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Noise Conditions for Prespecified Convergence noise, we take a deterministic approach and treat the noise as an
Rates of Stochastic Approximation Algorithms individual sequence. This approach is in line with recent trends in
information theory and statistics where individual sequences have
Edwin K. P. Chong,Senior Member, IEEE been considered for problems such as source coding, prediction, and
I-Jeng WangMember, IEEE and Sanjeev R. Kulkarni regression.

In our main result (Theorem 2), we give necessary and sufficient
conditions on the sequende,,} for =, — 2" = o(p.) to hold.

e e ! i VS To illustrate our result, consider the special case whegre= 1/n.
conditions on individual noise sequences of a stochastic approximation Th d iat fi . if d
algorithm for the error of the iterates to converge at a given rate. en,. un enr appropriate assuml? ions, — «7 = o(p,) if an
Specifically, suppose{pn} is a given positive sequence converging only if (3 7_,ex/px)/n — 0 (i.e, the long-term average of
monotonically to zero. Consider a stochastic approximation algorithm  {e,, /p, } is zero). In fact, our result provides a set of five equivalent
Tnps = Iri - ?n'(Atﬁzn - bn) + anen, Wgefe} {I’t‘h} is the iterate necessary and sufficient conditions{an, }, related to certain familiar
sequence {an} is the step size sequencele,} is the noise sequence, . : : . ) o
and z* is the desired zero of the functionf(z) = Az — b. Then, under Condlflons found in the literature: Kl’Jshner and Clark’s condition,
appropriate assumptions, we show thatr, — z* = o(py) if and only Chen__s condition, K_ulkarnl and Hprns copqmon, a decomposition
if the sequence{e,} satisfies one of five equivalent conditions. These condition, and a weighted averaging condition (see [20] for a study
conditions are based on well-known formulas for noise sequences: on these conditions and their relationship to convergence of stochastic
Kushner and Clark’s condition, Chen’s condition, Kulkarni and approximation algorithms).

Horn’s condition, a decomposition condition, and a weighted averaging cl ical It t btained b lculati
condition. Our necessary and sufficient condition on{er} to achieve assical results on convergence rates are obtained by caiculating

a convergence rate of{pn} is basically that the sequence{en/pn} the asymptotic distribution of the proce¢p; ' (. — 2*)}, where
satisfies any one of the above five well-known conditions. We provide some appropriate probabilistic assumption{en } is imposed. Such

exa(r]ples to iIIustra_te our result. In particu!ar, we egsily recover the gn approach was first taken by Chung [4], who studied the asymptotic
familiar resylt that if an :.a/n and {en} is a mamg%z/alze difference normality of the sequencés> (. — z*)} (for appropriate choice
process with bounded variance, thenz, —z* = o(n (log (n))?) . ’ . ,
for any A >1/2. of p,). Sacks [18] later provides an alternative proof of Chung’s
) ) result. These results provide a means of characterizing the rate of
_Index Terms—Convergence rate, Kiefer-Wolfowitz, necessary and suf- -onyergence of stochastic approximation algorithms—they basically
ficient conditions, noise sequences, Robbins—Monro, stochastic approxi- -
mation. assert that ifa, = a/n, a > 0, then the rate of convergence for
the stochastic approximation algorithm is essenti&lyn~'/2). In
[6], Fabian provides a more general version of such an asymptotic
I. INTRODUCTION distribution approach. Using weak convergence methods, Kushner

We consider a general stochastic approximation algorithm féfd Huang [12] provide even stronger results along these lines.
finding the zero of a functiorf: H — M, where’™ is a general ~ Recently, Chen presents results on convergence rates that do not

Abstract— We develop deterministic necessary and sufficient

Hilbert space (on the real) involve calculating asymptotic distributions (see [1] for a summary of
results). In particular, he provides rate results of the ferm- »* =
Tpgl = T — G fn (1) o(al), where0 < § < 1. Chen’s characterization of rates are similar

: &
to ours, withp, = a;,.

where z, € H is the estimate of the zero of the functigh Our results are based on a stochastic approximation algorithm, on

an 1S @ positive _real scalar called the step_ size, aﬁ"d € H a general Hilbert space, of the form (1) with = A,,z,, — b, — €,
represents an estimate §fx,, ). The estimatef,, is often written as ~ .

