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Abstract

The computation language of a DNA-based system consists of all the
words (DNA strands) that can appear in any computation step of the
system. In this work we define properties of languages which ensure that
the words of such languages will not form undesirable bonds when used in
DNA computations. We give several characterizations of the desired prop-
erties and provide methods for obtaining languages with such properties.
The decidability of these properties is addressed as well. As an applica-
tion we consider splicing systems whose computation language is free of
certain undesirable bonds and is generated by nearly optimal comma-free
codes.

1 Introduction

DNA (deoxyribonucleic acid) is found in every cellular organism as the storage
medium for genetic information. It is composed of units called nucleotides,
distinguished by the chemical group, or base, attached to them. The four bases,
are adenine, guanine, cytosine and thymine, abbreviated as A, G, C, and 7.
(The names of the bases are also commonly used to refer to the nucleotides
that contain them.) Single nucleotides are linked together end—to—end to form
DNA strands. A short single-stranded polynucleotide chain, usually less than 30
nucleotides long, is called an oligonucleotide. The DNA sequence has a polarity:
a sequence of DNA is distinct from its reverse. The two distinct ends of a DNA
sequence are known under the name of the 5" end and the 3’ end, respectively.
Taken as pairs, the nucleotides A and 7" and the nucleotides C' and G are said to
be complementary. Two complementary single—stranded DNA sequences with
opposite polarity are called Watson/Crick complements and will join together
to form a double helix in a process called base-pairing, or hybridization [9).

In most DNA computations, there are three basic stages which have to be
performed. The first is encoding the problem using single-stranded or double-
stranded DNA. Then the actual computation is performed by employing a suc-
cession of bio-operations [9]. Finally, the solutions, i.e. the result of the compu-
tation are sequenced and decoded.
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In many proposed DNA-based algorithms, the initial DNA solution will
contain some oligonucleotides which represent single “codewords”, and some
oligonucleotides which are strings of catenated codewords. This leads to two
main types of possible undesirable hybridizations. First, it is undesirable for
any DNA strand representing a codeword to form a hairpin structure, which
can happen if either end of the strand binds to another section of that same
strand. Second, it is undesirable for any DNA strand representing a codeword
to bind to either another codeword strand or to the catenation of two codeword
strands. If such undesirable hybridizations occur, they will in practice render
the involved DNA strands useless for the subsequent computations.

To formalize these problems, let us introduce some notations. An alphabet
X is a finite non-empty set of symbols (letters). We denote by A = {A,C, G, T}
the DNA alphabet. A word u over the alphabet X is a sequence of letters and
|u| will denote the length of u, that is, the number of letters in it. By 1 we
denote the empty word consisting of zero letters. By convention, a word u over
the DNA alphabet A will denote the corresponding DNA strand in the 5’ to
3" orientation. We denote by @ the Watson-Crick complement of the sequence
u, i.e., its reverse mirror image. For example, if u = 5 — AAAAGG — 3' then
w =5 — CCTTTT — 3' will be the Watson-Crick complement that would
base-pair to u. By X* we denote the set of all words over X, and by X7
the set of all non-empty words over X. A language (over X ) is any subset of
X*. For a language K, we denote by K* the set of words that are obtained by
concatenating zero or more words of K; then, 1 € K*. We write K for the
subset of all non-empty words of K*.

Let now K C A* be a set of DNA codewords. Several types of undesirable
situations can occur with these DNA strands encoding initial data.
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Figure 1. Intramolecular hybridization I: uv € K, o being a subword of u.

Figure 2. Intramolecular hybridization II: uv € K, w being a subword of v.



Figure 4. Intermolecular hybridization II: uy,us,v € K, © being a subword
of ujus.

Several attempts have been made to address this issue by trying to find sets
of codewords which are unlikely to form undesired bonds in this manner [2],
[5], [4]. For example genetic algorithms have been developed which select for
sets of DNA sequences that are less likely to form undesirable bonds [3], and
combinatorial methods have been used to calculate bounds on the size of a set
of uniform codewords (as a function of codeword length) which are less likely
to mishybridize [11].

