So we just need to show that with
high probability, φ will decrease to τ in the time bound stated
by the theorem statement.

For each r ≥ 1, call r “good” if and only if φ(r−1)−φ(r) ≥
tmax(r − 1)/(60 ln (2n)). We next calculate how many good
rounds guarantee that φ falls below τ . To do so, we first note
that by Corollary V.5, non-good rounds cannot increase φ, so
we are safe to focus only on reductions generated by good
rounds in calculating our bound.

By the definition of φ, for each r ≥ 0 we know that
φ(r) < tmax(r)n2. It follows that if r is a good round,
then it decreases φ(r− 1) by a multiplicative factor less than
(1 − 1

60n2 ln (2n) ). Finally, we also observe that tmax(0) ≤ T

and therefore φ(0) < Tn2. Leveraging these observations, to
find the number of good rounds needed to decrease φ below
τ we just need to find the minimum t such that

Tn2
(

1− 1

60n2 ln (2n)

)t
≤ τ.

A simple calculation implies that tcon =
60n2 ln (2n) ln (Tn2τ−1) is sufficient to satisfy this inequality.

We have now established that after tcon good rounds the
system will be τ -converged for all future rounds. We are left
to bound the number of rounds required to generate tcon good
rounds with high probability.



For each round r, let Xr be the random indicator variable
that evaluates to 1 if round r is good and otherwise evaluates to
0. By Lemmas V.4 and V.9, we know a given round r is good
with probability at least 1/8, regardless of the history of the
execution through round r − 1. We cannot, however, directly
leverage this observation to calculate (and concentrate) the
expected sum of X variables for a given execution length, as
the distribution determining a given Xr might depend in part
on the outcome of previous experiments. To overcome this
issue, we define for each round r, a trivial random indicator
variable X̂r that evaluates to 1 with independent probability
1/8 and otherwise evaluates to 0. Notice that for each r, Xr

stochastically dominates X̂r, and therefore for each t > 0,
Yt =

∑t
r=1Xr stochastically dominates Ŷt =

∑t
r=1 X̂r. It

follows for any t > 0, if Ŷt ≥ tcon with some probability p
then Yt ≥ tcon with probability at least p.

A Chernoff bound applied to Ŷt, for t = c · tcon (where
c ≥ 1 is a sufficiently large constant defined with respect
to the constants in tcon and the constants in the Chernoff
form used), provides that Ŷt ≥ tcon with high probability,
and therefore so is Yt. To conclude the proof, we note that
c · tcon ∈ O(n2 log (Tnτ ) log n), as required by the theorem
statement.

B. Convergence for Small T

We now prove an alternative form of the convergence
bound optimized for smaller values of T (as compared to n).
Proof of the following leverages lemmas and techniques from
Theorems V.1 and V.2.

Theorem V.10. Fix some total workload T > 0, network
size n ≥ 1, and convergence factor τ , 0 < τ < T . Given
these parameters, the max neighbor algorithm solves the load
balancing problem for convergence factor τ in O

(
Tn logn

τ

)
rounds.

VI. LOWER BOUND

We now show two things: that our analysis is essentially
tight, and that no algorithm from a natural family can do any
better than max neighbor. In particular, we consider the natural
convergence factor of τ = Θ(T/n), meaning that all nodes end
with workloads that are within a constant factor of the average.
For this natural target, the bounds provided by Theorems V.2
and V.10 solve to Õ(n2) rounds.

We first show that this analysis is nearly tight: there are
instances where our algorithm takes Ω(n2) rounds to achieve
Θ(T/n)-convergence. We then build-up a more general lower
bound: for any algorithm in which each node connects with at
most one neighbor in each round, there exists some instance
requiring Ω(n2) rounds to achieve Θ(T/n)-convergence. All
missing proofs can be found in the full version [1].

A. Tightness of Analysis

To show that our analysis is tight, we give a specific
instance (or really a family of instances parameterized by
n) and show that Θ(T/n)-convergence takes Ω(n2) rounds.

Our instance is actually extremely simple: the static line. In
particular, consider the graph G with vertices [n] and edges
{{i, i+1} : i ∈ [n−1]}. We initially place the entire workload,
normalized to 1, on the right endpoint and 0 everywhere else,
i.e. we initialize xn(0) = 1 and xi = 0 for all i ∈ [n − 1]
(normalizing T = 1). We will prove that it takes Ω(n2) rounds
before node 1 has value at least Ω(1/n). Note that our upper
bounds hold even for very general dynamic graphs, while this
lower bound is for the simple static line.

Our proof has two main steps: arguing that a related
algorithm we call AVERAGE takes Ω(n2) time, and then
arguing that our algorithm takes at least as much time as
AVERAGE.

The AVERAGE algorithm. The AVERAGE algorithm is
very simple: every node connects with its neighbors, and the
workload across every edge is equalized.

Definition VI.1. Let {xi(r−1)}i∈[n] be the weight distribution
after round r−1. Then in round r of the AVERAGE algorithm,
each vertex i with i ≥ 2 sends xi(r−1)−xi−1(r−1)

2 work to node
i−1 (if this amount of work is negative then work is transferred
from i− 1 to i).

