Introduction to Vectors and Frames
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COMMON NOTATION: Use the notation F; to represent a
coordinate system or the position and orientation of an
object (relative to some unspecified coordinate system).
Use F,, to mean position and orientation of y relative to x.

600.445; Copyright © 1999, 2000, 2001 rht+sg



Femur
Planned hole Pins

/

/ ]
/S /

‘71\,/ CT image

\\-/

Tool path

/

600.445; Copyright © 1999, 2000, 2001 rht+sg




Tool path

Planned
hole

Assume equal

600.445; Copyright © 1999, 2000, 2001 rht+sg



600.445; Copyright © 1999, 2000, 2001 rht+sg



Want these to be equal

Can calibrate

Tool path
(assume known for now)
Planned
hole

Tool holder

Can control |

/
/

Base of robot
m A

ssume equal
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/
/ |:Tip = |:Wrist.FWT @
/

I Wrist / et

Question: What value of F,

rist
Base of robot will make FTip = FTarget ?

Answer:
_ -1
|:Wrist — ! Target ‘| .FWT
_ -1
_ |:Target ° |:WT
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Tool path
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I:CP_ Hole® HP/ |FHP
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Question: What value of F,,. will make these equal?

Tool holder For mb
(

II |:Wrist / /
/

|
/
Nouicye
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But: We must find F~; ... Let’s review some math

Tool holder . @b
(

F = FeroFepel oy '

Wrist

Il Fuvis = FereFepeFyr ' /

'FHP

— ! Hole
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Coordinate Frame Transformation

F=[R,p]
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T Coordinate Frames
|
|
|

_ (RO
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Forward and Inverse Frame

Transformations
Forward | nver se
F =[R,p] F'v=b
b=R*-(v- p)
:R'l. V - R'l. p
Vv=F-Db
=[R,p]- b

=R-b+p F’lz[R'l,_R'l.p]
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Composition

AssumeF =[R;,p,], F, =[R;.p,]
Then
F, - F2'6:F1'(F2'6)
:Fl'(Rz'EH'ﬁz)
:[Rl’ﬁl]' (Rz' 6'I'f)z)
=R, R2'5'|'R1'|52+
=[R;- Ry, Ry - P, +P,]-

!
O!

So

Fl' Fz :[Rl,lﬁl]' [Rz’ﬁz]
=[R; " R,,R,p, +P,]
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Vectors

length :|v|| = \/vxz +v 2 +v,?

dot product :a=v:w = (v w, +v w, +v,w,) = |v|w|cosq

v W, - v, 0
cross product :u=v’ w = gvzwx - vxwzg |l = |v|jw|sing
glxwy ) VyWXH
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Vectors as Displacements

AZ
éVX-I_WXL\,J W
V+W:§V + W u l
ey u V+W
gv,+w.,j
z e e W
SO T N
Ky A y
eV, - W, U Y "
_€ u | <
V- W=gV, - W, /:4 \ \\\\\\ , :>
gv,-w,j A T .
y
K X
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Vectors as Displacements Between Parallel Frames
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Rotations: Some Notation

Rot(a,a) = Rotation by anglea about axisa
R.(a) £ Rotation by anglea about axisa
R(2) = Rot(a, &)

nyz(a D 1g) = R(X’a) ' R(y’b) ' R(_Z’g)
Rzyz(a’b 1g) = R(_Z,a) ' R(Yib) R(_Z’g)
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Rotations: A few useful facts

Rot(sga)-a=a and HROt(é’a)'BHZHBH

Rot(3,a) = Rot(a,a) wherea=

Rot(a,a)- Rot(a,b)=Rot(a,a +b)
Rot(a,a)* = Rot(a,-a)
Rot(&,0)- b=b i.e, Rot(8,0) =1, = theidentity rotation

Rot(aa)- b=(a-b)a+Rot(a,a)- (6- (& B)a)
Rot(3,a)- Rot(b,b) = Rot(b,b)- Rot(Rot(b,-b)- 3,a)
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Rotations: more facts
If v=[v,,v,,v,]' thenarotation R - v may be described in
terms of the effects of R on orthogonal unit vectors, X =[1,0,0]",
y =[0,1,0]",2=[0,0,1]"
R-V=vr +vr +Vfr,

where
rr=R-X
f"y:R.S\/
rr=R-z
Thus
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Rotations in the plane