In this paper, we continue the approach in [10] where the notion of 6-
compliance has been defined, where € is an arbitrary morphic or antimorphic
involution. In the particular case when 6 is the Watson-Crick complement, a
language is strictly 8-compliant (respectively strictly prefix #-compliant, suffix
6-compliant) if situations like the ones depicted in Figure 3 (respectively Figures
1, 2) cannot occur. [10] studied properties of such #-compliant languages, i.e.
languages consisting of words with good coding properties. Here we define the
notion of f-freedom: if € is the Watson-Crick complement, a language is 6-free
iff situations like the ones depicted in Figure 4 cannot occur.

Section 3 studies #-freedom and its relation to 6-compliance. It turns out
that, under some conditions, languages that are 6-free are also §-compliant.

Section 4 studies the question of whether or not, given a set of codewords,
we can constructively decide if the set is 6-compliant or 6-free, i.e., if it has
desirable coding properties.

Section 5 studies under what conditions, if we start with an initial set of
“good” codewords, f-compliance and 6-freedom are preserved by all intermedi-
ate strands that occur during computations.

With these studies, we attempt to gain a deeper insight into encoding in-
formation in DNA, which will hopefully assist solving this otherwise difficult
problem.



2 Definitions and notations

For a set S, we denote by |S| the cardinality of S, that is, the number of
elements in S. The set of non-negative integers is denoted by N. Let X* be
the free monoid generated by the finite alphabet X. A mapping a : X* — X*
is called a morphism (anti-morphism) of X* if a(uv) = a(u)a(v) (respectively
a(uv) = a(v)a(u)) for all u,v € X*. A bijective morphism (anti-morphism) is
called an isomorphism (anti-isomorphism) of X*.

An involution 6 : S — S of S is a mapping such that 6? equals the identity
mapping, i.e., 8(6(x)) = « for all € S. It follows then that an involution 6 is
bijective and 6 = §~!. The identity mapping is a trivial example of involution.

If A* is the free monoid generated by the DNA-alphabet A then two involu-
tions can be defined on A*: the mirror involution g which is an anti-morphism,
and the complement involution v which is a morphism ([10]).

Indeed, the mapping v : A — A defined by v(A) = T,4(T) = A,v(C) =
G,v(G) = C can be extended in the usual way to a morphism of A* that is
also an involution of A*. Obviously, v is an involution as the complement of
the complement of a sequence equals the sequence itself. This involution v will
be called the complement involution or simply the c-involution of A*.

Let p: A* — A* be the mapping pu(u) = v defined by

U=ayds...dx, V=0ag...aza1,a; € A, 1 <1<k,

The word v is called the mirror image of u. Since u? is the identity mapping, p
is an involution of A* which will be called the mirror involution or simply the
m-involution of A*. The m-involution is an anti-morphism as p(uv) = p(v)p(u)
for all u,v € A*.

It is easy to see that v and p commute, i.e. yu = py, and hence yp which will
denoted by 7 is also an involution of A*. Furthermore 7 is an anti-morphism
which corresponds to the notion of Watson-Crick complement of a DNA se-
quence and will therefore sometimes be called the DNA involution.

Instead of v, u, 7 we sometimes use the alternative notation

Y(u) = u, plu) = @, 7(u) = yp(v) = .

Following [10], if # : X* — X* is a morphic or antimorphic involution,
a language L C X* is said to be @-compliant, (prefix #-compliant, suffix 6-
compliant) iff, for any words z,y,u € X*,

u,20(u)y € L (8(u)y € L,26(u) € L) = zy=1.

If, in addition, L N 6(L) = () then the language L is called strictly 6-compliant
(strictly prefix 6-compliant, strictly suffix 6-compliant, respectively).

