BWT for repetitive texts, part 4b:
Toehold lemma & Locate queries
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Locate query

Put these in a table called “N"

io7810111214151617181920414244455354555657585960616263
SAlg—1] |22 | 29 34 | 36 41142 (15|13 |16 9 63|19 21
SA[g+1] |47 |62 43 | 42 56| 0 |21|22 |24 2 36| 37 | 38 58 | 46
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How do we use N to answer arbitrary queries of the form:
Given g, what are SA|[g— 1] & SA[g+1]?




Runny LF

Two positions in the same BWT run move through
LF in a parallel fashion
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f BWT[g] = BWT[g + 1]

then LF[g + 1] = LF[g] + 1



Runny LF

Three positions in the same BWT run move through
LF in a parallel fashion

rerreerrrrer

N
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If BWT|g — 1] = BWT|g] = BWT|qg + 1]

thenLF[g + 1] = LF|g] + 1 &LF|g — 1] = LF[g] — 1



Runny LF

Three positions in the same BWT run move through
LF in a parallel fashion

rerreerrrrer

N

rererrrrer

If BWT|g — 1] = BWT|g] = BWT|qg + 1] ) -
eqgulvalen
If BWT|g] is not a run head or tail -

thenLF[g + 1] = LF|g] + 1 &LF|g — 1] = LF[g] — 1



Locate query

Say we have g = 50 and know SA[g] = 35 via toehold
We want to know SA[g—1 = 49] and SA[g+1 = 51]

1 = 34
|
T row _row_row_your_boatrow row row_your_ boatrow_row_row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 22ab00000000000




Locate query

Say we have g = 50 and know SA[g] = 35 via toehold
We want to know SA[g—1 = 49] and SA[g+1 = 51]

T[i=34] is not a phrase head; cannot look up directly

(e
hLT
1 = 34
|
T row _row_row_your_boatrow row row_your_ boatrow_row_row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 22ab00000000000




Locate query

Because BWT[50] is not a run head or tail
LF[49] LF[S0] LF[51] move in parallel

1 = 34
|
T row _row_row_your_boatrow row row_your_ boatrow_row_row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 22ab00000000000




Locate query SAL. . |
i 14 |lg—11]lql|lg+ 1]

Because BWT[50] is 34150 ¢ 33 L

not a run head or tail
LFs move in parallel

1 = 34
|
T row _row_row_your_boatrow row row_your_ boatrow_row_row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 22ab00000000000




Locate query SAL. . |
i 14 |lg—11]lql|lg+ 1]

Because BWT[50] is
not a run head or tail
LFs move in parallel

LF<34 50| 7 35| 7
33 (23| 7 34| 7

1 = 33
|
T row _row_row_your_boatrow row row_your boatrow_row _row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 2aao000000000000




SA[ .. ]

i 4 |1g—1]|lql|lg+1]

34 (50| ? 35| 7
LF<33 23 34| 7
32162 7 33| 7

Locate query

Because BWT[50] is
not a run head or tail
LFs move in parallel

*~>

1 = 32
|
T row _row_row_your_boatrow row row_your boatrow_row _row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 2aao000000000000




Locate query

Several steps later...

N

l 3 [ 19 | 20 | 41 | 42
SA[g—1] 41 | 42 | 15 | 13
SA[g+1] 56 | 0 |21 |22

S
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i=|2()

LFs

SA[ .. ]

i (4 |1g—11|lql|lqg+1]
34 | 50 ? 35 4
33 | 23 ? 34 ?
32 | 62 ? 33 ?
31 | 11 ? 32 ?
30 |59 ? 31 ?
29 |32 ? 30 ?
28 | 44 ? 29 ?
27 8 ? 28 ?
26 | 56 ? 277 ?
25 129 ? 26 ?
24 | 41 ? 25 ?
23 5 ? 24 ?
22 | 33 ? 23 ?
21 | 26 ? 22 ?

*20 | 38 ? 21 ?