) ) o . and f(x) = Az — b. Here, A, andb, are estimates off and b,
fn = f(xn)—en, wheree,, € H represents the noise in the estimate

Typical convergence results for (1) specify sufficient conditions lespectively, whilec, is the noise. Note that althoughis affine,
yp 9e p . e form of the stochastic approximation algorithm is not a special
the sequencée,, } (see [15] and references therein).

In this paper we are concerned with the rate of convergenge . of the usually considered case wilh= f(wx) = e, Indeed,
P p* . . 9eN% form of the algorithm we adopt has been widely studied (e.g.,
of {z,} to z*, the zero of the functionf. To characterize the

: ; - 8], [9], [19]; see also [10] for a survey of references on this form of
convergence rate, we consider an arbitrary positive real scalar Sg- . L . ;
) . . ochastic approximation algorithms). In our main result (Theorem 2),
quence{p. } converging monotonically to zero. We are intereste . e o .
) o ; . . ~"We give necessary and sufficient conditions{en} for the algorithm
in conditions on the noise for which,, converges ta* at ratep,,; . o . «
o . - - to converge with a prespecified rate [i.e., ., — z* = o(p.)].
specifically,z, —a* = o(py). By writing z, —2* = o(p» ) we mean ; : : e
— . - . . Our result therefore provides the tightest possible characterization of
that p,, ' (¢, — ") — 0. As in some previous work on stochastic . X
e : o . the noise for a convergence rate of the form — 2™ = o(p,) to
approximation, instead of making probabilistic assumptions on the ; : .
bé achievable, and has so far not been available. Moreover, ours is
Manuscript received September 5, 1997; revised April 9, 1998. This wotke first to provide rate results for the general class of stochastic
was supported in part by the National Science Foundation under Grants E@8proximation algorithms witlf,, = A,z — b, — e,.. We believe

9501652 and IRI-9457645. that our approach may be useful for obtaining similarly tight rate

E. K. P. Chong is with the School of Electrical and Computer Engineerin?, . i .
Purdue University, West Lafayette, IN 47907-1285 USA. esults for the nonlinear case with = f(xn) —en (see Section V).
I-J. Wang is with the Research and Technology Development Center, The
Johns Hopkins University Applied Physics Laboratory, Laurel, MD 20723- Il. BACKGROUND: A CONVERGENCE THEOREM

6099 USA (e-mail: I-Jeng.Wang@jhuapl.edu). . .
S. R. Kulkarni is with the Department of Electrical Engineering, Princeton TO prove our main result on convergence rates, we first need
University, Princeton, NJ 08544 USA. a convergence theorem for the stochastic approximation algorithm.
Communicated by P. Moulin, Associate Editor for Nonparametric Estim@onsider the algorithm
tion, Classification, and Neural Networks.
Publisher Item Identifier S 0018-9448(99)01417-0. Tyl = Ty — anAn®, + anb, + aye, @)

0018-9448/99$10.00 1999 IEEE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 2, MARCH 1999 811

wherez,, is the iterateq,, is the step size;,, is the noiseA,.: H — to a “persistently disturbing” noise condition. Condition N4) was
‘H is a bounded linear operator, abg € H with b,, — b. Note that suggested in [13, p. 29] (see also [2], [3], [15, p. 11], and [14] for
the above is a stochastic approximation algorithm of the form (&pplications of the condition). Condition N5) is a weighted averaging
with f,, = Az, — b, — e, (see also [8], [10], [19] for a treatment condition (see [19] and [21]). For convenience and without loss of

of convergence for a similar linear case). generality, we assume in N5) that < 1 for all n. A special case
We will need some assumptions for our convergence theorem. Fiisft,this condition (witha,, = 1/n) is considered in [5] and [10],
we assume throughout that the step size sequéngé satisfies: where the weighted averaging condition reduces to regular arithmetic
Al) a, > 0,a, — 0, and>>>  a, = oc. averaging (i.e.;x = 1 for all k).

For convenience, we define the following terminology.

Definition 1: Let {a,,} be a step size sequence. We say that a noise
sequence ey, } is small with respect td a,, } if {e¢, } satisfies any of
the conditions N1)-N5) with associated step size sequéagé.