Note that if the involution € is the DNA involution, i.e., it represents the
Watson-Crick complement, then a language L being strictly -compliant (strictly
prefix 6-compliant, strictly suffix §-compliant) amounts to the fact that situa-
tions of the type depicted in Figure 3 (respectively Figure 1, Figure 2) do not
occur. Such languages with good coding properties have been studied in [10].



We close the section with some terminology on codes [1]. A code K is a
subset of X satisfying the property that, for every word w in K™, there is a
unique sequence (v, vz, ..., v, ) of words in K such that w = vjvy -+ v,. A bifix
code K is a prefix and suffix code; that is, K N KXT = KN XTK = {.

Every bifix code is indeed a code. An infix code, K, has the property that no
word of K is properly contained in another word of K, that is, K N(XTKX* U
X*KX*) = (. Every infix code is a bifix code. A comma-free code K is a
language with the property K? N XTKX™' = (). Every comma-free code is a
bifix code.

3 Involution-freedom and involution-compliance

In this section we define the notion of an involution-free language which for-
malizes the situation depicted in Figure 4. Moreover, this notion extends the
concept of comma-free code, [13], in the same fashion that involution-compliance
extends the concept of infix code.

We define the notion of a 6-free language (Definition 1) and establish rela-
tions between #-freedom and 6-compliance (Lemma 1). We also establish some
properties of f-free languages. For example, Proposition 1 states that if a set
of codewords K is strictly 6-free then the set consisting of arbitrary catenations
of codewords from K will be strictly 8-free as well. Proposition 2 states that if
a language is dense (it contains all possible sequences in X* as subsequences of
some of its strands), then it cannot be strictly §-compliant or 6-free.

To aid the intuition, Propositions 3, 6, 7, 8 are proved for the particular case
of the complement involution even though the results hold for the more general
case of an arbitrary morphic involution.

After some examples of complement-free languages, Propositions 3, 6 bring
together the notions of complement-compliance and complement-freedom. As
it turns out, under some conditions, languages that avoid undesirable bindings
of the type in Figures 1-3 avoid also situations of the type in Figure 4, and
vice-versa.

Definitions 3 and 4 introduce the notions of complement-reflective respec-
tively anti complement-reflective languages, which are generalizations of the
notions of reflective and anti-reflective languages, [13], and relates them to
complement-freedom.

This paves the way to methods of constructing complement-free languages
as the one described in Proposition 7.

Proposition 8 gives a sufficient condition under which the catenation of two
languages is complement-free.

Propositions 9, 10 address similar problems but this time for the anti-
morphic involution case which is the type that the DNA Watson/Crick involu-
tion belongs to. Because of the additional “flipping” complication that such an
involution entails, the results are slightly different.

Definition 1 Let 6 be an involution of X*. A language K 1is called 6-free if
K*NXTH(K)XT = 0. If, in addition, K NO(K) = () then K is called strictly



6-free. For convenience, we agree to call K strictly 6-free when K\ {1} s strictly
0-free.

As an example, consider the DNA involution 7 of A* and the language ACCA?,
Then, ACCA?ACCA* N AT(A*GGT)AT = (). Hence, ACCA? is 7-free and,
in fact, strictly 7-free. The same language is strictly free for the complement

involution as well. On the other hand, AA%A is strictly 7-compliant but not
r-free, as ACTAATAA € (AA?AP NATT(AAZA)AT.

Lemma 1 Let 6 be a morphic or antimorphic involution and let K be a non-
empty subset of XT.

(i) If K is 6-free then both K and 6(K) are 6-compliant.

(11) If K is strictly 6-free then K2 N X*0(K)X* = ().

Proof. (1) Assume K is 6-free but suppose it is not -compliant, that is, we
have X*(K)XT N K # () or XTH(K)X* N K # (. The first case implies
KX*0(K)XT N KK # () which contradicts the assumption about K. The
second case is also impossible and, therefore, K is §-compliant. That 6(K) is
6-compliant follows from the fact that a language L is 6-compliant if and only
if 6(L) is 6-compliant.