A simple calculation implies that we can think of AVER-
AGE as simply averaging the values of its neighbors (hence
the name of the algorithm).

Lemma VI.2. Let {xi(r − 1)}i∈[n] be a weight distribu-
tion at the end of round r − 1, and let {xi(r)}i∈[n] be
the weight distribution obtained by applying the AVERAGE
algorithm to {xi(r − 1)}i∈[n] in round r. Then xi(r) =
xmax(i−1,0)(r−1)+xmin(i+1,n)(r−1)

2 for all i ∈ [n].

We can now use this to prove that AVERAGE takes a
long time to achieve Θ(T/n)-convergence. This is essentially
trivial after making one easy observation: the recurrence in
Lemma VI.2 is exactly the same recurrence as the probability
distribution of a random walk on the line (with loops at nodes
1 and n)! So we are essentially just trying to analyze the
mixing time of a random walk on a line, which is well-known
to be Θ(n2) (see e.g. [20], [2]). A proof can be found in the
full version [1].

Theorem VI.3. When using the AVERAGE algorithm, for any
constant c < 1, there is a constant k so that if r < kn2 then
x1(r) < c/n.

Relating AVERAGE to Max Neighbor: We now want to
argue that Theorem VI.3 implies the same lower bound on
the actual algorithm we use, max neighbor load balancing.
The randomness in the max neighbor algorithm makes it tricky
to analyze directly, so we instead introduce a generalization
which will make the analysis simpler.

Definition VI.4. Let {xi(0)}i∈[n] be an initial weight distri-
bution. In an equal matching algorithm there is a series of
matchings {Mr}r≥0 where Mr is a matching in the graph for



each r, and in each round r every node balances its workload
with its neighbor in matching Mr (if such a neighbor exists).
Slightly more formally, for each edge {i, i+ 1} ∈ Mr we set
xi(r) = xi+1(r) = 1

2 (xi(r − 1) + xi+1(r − 1)).

The following lemma is direct from the definition of the
max neighbor algorithm and an equal matching algorithm:

Lemma VI.5. Max neighbor load balancing is an equal
matching algorithm.

We will now prove that AVERAGE converges faster than
any equal matching algorithm, and thus converges faster than
the max neighbor algorithm. In order to do this we will need a
definition allowing us to compare the state of two algorithms
by considering the cumulative sum of work across the line:

Definition VI.6. Let {xi}i∈[n] and {yi}i∈[n] be two weight
distributions. We say that x is better than y if

∑k
i=1 xi ≥∑k

i=1 yi for all k ∈ [n].

Lemma VI.7. Let {xi(r)}i∈[n] and {yi(r)}i∈[n] be two weight
distributions, let {xi(r + 1)}i∈[n] be the weight distribu-
tion resulting from applying AVERAGE to {xi(r)}i∈[n], and
let {yi(r + 1)}i∈[n] be a weight distribution resulting from
applying an equal matching algorithm to {yi(r)}i∈[n]. If
{xi(r)}i∈[n] is better than {yi(r)}i∈[n], then {xi(r+ 1)}i∈[n]
is better than {yi(r + 1)}i∈[n].

We are now essentially finished, since Lemma VI.7 makes
the following theorem easy to prove.

Theorem VI.8. On the static line, max neighbor load bal-
ancing takes Ω(n2) rounds to achieve convergence factor
τ = Θ(T/ log n).

B. General Lower Bound
We now prove a more general lower bound: no randomized

algorithm can achieve Θ(T/n)-convergence in o(n2) rounds if
in every round each node can connect with at most one other
node. This would imply that our analysis of max neighbor
Load Balancing is tight, but in order to prove the more general
lower bound we will need more complicated instances, while
Theorem VI.8 holds even on the static line. In fact, it is easy
to see that the static line is not a general lower bound, but just
a lower bound on max neighbor Load Balancing, as there are
simple load balancing algorithms which do achieve Θ(T/n)-
convergence in only O(n) time. But here we show that max
neighbor is in fact the best possible algorithm in dynamic
networks, subject to the requirement that every node exchanges
work with at most one other node in every round.

Definition VI.9. A load balancing algorithm is a matching
algorithm if in every round r there is a matching Mr of Gr and
work is exchanged in round r only between nodes connected
by an edge of Mr.

That is, a matching algorithm is a generalization of our pre-
vious notion of equal matching algorithm where we no longer
require nodes that communicate to split work evenly. So, again,
max neighbor load balancing is a matching algorithm.

We will assume an online adaptive adversary. At the
beginning of every round r, the adversary knows the initial
weight distribution {xv(r−1)}v∈V , and can choose the graph
Gr using this knowledge. The algorithm then gets to run on
Gr using random bits which are unknown to the adversary. It
is easy to see that our upper bounds for max neighbor load
balancing hold against such an adversary.

The rest of this section is devoted to proving the following:

Theorem VI.10. Every matching algorithm requires Ω(n2)
rounds in order to achieve Θ(T/n)-convergence against an
online adaptive adversary.