Next, we assume that the sequerck, } satisfies:

B1) {A. — A} is small with respect tda,, }, whered: H — H

is a bounded linear operator withf {Re \: A € 6(A)} > 0,
wheres(A) denotes the spectrum of.

The above are standard requirements in all stochastic approximatio
algorithms. Next, we consider conditions on the noise sequgngcke

A. Noise Conditions

A central issue in studying stochastic approximation algorithms is
characterizing the noise sequengs,} for convergence. Here, we
give five conditions on the sequen¢e, }. Each condition depends

not only on{e, }, but also on the step size sequeres }. As we B2)
shall point out later, these five conditions are all equivalent and are
both necessary and sufficient for convergence of (2). In the statement ) " il
of the following conditions, we usg - || to denote the natural norm hfln_sip (Z Tk Ak”)/(Z 7’“) < o0
on M, and convergence is with respect to this norm. oM=L k=1
N1) For someT > 0 In the above, the sequende..} is as defined in condition N5).
Assumptions B1l) and B2) are standard in results for stochastic
. b approximation algorithms of the type (2); see, for example, [8], [10],
B e &) 7 [19], [21], where (B1) is expressed 65} _, Ax)/ (), ) —

A. Note that in B1), the smallness of the sequence of operators
{A, — A} is with respect to the induced operator norm (on the

space of bounded linear operators). Likewise, in B2), the norm on
Ay is the induced operator norm.

where

m(n, T) 2 max {k: an, +---+ar <T}.

N2) B. Convergence Theorem

p

E a;e;

i=n

used in the proof of our main result. We use the notatibn= A~'b
for the unique solution todz™ = b, i.e., the desired zero of the
N3) For anya, 3 > 0, and any infinite sequence of nonoverlapfunction f(«) = A —b. _ ,
ping intervals{Z,} on N= {1, 2, ---1, there exists&i € N Theorem 1:Let {x,,} be gener.a.ted by the stochastic approxima-
such that for allk > K tion algorithm (2). Suppose conditions Al), B1), and B2) hold. Then,
- xyn — «* if and only if {e, } is small with respect tda,, }.
Proof: The proof follows from, [20, Th. 1] and [21, Th. 4]m

We are now ready to state the convergence theorem that will be
=0.
n<p<m(n,1)

I 1 I
1m — 1m su
T—0 T n—oo b

Z AnCnl|l < @ Z an + 3.

nely, nely, [1l. CONVERGENCE RATES

In this section, we state and prove our main result (Theorem 2),
which provides conditions on the noise sequence that guarantee a
given rate of convergence. Recall that we are considering a stochastic
approximation algorithm

N4) There exist sequencegy,,} and {53.} such thate,
an + Ay forall n, o, — 0, andy_;_, arfr converges.
N5)

n
E TkCk Tnpl = Tp — AnAn2n + anby + anen. (3)

. k=1
lim

n—oo " Let {p. } be a given positive real sequence converging monotonically
Z Tk to zero. We are interested in conditions fn, } for which &, — «*

k=1 at the prescribed rate @f,; specifically,z,, — 2™ = o(p,).

where First, we need some assumptions on the sequépgé.

ai, ifn=1 G1)

m =9 a | | 1/(1 —ay), otherwise.
k=2 G ) (/)n pn+1)/(an/)n) — G wherec € IR.

P (by — ) — 0.

The noise conditions above have been widely studied in tessumption G1) can in fact be relaxed (see remarks following
literature. The first four are proven to be equivalent in [20], whiléhe proof of Theorem 2), but suffices in many standard scenarios.
the fifth is shown to be equivalent also to the first four condition&ssumption G2) is also fairly weak, requiring that the convergence
in [21]. Condition N1) is the well-known condition of Kushner andrate of{p,, } be related to the step sie. }. In the remarks following
Clark [13], while N2) is a version of a related condition by Chertthe proof of Theorem 2, we indicate how G2) can be relaxed. Note
[2]. Condition N3) was studied by Kulkarni and Horn in [11], relatedhat in the standard case wherg = an™, a > 0,0 < a < 1,
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andp, =n~7, v > 0, we havec = 0 if « < 1, andc = ~/a if Write G, = an(pn/pn+i), én = (A — A)x™ + €, /pn, by =

= 1. To see this pnt(by = 1), and
Pn — Pntt n 7 __<:: '1:})_7 An — 4, — Pn — Pn+1 1.
n Pn an~n"" Ap Pn
- Then, we have
an “(n + 1)
T4