(ii) Assume K is strictly 6-free but suppose ujuy = 26(v)y for some words
uy,ug,v € K and z,y € X*. Then at least one of z and y is empty. If they
are both empty then K? N6(K) # ) which implies 8( K)§(K) N K # () and then
that K is not f-compliant; a contradiction. If x is empty then it follows that
GK)NK # 0, or X*(K)XTNK # 0, or X*KX*tNHK) # 0, depending
on whether |u;| is equal to, less than, or greater than [#(v)|. In any case a
contradiction arises. The case of y = 1 is dual. &

Proposition 1 Let 8 be a morphic or antimorphic involution and let K be a
non-empty subset of Xt. If K 1is strictly 8-free then also KT is strictly 0-free.

Proof. Assume K is strictly 6-free, that is K? N XT(K)X+ = ), but suppose
K™ is not strictly 6-free; then, there is a positive integer m and words w € K+
and u; € K, where j = 1,...,m, such that w € X1 0(u; - upm)XT or w =
O(uy -+ ). In either case, there is a positive integer n and words wq, ..., w, in
K such that w = w; -+ wy, and w € X*0(uy -+ up, ) X*. Then, the assumption
about 6 implies w; ---w, € X*0(u;)X™*. This in turn implies that there are
integers k and r with r > 1 such that the first symbol of 6(u;) occurs in wg4q
and the last symbol of 6(uy) occurs in wgy,. If r = 1 then wig, = wryy
and wrt1 € X*0(uy)X* which is impossible. If r = 2 then there is a non-
empty suffix of wy41, say s1, and a non-empty prefix of wi9, say pz, such that
6(uy1) = s1p2. Moreover, there are words p; and s such that w41 = p1s; and
Wg42 = p2s2. This implies p16(uy)s2 € K? which is a contradiction. Finally,
if » > 2 then 6(u;) = swgy2 - Wrtr—1p where s is a non-empty suffix of wy4q
and p a non-empty prefix of wg4,. This implies §(u;) € X+ KX T which again
is impossible. &



It is shown next that the properties of strict #-compliance and strict 6-
freedom impose restrictions on the words of a language in terms of density and
completeness. A language L is called dense, [1], if every word is a subword of
some word of L; that is, L N X*wX* # ) for every w € XT. The language L is
complete if L* is dense, [1].

Proposition 2 Let § be a morphic or antimorphic involution and let K be a
non-empty subset of XT.

(i) If K is dense then K is not strictly 6-compliant.

(i) If K s complete then K is not strictly 6-free.

Proof. Assume K is dense and consider any word v in K. As 6(u) € X,
K N X*6(u)X* # ( which implies that K is not strictly #-compliant. Now
assume K is complete and consider any word w in K. As §(w) € X, one has
KT N X*0(w)X* # () which implies that KT is not strictly -compliant. Then,
using Proposition 1, it follows that K is not strictly 8-free. &

To make results more intuitive, we will prove the following four propositions
for the particular case where € is the complement involution. Note that the
results can be generalized to refer to any arbitrary morphic involution.

There are many examples of complement-free languages. L = ACT A is an
infinite complement-free language as

{AC™ AAC™ A| ny,ny >0} NATTGTTAT = .

For any Ly € AC* and Ly C CTA, L;L, is a complement-free language.
Indeed, Ly Ly = ACt A which is complement-free.

Every subset of a complement-free language is itself complement-free.

Let L C AT be a finite language and let m =max{|u| | v € L}. Then
L' = AC™LAC™ is complement-free. Indeed, assume L'> N ATL/AT £ {).
Then, AC"w  ACTAC™w AC™ = ay TG™w3TG™ ey for some wy, wy, wsg € L,

ay,as € AT, This implies TG™ is a subword of w; or wy; — contradiction as

, wa] < m. B
An example of a language L satisfying LN L = () is A*{A,C}.
For a language L C X denote by

|01

Lp’r‘ef: {z € X+| xy € L for some y € X+}

Lsuﬁ: {y € X+| xy € L for some x € X+}

the language of non-empty proper prefixes of L and the language of non-empty
proper suffixes of L respectively.