éxu_ éxcosq - ysing u

&Y0 SXS' ng + ycosq
_écosq - sing u eXu
“&ing cosqg H &yH

R-

600.445; Copyright © 1999, 2000, 2001 rht+sg



Rotations in the plane

wosq - snqp €l 0y

N 6ing cosq 88 10 &
|

\ /
\
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3D

Rotation Matrices

R-[Xx ¥y 2]=[R-Xx Ry R-Z]

gx Iy T4

e a . .

g, 0 8« Iy I.f

&; 0

e ‘0

AT 2 AT a AT ap
Ay ol I .ry ry .rzlil
AT 2 aT s ATa Y
é'y of ry °ry ry [, U=
1. 7. 12U
éz or, T, .ry r, .rz
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Properties of Rotation Matrices

Inverse of a Rotation Matrix equals its

transpose:
R1=RT
RTR=R RT=|

The Determinant of a Rotation matrix is equal to +1.
det(R)= +1

Any Rotation can be described by consecutive rotations about
the three primary axes, X, y, and z:
R=R,,Ry; Ryy
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Canonical 3D Rotation Matrices

Note: Right-Handed Coordinate System
el 0 0 U
R;() =Rot(%,q) =0 cog?) -sin(?);
€0 sin(?) coy?) §

écog?) 0 sin(?)i
Ry(q):ROt(y,q):g 0 1 0 H
g sin(?) 0 cos(?)f

écog?) -sn(?) Ou
R,(d)=Rot(2) =gsin(?)  cog?) 0
g 0 0 1f
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Homogeneous Coordinates

 Widely used in graphics,

e [For our purposes, we will

geometric calculations

* Represent 3D vector as 4D eX/ S u eX U

quantity

C\C

= e
éz/su ézu

e . uéy
& S ( ély

keep the “scale”s =1 I\y/ S
—
V =
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Representing Frame Transformations as Matrices
O O

@)

x
X

o
2‘D> (2\
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<
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AR JéV L Rev) +
I:.V®e pagu &Re-Vv) DE
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<l

1 FWrist,l'ﬁWT = FCT 'bl

Tool holder

I I:Wrist,l

|
Base of robot
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o A — _ e
V)= F wrig.1*Pwt = FCT'bl
N L .
V =F wrigt2*Pwr = |:CT'bz
Tool holder
I I:Wrist,Z
b,
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Tool holder

I FWI’iSt,S

|
Base of robot
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Frame transformation from 3 point pairs
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Frame transformation from 3 point pairs
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Frame transformation from 3 point pairs
vk = I:rCBk = RrCBk + r_jrC

| A b,
Define & b_
18 . 13 - i 3
Vm:_a. Vk bm:_a. bk b \\2
37 37 D W
T T * b,
U, =V, -V, ak_bk'bm
|:rCé‘k = ché‘k + I_jrC v
- -~ 1X X
_ _ _ w . P4
RrCak TP = RrC (bk B bm) TP ¢ S~ Vi U
u, ~x7 73
ché'k = Rerk +I3rC - Rerm B I_jrC \\UZ
'R & =v.-v.=oa. | Y
cYk k ~ — Yk _
Lo f " Solve These!! | v,
prC _um_ Rerm i
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Rotation from multiple vector pairs

Given a system Ra, =u, fork=1-.--,n the problem is to estimate R.
This will require at least three such point pairs. Later in the course we
will cover some good ways to solve this system. Here is a not-so-good
way that will produce roughly correct answers:

—

Step 1: Form matrices U=[i, --- ©T,] andA=[a - &]
Step 2: Solve the system RA =U for R. E.g., by R=UA"
Step 3: Renormalize R to guarantee R'R =1.
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Renormalizing Rotation Matrix

Given "rotation” matrix R =g, | F, | I, modify it so R'R =1.