T row _row_row_your_boatrow _row_row_your_boatrow_row row_your_boat$

L trrrowwwwwwwwooo bbbyyyrrrrrrrrruuutt$

ddd000000000000
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Locate query AL

i 19 |1g—11|lql|lg+1]
34 | 50 ? 35 ?
Several steps later... 23 | 23 ) 2 )
32 | 62 ? 33 )
N 31 11 ) 32 ?
i 3| 19 [ 20 [ 41 | 42 30 | 59 ? 31 ?
SA[g—1] )EHEB 29 | 32 ? 30 ?
SAlg+1] ) | 56 21 | 22 28 | 44 ? 29 ?
- — 27| 8 ? 28 ?
26 | 56 ? 27 ?
25 | 29 ? 26 ?
24 | 41 ? 25 )
23 5 ) 24 ?
22 | 53 ? 23 )
21 26 ) 22 )
i=20 ‘20 |3 [2] || [J]

|
T row_row_row_your_boatrow_row_row_your_boatrow_row row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 2aao000000000000




Locate query

Several steps later...

i 3 [ 19 [ 20 [ 41 | 42
SA[g—1] ) [ 41 [ 42 ] 15 | 13
SA[g+1] ) 1560 0 | 21| 22

LFs

1 = 20

SA[ .. ]

i 14 |lg—11|lql|lg+1]
34 | 50 35
33 | 23 34
32 | 62 33
31 | 11 32
30 | 59 31
29 | 32 30
28 | 44 29
27 | 8 28
26 | 56 27
25 | 29 26
24 | 41 25
23 | 5 24
22 | 53 23
21 | 26 22
20 |38 ] [+ 21 [0]

T row_row_row_your_boatrow_row_row_your_boatrow_row row_your_boat$

L trrrwwwwwwwwwooo  bbbyyyrrrrrrrrruuutt$ 2aao000000000000




Locate query

Several steps later...

l 31 19 | 20 | 41 | 42
SA[g—1] y| 41 1420 15| 13
SA[g+1] ) [ 56 | 0 [ 21 [ 22

We want to know

and

SAlg—1 =49
SA[lg+1 =51
Answer:

LFs

SA| ..

SA[49] = Answer from N + LF steps =42 + 14 =

SA[S1] = Answer from N + LF steps =0 + 14 =

i |4 |lg—11|lql|lg+ 1]

34 | 50 35

33 | 23 55 34 I3
32 | 62 54 33 12
31 | 11 53 32 11
30 | 59 52 31 10
29 | 32 51 30 9
28 | 44 50 29 8
27 | 8 49 28 7
26 | 56 48 27 6
25 | 29 47 26 5
24 | 41 46 25 4
23 5 45 24 3
22 | 53 44 23 0
21 | 26 4 22

' 20 | 38 21 |'_(‘)'|



Locate query

"Parallel” movement continues until we reach T-phrase head

BWT[g — 1] = BWT[g] = BWT[g + 1] exactly when
BWT[¢g] is not a run head or tail

Once LF chain reaches a head, SA values can be looked up
and answer constructed

pred Final idea: do this with
m one predecessor query
NPV

T row row_row_your_boatrow row row_your_ boatrow_row_row_your_boat$

1| 0|7 |8 [10]11|12[14[15[16|17|18]|19 45|53 |54 55|56 |57 |58 |59|60|61 |62 |63

N f‘j pred
204142144
42 |15 |13

SA[g—1] |22 |29|30|32|33|34|36|37|38|39|40]|41 16| 0 |10/18|20| 9 [63[19|17|11| 8 | - |21

SA[g+1] 4762 |57 61| - [43/42|45|60|55|59|56| 0 212224 |25|33[34|35|36|37[38|39/40|41|58]|46




Locate query

N
il 0|7 8 1011 121415161718192041 424445535455565758596061 62 | 63
SA[g—1] |22 | 29 34 | 36 41|42 |15|13 |16 9 63|19 1
SA[g+1] 77 62\\\\ 43 72/////56 0|21|22]|24 25\ 36 | 37 38\\\\8\46
row_row_row_your_boatrow row _row_ your boatrow_row row_your_b &
Say g = | = and SA|[g] =
" < pred(i)
X,y < NJ|i']
k<—i—1
SAlg—1]=x+k
SAlg+ 1] =v+k




Locate query

iO7810111214151617181920414244455354555657585960616263
SAlg—1] |22 |29 34 | 36 411421513 |16 9 63|19 21
SA[g+1] |47 | 62 43 | 42 56| 0 |21 |22 24 2 36|37 |38 58 | 46
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FOW_row_row_your

" < pred(i)
x,y < N[i']
k—i—1

SAlg — 1
SAlg+ 1

=x+k

=v+k
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Locate query

[0 12 | 14 1912014142144 (45|53 |54 55|56 |57 |58 63
SA[g—1] |22 29 34 | 36 411421151316/ 0 |10]18|20| 9 |63 |19 21
SA[g+1] |47 |62 43 | 42 56| 0 [21122]24125|33|34[35|36|37|38 58 | 46