Proposition 3 Let L C X, L # 0, be a language. The following statements
are equivalent:

(1) L is complement-free.

(2) L is c-compliant and LN LsuﬁLﬂref: 0.

(3) £ is c-compliant and L* N LprefLL g5 = 0.

(4) L is complement-free.



Proof. (1) = (2)
Assume L is complement-free, i.e., L2N XTLXT = ().
According to Lemma 1, L is c-compliant.
Let us show now that L N LsuﬁLpref = 0.

Suppose that this is not true, i.e., there exists a word w € LN LsuﬁL

Then w = xy,x € Lsuﬁ,y € Lprefv
u,v € Xt such that uz € L, yv € L.

As w € L, we have w € L. This implies that

pref
which implies that there exist words

uwv = (uz)(yv) = u(zy)v € L* N XTLX™T

which contradicts the fact that L is complement-free.

(2) = (1) Assume L is c-compliant and L N LugLpres = 0. Suppose
that L is not complement-free, that is, L? N XTLXT # (). Then there exist
uy,uz,w € L such that uyus = 2wy, z,y € XT. As L is c-compliant, w is not
a subword of u; or of us. Consequently, the only possibility is that w = wyws
where u; = zwy, uy = Wy, wi,wy € XT. This means w; € Lguﬁ, we € L
Then, W = wiwy € LN Lg,gL ie. LN Lg,gL
the assumptions.

(1) = (3). If L is complement-free then L is c-compliant. Moreover, as
LN X+TLX* = () we have that L? N LpreffLsuﬁ: 0.

(3) = (1) Assume L is c-compliant and L* N LpreffLsuﬁ = (). Suppose
that L2 N XTLXt # (), i.e. there exist uy,us,v € L, x,y € X1 such that
uyug = zvy. If v would be a subword of u; or us this would imply, according
to the c-compliance of L that either + =1 or y = 1 — a contradiction.

Consequently, the only possible situation is u; = xvy,us = U3y, v = U102
with z,y,v;,v, € XT. This further implies that = € Lprefv y € Lsuﬁ- Asv e L,
we have that

pref

# ), which contradicts

prefs pref

uiuy = x1ozy € L N LpreffLsuﬁ% 0

— a contradiction. Therefore, our assumption that L is not complement-free was
false.

(1) <= (4) is obvious as L N X TLX™* = () implies T AXtLXt=0. 0

Definition 2 Let 6 : X* — X* be a morphic or antimorphic involution. For
a non-empty language L C X define

Li={ze€X*|ux € L,xz € 8(L) for some u,x € XT},

Lis={z € XT|wz € (L),zv € L for some w,v € X},

L,={x € X*|a2veb(L),vy € L for some y,v € X1},

Li,={z € XT|uzx € Lyzv € (L) for some u,v € X1},

Note that in the particular case, where we talk about a morphic involution
we have that L;; = 6(L;p). Indeed = € L;; means wz € §(L),zv € L for some
w,v € Xt which means that §(w)é(z) € L, 6(z)8(v) € 6(L) which, in turn,
means that 6(z) € L;,, that is, v € 6(L;)).



Proposition 4 Let L C Xt be a non-empty language and 0 : X* — X* be
an antimorphic involution. Then 6(L)s = 6(L,) and 6(L), = 6(Ls).

Proof. For the first equality, u € 6(L,) amounts to #(u) € L, which means
8(u)v € 6(L), vy € L, for some v,y € XT. This means 6(v)u € L, 6(y)8(v) €
6(L), that is, u € 6(L),.