— 7 —

Step1: a=r, T,
Step2: b=T," a
éx | /| # U
Step 3: Rnormalized :éé l?» EZ l;'
glal | [o] | I-q

600.445; Copyright © 1999, 2000, 2001 rht+sg



Calibrating a pointer

But what is b, ??
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Calibrating a pointer
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Calibrating a pointer

For each measurement k, we have
bpost = Rkbtip TPy

l. e.,
bt|p b :_pk

Set up a least squares proble
A L Uudh. U & \
&-tdeg S
Cn F UL = U
eRk | 'Iugpostg@g' pka
T o
5 | H g : {
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F, =
[RiPi]

Kinematic Links

|:k-l

Fk-l' Fk-Lk

:Rk-11pk—1: '

:Rk—11pk—1:

<%

eR 1 P 1kl
' [ROt(rk’qk)i LkROt(Fk’qk) ' 7(]
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Kinematic Links

Fk- 1,k
End of link k-1
e
e

Fe =Fc 1 R

[Ri P

7

:Rk-l’pk-l: '

Ri1Pet

éRk-l,k ' Pr-1x E]
' [ROt(Fk’qk)’ LkROt(Fk’CIk) ' 7(]
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Kinematic Chains

F, =[l,0]
R; =Rg:R;,R, ;5 = Rot(r;,q,) Rot(r,,q,) Rot(r;,q,)
Ps =Pos +Ros (ﬁl,z + R1,2ﬁ2,3)
= L,Rot(ry,q,)X
+L,Rot(r;,9,)Rot(r,,0,)X
+L;Rot(r;,q,) Rot(r,,q,) Rot(F;,05)X
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Kinematic Chains
If I,=0=0,=2
R, = Rot(z,9,)Rot(Z,qg,)Rot(Z,q9,)
= Rot(z,9, +q, +q,)
Ps =Po1+ Ry (|31,2 t Rl,ZﬁZ,S)
= L,Rot(2,0,)%
+L,Rot(Z,9,)Rot(Z,9,)X
+L,Rot(Z,q,)Rot(z,qg,) Rot(z,q,)X
= L,Rot(2,0,)%
+L,Rot(2,0, +0,)X
+L;Rot(Z,0, +q, +0;)X

Fo

600.445; Copyright © 1999, 2000, 2001 rht+sg




Kinematic Chains

— —

If ¥,=7,=7,=2%

écos(ql +Q,+0;) -Sn(Q,+d,+q;) Ol\;'
Rs = gSI n(ql td, +CI3) cos(ql +0;, +CI3) OH

Pal

e 0 1 10
él‘l cos(q,) + L, cos(, +q,) + L; cos(g, +a, +q3)l;|
Ps = g L, sin(@,) + L, sin(q, +q,) + Lysin(@, +a, +d,) H
8 0 :
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“Small” Frame Transformations

Represent a"small" pose shift consisting of a small rotation DR
followed by asmall displacement Dp as

DF =[ DR, Dp]
Then

DF-v=DR-Vv+Dp
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Small Rotations

DR = asmall rotation

R.(Da) £ arotation by asmal angle Da about axis a@
Rot(éi,”é”) .b»a b+b for “éﬂ sufficiently small
DR(3) = arotation that is small enough for this approximation

DR(l 3 - DR(mb) @DR(I a+mb) (Linearity for smal rotations)

Exercise Work out the linearity proposition by substitution
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Approximations to “Small” Frames

DF(&,Dp) = [DR (&), Dp]
DF(a,Dp)- v=DR(a)- v+Dp
»vV+a v+Dp

X

D
(@)

1

Q

Q

c

> (D

< <
..\

(D
Q

<

LD o
o

co-

> D>

2

DR(a) » | + skew(a)
skew(3)- 4=0
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Errors & sensitivity

Often, we do not have an accurate value for a transformation,
so we need to model the error. We model this as a composition
of a"nominal" frame and a small displacement