N i \\\\\x

row_row_row_your_boatrow row row_ your_ boatrow _row row_your boa

-----------------------------

X,y < N[i] NCm Syl T

SA[g—1]=x+k 42+ 14=56

SAlg+1]=y+k (0+14=14




O(r) locate queries

One such query uses O(log log n/r)
time O(r) space

Propagates SA knowledge out by
one step

OCC

Must repeat O(occ) times
where occ = # of occurrences

O(occ - loglog n/r) time overall



Putting it together

ilo|7|8|10|/11|12|14|15|16|17|18|19|20|41 |42 |44 |45|53|54|55|56|57 |58 |59 |60 |61 |62 |63
SA[g—1]|22|29|30|32|33|34|36|37|38|39|40|41|42|15(13|16| 0 [10|18|20| 9 |63|19|17|11| 8 | - | 21
SA[g+1] |47 |62 |57 61| - |43 |42 |45|60|55|59|56| 0 |21|22|24|25|33|34|35|36|37|38|39|40|41|58]|46

[ N\ |

row_row_row_your boatrow row row_your_ boatrow_row row_your boat$

Samples at T-phrase heads + predecessor structure

R

$ | 39 r | 113 ]125]|33
_ |16 [18 4045|6163 t | 0 |37]38

d | 46 | 48 u | 34|36

b |19 | 21 W4 |12

O [13[15/49 |60 y 122 |24

L EBBrriiwwwwwwww@ooll ~BbbllyyBrrrrrrrr@iuuEt$l daaBooooo00000008

Samples at run heads & tails + alphabet-stratified predecessor structure



Putting it together

ilo|7|8|10|11|12|14|15|16|17|18|19|20|41|42|44|45|53|54|55|56|57|58|59|60 |61 |62 |63
SAlg—1]|22|29|30|32(33|34|36|37|38|39(40|41|42(15|13|16| 0 |10|18|20| 9 |63[19|17|11| 8 | - |21
SAlg+1] |47 |62 |57|61| - |43|42|45|60|55|59|56| 0 [21|22|24|25|33|34|35|36|37(38|39|40|41|58|46

O(r) space O(occ - loglog(n/r)) time for all occ locate queries

O(r) space O(loglog(o + n/r)) time per backward search
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iteration keeping same O(mloglog(o + n/r)) bound

Overall backward search + locate in O(r) space

O(mloglog(o + n/r) + occ - loglog(n/r))



Putting it together

Index Space Locate time
Kreft and Navarro [2013, Thm. 4.11] O(z) O(m*h + (m + occ) log z)
Christiansen and Ettienne [2018, Thm. 2(3)] O(zlog(n/z)) O(m + log® z + occ(log® z + loglog n))
Christiansen and Ettienne [2018, Thm. 2(1)] | O(zlog(n/z) + zloglog z) O(m + occ(log® z + loglog n))
Bille et al. [2018, Cor. 1] O(zlog(n/z)loglog z) O(m(1 +1log€ z/log(n/z)) + occloglog n)
Bille et al. [2018, Cor. 1] O(z(log(n/z) + O(m + occloglog n)

loglog z) loglog z)
Claude and Navarro [2012, Thm. 1] O(9) O(m? log logg n+ (m+ occ)log g)
Gagie et al. [2012, Thm. 4] O(g + zloglog z) O(m? + (m + occ) loglog n)
Makinen et al. [2010, Thm. 20] O(r +n/s) O((m+s - occ)(%% + (loglog n)?))
Belazzougui et al. [2015a, Thm. 3] O(r + z) O(m(log z + loglog n) + occ(log® z +

logl_og n))

This paper (Thm. 3.6) O(r) O((m + occ)loglog, (o +n/r)) <—
This paper (Thm. 4.10) O(rloglog,, (o + n/r)) O(m + occ)
This paper (Thm. 4.11) O(rwlog, log,, n) O([mlog(o)/w] + occ)
Belazzougui and Cunial [2017a, Thm. 1] O(e) O(m + occ)

we discussed
the first one

Gagie, T., Navarro, G., & Prezza, N. (2020). Fully functional suffix trees and optimal
text searching in BWT-runs bounded space. Journal of the ACM (JACM), 67(1), 1-54.