For the second equality take u € 6#(L),. Then uv € L, vy € 6(L) for some
v,y € XT which means 6(v)8(u) € 6(L), 6(y)8(v) € L, i.e. 6(u) € Ly, that is,
u€b(Ly). <

Proposition 5 Let L C X be a non-empty language and 6 : X* — X* be a
morphic involution. Then 6(L); = 6(L,) and 8(L), = 68(L,).

Proof. If z € (L)s we have that uz € 6(L), 2z € L for some u,z € X*. This
means 6(u)f(x) € L and 6(x)0(z) € (L) i.e. 6(z) € Ly, that is, z € §(Ls). The

other equality can be proved in a similar way. <
Take the particular case where 6 is the complement involution.

Proposition 6 Let L C X be a non-empty language. Then L is complement-
free of and only of L 1s complement-compliant and one of the following conditions
holds:

(1) LSQLZ‘S :Q),

(2) LyN Ly =0,

(3) L NL,L, =0,

(4) LN L L = 0.

Proof. For the first implication let us assume that ) # L C X is a complement-
free language, i.e., LN XTLXT = {).

According to Lemma 1, L is complement compliant.

Let us show (1). Suppose that there exists * € Ly N L;s # (). Then we have
uy € L,yx € L, for some y,u € Xt and wz € L, zv € L for some w,v € X+,
Then

uyzrv = (uy)(zv) = u(yz)v € L N XTLX™T # () — a contradiction.

Let us show (2). Suppose that there exists « € L, N L;, # 0. Then zv €
L,vy € L for some v,y € XT, and uz € L,zw € L for some u,w € XT. Then

uzvy = (uz)(vy) = u(zv)y € L N XTLX™ # () — a contradiction.

To show (3), suppose LN L,L, # 0. Then there exist u,v € L, such that
uv € L. Asu € L, we have that uz € L, zy € L for some z,y € X*. Asv e L,
we have that va' € L, 2'y’ € L for some z',y' € XT. Then

wvz'y = (wv)(2'y') = u(va')y' € L* N XTLX' — a contradiction.



Finally, to show (4), suppose L N LyL, # (). Then there exist u,v € L, such
that wv € L. As u € L; we have that zy € L, yu € L for some z,y € Xt. As
v € L, we have that z'y' € L, y'v € L for some z',y' € X*. Then

zyut = (zy)(uv) = x(yu)v € L* N XTLX™T — a contradiction.

For the reverse implication we have to show that if L is complement-compliant
and satisfies one of the conditions (1), (2), (3) or (4) then L is complement-free.
Suppose that L is complement-compliant but is not complement-free. Then

L*NXTLXT #£0,

which implies that there exist uj,us,w € L and r,s € X such that ujuy =
rws. As L is complement compliant and r,s # 1, the only possibility is that
uy =re € L, w=ay € L, uy = ys € L, for some z,y € XT. It follows then
that

€ L,NL; # 0,

y € LsN Lis 7£ Q)a

uy=rz € LNL,L, # 0,

uy =ys € LN L,L, # 0,

which contradict conditions (2), (1), (3) and (4) respectively. &

Note that Proposition 6 holds also if we replace the complement involution
with an arbitrary morphic involution.

Definition 3 A language L C X, L # () is called complement-reflective iff for
all z,y € X we have that zy € L implies yz € L.

Definition 4 A language L C X*, L # () is called anti complement-reflective
iff for all x,y € X* we have that xy € L implies yz ¢ L.

Note that every complement-free language is anti complement-reflective. In-
deed, if for a complement-free language L we would have zy € L and yz € L
for some z,y € X then

(y2)(yT) = yzyT = y(zy)T € XTLX T N L?

which violates the condition of complement-freedom.

However, one can find anti complement-reflective languages that are not
complement- free. Indeed, take L = {A"T?"| n > 1} over the alphabet A =
{A,C, G, T} with the usual complement function. Then L is anti complement-
reflective but not complement-free. Indeed, zy € L implies zy = A"T?" for
some n > 1. For yz to belong to L, it must be the case that € AT and
y € Tt. Then yz = A?"T" ¢ L therefore L is anti complement-reflective.