< )) Lnt+1 = 4i7n - &nf/lni'n + &nbn + &nén

Cm_”(n-l- an=(n +1)7 < where b, — 0 by assumption G1). Note that by Lemma 1-1),
n y4on H/mt {a.} satisfies A1). Also, note that by assumption G2), the sequence
n+1 : {A,, —(A—cI)} is small with respect ta.. } (using [20, Lemma 2]),
. . and hence also with respect {G., }, by virtue of assumption G3)
de\f/i\ﬁueitig(naed one more assumption ép. }. We use the following and Lemma 1-2). Thus, by assumption BR),, } satisfies condition

. ) . . B1) with respect to{d, } [where the operatorl in B1) is taken to
Definition 2: A scalar sequencga,, } is said to havebounded meanA — I here]. Moreover, by writing
variation if > 7 | |an41 — an| < 0.

The additional assumption ofp. } is as follows.

G3) The sequence$pn+i/p-»} and {p./pn+1} have bounded
variation. R
Assumption G3) is technical. In fact, the assumption cannot Wee see thafA, } satisfies condition B2) with respect{a.. }. Hence,
relaxed (see remark following Lemma 1 below). Note that G3) hold®y Theorem 1, we conclude thay, — 0 if and only if {¢,, } is small
for any sequencép, } of the formp, = n=", v > 0. with respect to{a. }, which holds if and only if{e,/p.} is small
Next, we introduce an additional assumption on the operdtor ~With respect to{a,, }, by definition of¢, and assumption B1) (we
B3) inf{Re\: A € (A — cI)} > 0, whereT is the identity use the fact that difference b_etween two small sequences is glso a
operator ands (A _ cI) denotes the spectrum of — cI. small sequence). By assumption G3) and Lemma 1-2), we obtain the

To satisfy B3) in the case wherd € IR*¢, we need the desired re§ult. .
. . Remark:

eigenvalues of4 to all exceed:. In cases where = 0, assumption . . i .

B3) reduces to B1). * Assumption G1) can be relaxed {@,, (b, — b)} is small with
With the above assumptions, we are ready to state our main result, "€SP€Ct t0{an}. The proof above can be easily modified to
Theorem 2: Let {x,} be generated by the stochastic approxi- accommodate this relaxed assumption by including(b, —b)

mation algorithm (3). Assume that assumptions A1), B1)-B3), and |n_to Cn The same I|_ne of argument as above can then be used.

G1)-G3) hold. Theng, — «* = o(p,) if and only if {en/pn} i * Similarly, assumption G2) can pe relaxed t6(pn —

small with respect to{a, }. pnt1)/(anpn) — ¢} is .s.mall with respect to {a,}.

The basic idea of the proof of Theorem 2 is to express the sequence Note that —the —condition lim,—oo (33—, (pr  —

(o> (xn — 2*)} USiNg a recursion that is essentially (3) with noise ~ P++1)/(akpr))/ (35—, ) < oo is automatically implied.

sequence{e, /pn }. The desired result then follows from applying Essentially the same proof as above goes through in this case.

anli—«

— Pn+1

A<

A, ||+

Theorem 1.

To prove Theorem 2, we need the following technical lemma. IV. EXAMPLES

Lemma 1: Consider a step size sequenge, }. Let {s.} be @  |n this section, we provide examples to illustrate our main result,
positive sequence such that, } and{1/s. } have bounded variation. Theorem 2. We assume throughout this section that B1)-B3), and
Define 4, = sna,. Then, the following hold. G1) hold.

1) If {an} satisfies Al), then so dodsi, }.
2) A sequence{¢,} is small with respect tda, } if and only if A Random Noise Sequence

{én} is small with respect tdan. }. We give an example wherge, } is a random process.