To prove this, fix some matching algorithm ALG. By
the definition of the load-balancing problem, this means that
when given a graph Gr = (V,Er) and a weight distribution
{xv(r)}v∈V , the algorithm ALG will (possibly randomly)
choose a matching Mr ⊆ Er and for every edge {u, v} of
Mr will distribute xu(r− 1) +xv(r− 1) work between u and
v in some way so that xu(r)+xv(r) = xu(r−1)+xv(r−1).

Since our adversary is adaptive, we define our dynamic
graph with respect to the choices of ALG. The dynamic graph
will be a series of lines, where the ordering will depend on the
previous choices made by the algorithm. Initially, let V = [n],
let G1 be the line on [n] (i.e. E1 = {{i, i+1} : i ∈ [n−1]}), set
xn(0) = 1, and set xi(0) = 0 for all i < n. Let φ1 : [n]→ [n]
be the identity function (we will think of φr as an ordering
for the r’th round, so φr(i) will be the node at position i in
Gr). We will maintain the invariant that Gr is the line defined
by the ordering φr. (Note that this φ has nothing to do with
the φ used in the upper bound as a potential function).

Informally, to get Gr from Gr−1, we look at the match-
ing Mr−1 and swap the nodes for each edge so that the
smaller-weight node occurs first (but only for matching edges).
More formally, let {u, v} ∈ Mr−1 with u = φr−1(i) and
v = φr−1(i + 1) (any edge must have this structure since
Gr−1 is the line defined by ordering φr−1). If xu(r − 1) ≤
xv(r − 1) then we set φr(i) = u and set φr(i + 1) = v,
and otherwise we set φr(i) = v and set φr(i + 1) = u.
For every node w = φr−1(j) that is not part of a matching
edge, we will leave it in place by setting φr(j) = w. This
completely defines φr, and we let Gr = (V,Er) be defined
by Er = {{φr(i), φr(i+ 1)} : i ∈ [n− 1]}.

We will proceed by trying to argue that the weight distri-
butions we get from “equal” load balancing are better than
the weight distributions we get from ALG. We first define
the procedure EQUAL, which is very simple: in round r it
uses the same matching Mr as ALG, but instead of balancing
across edges in the same way as ALG, it will always evenly
split the total workload of the two endpoints of each matching
edge. We will also need to slightly redefine our definition of
“better” in order to incorporate the dynamism of the instance.

Definition VI.11. Let {xi(r)}i∈[n] and {yi(r)}i∈[n] be two
weight distributions. We say that {xi(r)}i∈[n] is better than
{yi(r)}i∈[n] if

∑k
i=1 xφr+1(i)(r) ≥

∑k
i=1 xφr+1(i)(r), for all

i ∈ [k].



In other words, if we have two weight distributions at the
end of round r, then one distribution is better than the other
if when using the order for round r+1 it is better in the same
way as in Definition VI.6. We can now prove the main lemma.

Lemma VI.12. Let r ≥ 1 be a round. Let {xi(r)}i∈[n] and
{yi(r)}i∈[n] be two weight distributions. Let {xi(r+ 1)}i∈[n]
be the weight distribution resulting from applying EQUAL
to {xi(r)}i∈[n] in graph Gr+1, and let {yi(r + 1)}i∈[n] be
a weight distribution from applying ALG to {yi(r)}i∈[n] in
graph Gr+1. If {xi(r)}i∈[n] is better than {yi(r)}i∈[n], then
{xi(r + 1)}i∈[n] is better than {yi(r + 1)}i∈[n].

We can now prove Theorem VI.10. First, applying
Lemma VI.12 inductively and with k = 1 implies that
EQUAL always puts at least as much weight on the node
in location 1 as ALG does. To prove that ALG takes Ω(n2)
rounds to achieve Θ(T/n)-convergence, we just need to show
that it will be Ω(n2) rounds before EQUAL puts at least
Ω(T/n) = Ω(1/n) weight on location 1.

To see this, note that since EQUAL splits weight evenly
between connected nodes, the vertex swaps in the graph
(which are determined by ALG) do not matter—whether two
nodes swap or not, the amount of weight on a location is the
same if we are running EQUAL. Let G = (V,E) = (V,E1) be
the static line on [n]. For each round r let M ′r = {{i, i+ 1} :
{φr(i), φr(i + 1)} ∈ Mr} be the matching on the static line
that consists of each edge {i, i + 1} where the nodes which
were at those locations in Gr were connected in Mr. If we
run EQUAL on the static line using matching M ′r in round
r, we get the exact same weight distribution with respect to
locations as if we run EQUAL in our dynamic graph.

We just need to show that running EQUAL using the {M ′r}
matchings on the static line takes Ω(n2) rounds to get weight
Ω(1/n) on node 1. Since EQUAL with these matchings is an
equal matching algorithm (as in Definition VI.4), Lemma VI.7
and Theorem VI.3 imply exactly this lower bound.
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[4] Jacques Bahi, Raphaël Couturier, and Flavien Vernier. Synchronous
distributed load balancing on dynamic networks. Journal of Parallel
and Distributed Computing, 65(11):1397–1405, 2005.
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