F .. =F - DF
Often, we will use the notation F~ for F
FforF . 4

F =F-DF
or (less often) F = DF - F. WealsouseV = v+ Dv,etc.
Thus, if we use the former form (error on the right), and

actual nominal

and will just use
Thus we may write something like

actual

have nominal relationship Vv = F - b, we get
V =F.Db
=F - DF- (b +Db)
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Errors & Sensitivity

Suppose that we know nominal values for F, b, and V
and that

[-e,-e,-e] £Dv, £[e,e,e]
What does this tell us about DF =[DR, Dp]?

v, = V,+DV,
F'=F.DF4
U = * — —
! b, = b +Db,

\
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Errors & Sensitivity



Digression: “rotation triple product”

Expressions like R- @ b is linear in 8, but is not always
convenient to work with. Often we would prefer something

like M(R,b)- &
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Errors & Sensitivity
Previous expression was
Dv, @GR - (D61+é, b + Dﬁl)

Substituting triple product and rearranging gives

(D~

S
[

c

(MDD (D> (D>
o)
cono

DV, @R | R | R+ skew(- b);

So
éeu éDb,U & ey
é. . u.é
£8R|R|R skew(- b)HéDpL,|£é-eu
@“eEJ a4y eeg
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Errors & Sensitivity

Now, suppose we know that ‘Dﬁl‘ £ b, this will give us

a system of linear constraints

é-eu éeu
é . u é.u
¢ @B €0
&el R R R-skeM-b)ua_ "3 _éel
N B B ST RY
€-u e || ez €0
&bl €U &
é u & U
&bq gbu
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Error Propagation in Chains
<%

|:k-l

F=F o Foy
F.DF, =F_DF_F._, DF_,,
DF, =(F, *Fe ) DFiF 1 DR
= (Fii 'DFysFe 1y ) DF 1y
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Exercise

Suppose that you have
DRy.1x =DR(&,) @ + skew(a, )
DD, 1k =&

Work out approximate formulas for [DR,,Dp,]
interms of L, r,q, a, and €. You should
come up with a formula that is linear In
L., &,andeg,.
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Exercise

Suppose we want to know error in F,, =F,'F,

Fo,s = Fo- lFo 'Fo,l'F1,2°F2,3
I:0,3* = FO,l*.Fl,Z*.FZ,S*

I:0,3°D|:0,3 = FO,l* °F1,2*°F2,3*
DF3 = |:0,3_ 1'Fo,l' DFo,l'Fl,z ¢ D:Lz 'F2,3 ¢ DF2,3

= F2,3_ 1'F1,2_ l°Fo,1_ 1'|:0,1°D|:o,1'|:1,2 * I:]:1,2 'F2,3 * DF2,3 _ P -
=k 1.F1,2- 1°|:)|:o,1°|:1,2'|:)|:1,2 *F, 3°DF, 5 F,
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Parametric Sensitivity

Suppose you have an explicit formula like
eL, cos(q,) + L, cos(q, +q,) + Ly cos(q, +d, +q;)u
ps = & L Sin(@,) + L, Sin(d, +0,) + Ly Sin@, +a, +d,)
& 0 ¢
and know that the only variation is in parameters like L, and
g.- Then you can estimate the variation in p, as a function
of variation in L, and g, by remembering your calculus.

N AP 1P ueDI_U
D @e 3 3
Ps &L Tq H@Dq 0
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Parametric Sensitivity
Grinding this out gives:

DB, @2@ 1o, uéDL
1L g Hedg'g
where
L= [L1’|—2s|—3]T
g = [0y G 0]
. gc_os(ql) cgs(q1+q2) C_OS(ql+qz+qs)g
Ci gSN@)  sin@+g,)  sinl + 0, +) g
0 0 0 g
1P, ngS"n(ql)- L,sin(, +a,) - Lysin(@, +a,+q,) - Lsin(@, +q,) - L,sin(@, +q, +a,) - LSQ”(Q1+q2+q3)3
Ird = ng cos(@,) + L, cos(q, +gz) +L;co8(g, +0, +0;) L, cosg, +q,) + |(—)3C03(0I1 +0,+0;) L COS(q10+ d, *+0,) ;

@D
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