Proof: Note that{s.} and {1/s.} having bounded variation Proposmon 1: Suppose{e,,} is a martlngale difference process
implies thats,, converges to some positive real number. Thus, part With E(e ) < 02, 0% € R. Leta, = n~" with a > 1/2. Then

is trivial. Part 2) follows from [21, Lemma 3]. T, — zF = 0(777@\ 1/2)+6) a.s. for anye > 0.
Remark: Part 2) can in fact be strengthened as foIIows.Lglbe Proof: We apply Theorem 2 with, = p(=1/2%e o5 g,

the set of sequences that are small'with respe?&,tc}, andL; bethe Note that{a,} satisfies A1) and .} satisfies G2) and G3).
set of sequences that are small with respedtito}. Then, we have Now, the proces§>""_, axer/px} is a martingale (with respect

L. = Ls if and only if {s, } and {1/s, } have bounded variation. 4 the filtration generated be. - -, e, }). Moreover, we have
Using the above lemma, we can now prove Theorem 2.

. 2 . .
Proof of Theorem 2:Substitutingz, = p,, ' (z, — ) into (3), i "L g 2 o= . (1420)
we obtain E Z aker/pr | = Z aiB(ei)/ i < o Z} 029 < o,

k=1 k=1 k=1

N Pn o —1 4 - bn 6‘n .
Int1 = ——— &0 = anpy An(pn@n +2") +an— +a Hence, by the martingale convergence theorem, we conclude that
pn+1 pn f]n, " . g s
> i, arer/pr converges. Thusfe, } satisfies condition N4), and

=3y — Gn Pn <A,,/ — L < Pn_ _ 1));%,, the desired result follows from Theorem 2. [
Pt an(pn/pnt1) \pri1 For the case wherev = 1 in Proposition 1, we have that
+a, -l <(A — Az + Lﬂ) 2, — 2" = o(n~'/?*) for any e > 0, which is consistent with
Prt1 P the early rate results of [4] and [18]. We conjecture that the result
+an L (b, = b). in Proposition 1 can be sharpened to a rate of the fefnT*/>+),

Pt with appropriate assumptions dr., }.
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An alternative stronger rate result can in fact be obtained with 3 > 1/2. For thea = 1 case, this result is consistent with the
e, — 2t = o(n‘(“"‘/”(log (n))ﬂ) as. almost sure rate results_ in [17, p. 186]_and [_7, p. 84_18] based on the
law of the iterated logarithm for a one-dimensional Kiefer—\Wolfowitz
wherea > 1/2 (as before) angd > 1/2. Here, it is again straight- algorithm.
forward to show thaf{p,, } = {n~ ("1 (log (n))”} satisfies G2)
and G3). Following the argument in the proof above, we have  C. Chen’s Rate Condition

n 2 L In [1], Chen gives sufficient conditions for the convergence rate to
E| > arer/pr | = aiB(ed)/pi bea®, where0 < 6 < 1, i.e., 2, — 2" = o(a’). In particular, Chen
k=1 k=1 imposes the following condition on the noise sequefice}.
<o? Z 1 _ <o CH) There exiéstsnn andgn suErJ thate,, = a,, + 3 for all n,
Pt n(log(n))?f an = o(ay,), andd> ;| a,” "Bk converges.

(see [16, Th. 3.29]), from which the result follows. For the= 1 Using Theorem 2, we now show that condition CH) above is in
8y which is consistent fact both necessary and sufficient foy, — #™ = o(al). Note that

case, we obtain,, — x* = o(n~/%(log (n))”) 3 " . " ;
with almost sure rate results obtained by the law of the iterat&d!€n's result in [1] applies to algorithms with, = f(z.) — ex

logarithm (see, e.g., [7, p. 845] for the Robbins—Monro case, alith general nonlineay (in contrast to ours, which is of the form

[9, p. 120] for a linear multivariable algorithm for adaptive filtering)/» = A"fr." = b = en). )
Proposition 3: Suppose the assumptions of Theorem 2 hold. Then,

e 08y i . . o
B. Kiefer—Wolfowitz Algorithm Tp — @ .o(a”)_Wlth 0< c; <1if and_only if condition _CH) holq_s.
) ) ) ) ] o Proof: Settingp,, = a; and applying Theorem 2 with condition
The Kiefer-Wolfowitz algorithm is a stochastic approximationNs), we find thatr, —2* = o(a’) if and only if there existsy, and
algorithm designed for minimization using finite differences. Specify’ ‘sych thata;*c, = o/, + 3. for all n, o/, — 0, and>""_, ax 3,
ically, suppose/: R? — TR is a function with minimizerz*. The bonverges. Setting,, = a’ o' and g, = a’ 3., the desired result

n

Kiefer-Wolfowitz algorithm for findingz™ is given by follows from observing that
+ —_
Togl = Ty — M al, =0 = oy = o(a‘fl)
2¢n
and
wherec,, is a “perturbation” parameter such that — 0, and.J;" and i , "
J, are vectors of noisy measurements of the functioat perturbed Z apfj converges & Z ay "B converges
points. Specifically, théth components of ;" and.J,, are defined by k=1 k=1
, [ ]

],Jf(L) =J(xn + cnpi) — ej(t)

o (i) =T (a0 = capi) — e (@) V. FINAL REMARKS
wherey; is the unit vector in theth coordinate direction. We have provided a tight characterization on the noise sequence of

In the literature on Kiefer—Wolfowitz algorithms, it is well knowna stochastic approximation algorithm for the convergence to achieve
(e.g., [13, p. 252]) that the rate of convergence with= an™" and a prespecified rate sequence. Our result applies in a general Hilbert
cn = cn /% is essentiallyO(n~'/?), obtained using asymptotic space setting, with affing. It is of interest to do the same with general
distribution calculations with appropriate probabilistic assumptionsin the usual setting, i.e., witfi, = f(z.)—e.. We believe that our
(see also [7] and [17] for almost sure versions of the rate result bagggbroach will be useful in dealing with this case as well. Specifically,
on the law of the iterated logarithm). Here, we show that our ratee will need to modify the proof of Theorem 2 along the following
result is consistent with the rate of '/? above. lines. First, consider the algorithm

Proposition 2: SupposeJ is a positive definite quadratic function,
and {e,} satisfies the same conditions as in Proposition 1. Let
an =n~ " with @ > 1/2, ande, =n~7 withaw—~v—-1/2>0and whereb, — 0. Then, the derivation of the recursion involving
a—3v—1/2 <0. Then, for the Kiefer—Wolfowitz algorithm above, #,, = p,'(z, — «*) in the proof of Theorem 2 will proceed as
we havex, — 2* = o(n~(¥77"1/2D%¢) a5, for anye > 0.

Tn41 = Tn — (l'n,f(-Tn) + anbn + anen

. ~ n N — ~ * bn €n
Proof: For convenience, lef,, be the vector whosgh compo- Tpg1 = L <r —tnpn fpudn +x )+ an— + a, —)
nent is(J (xn + cnpi) — J (20 — cnpi))/(2¢0), €. the vector whose Prti P P
ith component igj(i) - e;(i), andbn. = V.J(xn) — fn. Then, we =&, —a, - <p;1 Flpmin +27)
can write the Kiefer—Wolfowitz algorithm as Pr+1
5 vz G 1))
Tpt1l = Tp — an V(o) + anb, + an —. - 1)z,
i f( ) 2(-'77 (€29 (pvz/prz+l) Prn+1
For J a positive definite quadratic functioy/ f is linear and B1) +a, b, 4a, L
and B2) hold. Moreover, it is straightforward to show that— 0. Prtl Prtl Pr
To complete the proof, we set, = n~(*~7~!/2)* and proceed as Similar to before, we writed,, = an(pn/pn+1), én = €n/pn,
in the proof of Proposition 1. m b, = p, b, and
From the above result, we see that the best rate is achieved with _ — 7,
2/30+1/3 Fu(En) = pi ' fpni —I—;r*)—uj

v = (a —1/2)/3, whencep,, = n~2/3>F1/3%<_For the case where n\&n) = Pn JPnEn T T P n

« =1, we have that:,, — 2" = o(n~Y/?*<) for anye > 0, which is

consistent with the well-known rate results as mentioned earlier. .
As in the last section, we can strengthen the above result by taking g1 = Tn — Gn fn(@n) + dnbn + @néan.

the rate sequence, = n~“~7"1/Z(log (n))” to obtain

so that we have

) We then apply a convergence theorem for a stochastic approximation
an =" =o(n” T (log (n))?)  as. algorithm of the above form and follow the argument in the proof of



814

Theorem 2. Note that the sequence of functipfis} above converges
(pointwise) to the linear functiorf(x) = (A — cI)x. We are not
currently aware of any convergence result for the above form

El

stochastic approximation algorithm. However, once such a result

f
oy

obtained, our rate result will then apply in the general nonlinear case,

using the above argument.

(11]
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