To show that L is not complement-free, take ujuy € L, that is, ujus =
AT A™T2™ for some n,m > 1. As it is possible to find some indices n, m,p
such that v € L, v = APT?? and v = TP A?? a subword of ujus, it results that
L is not complement-free.

10



In general the concatenation of two complement-free languages may not be
complement- free. For example, take L, Ly C AT,

Ly = {CACA,AC}, L, ={TGTG,GT}.

Both Ly and L, are complement-free. On the other hand Ly L, contains the word
u = CACATGTG therefore we have that uu = CACATGTGCACATGTG €
(L1L2)? and the word v = ACGT € L1L, has the property that v = TGC A is
a subword of uu. This means that L, Ls is not complement-free.

Nevertheless, for a given finite language L C AT we can always find a word
u € AT such that uL is complement-free.

Indeed, if L = {uy,us,...,uy,} is a finite language and m =max{|u| | v € L}
then for the word u = A™T1C, m > 1 the language uL is complement-free.

Take ayas € uLuL. Then ajay = Am+1C'uiAm+1C'uj for some 1 < 1,5 < n.
Consider o € uL. Then @ = T™ "' Guy for some 1 < k < n. The only possibility
for @ to be a subword of &z would be that 7™t @ is a subword of u; or of U
which is impossible because of the way m has been defined. Consequently, uL
is complement-free.

Proposition 7 For any finite language L C AT there exists an infinite lan-
guage R C AT such that RL is a complement-free language.

Proof. Let L C A™ be a finite complement-free language and m =max{|u| | u €
L}. Let R ={AC™*'*" 4| n > 1}. Then RL is a complement-free language.
Indeed, RL = {J,c {AC™ T T Au| n > 1}. Let ay,a3,a € RL. Then

aray = ACTHITM Ay ACT T2 Ay o = AC™TIT Ay, with u,v,w € L.

The only possibility for @ = TG™!T"Tw to be a subword of ajas is for
TGE™ I+ T to be a subword of u or v which cannot happen because of the way
m was defined. Consequently, RL is complement-free. <

The next question to address is: given two languages A, B C X, when is
AB a complement-free language?

Proposition 8 Let A,B C Xt be two non-empty languages. Assume that
AN B =10 and that AU B is complement compliant. If A; N B, = () then AB

18 a complement-free language.

Proof. Assume we have two languages A, B satisfying the required conditions
and suppose that AB is not complement free. Then there exist wuy,us,us €
A and vy,vo,v3 € B, r,s € X1 such that ujviugvy € (AB)2 and rusv3s €
XTABXT with

U1V1UV2 = TU3V3S.

Since A U B is complement compliant we cannot have uz or vz be strict
subwords of any of uy, vy, ug, v2, nor can we have uy, vy, uz, vy be strict subwords
of usz or vs3.
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Since AN B = () and therefore also BN A = ), v; cannot equal usz, nor can
ug equal v3.

Since r,s € X, u; cannot equal u3 nor can v, equal v3.

Consequently, the only possible cases are:

Case (1). For some z,y,2',y',s' € X+ we have u; =rz € A, U3 = 2y € A,
vy =yx' € B, vz =2'y' € B, us = y's' € A and s = s'vy € XT. From here we
conclude that y € A, N B, - a contradiction.

Case (2). For some z y, "y'.r' € XT wehaver = uyr' € X1, v =0’z €
B, u3—;vy€A uy = yz' € A, 53 = z'y' € B, vy = y's € B. From here we
deduce that =’ € A, N B, # 0 - a contradiction. <

Corollary 1 Let A/ B C X+ be two non-empty languages. If AU B 1s strictly
complement compliant and A; N\ B, = () then AB is complement free.

Proof. The fact that AU B is strictly complement compliant implies that (A U
B)N(AUB)=(AN(AUB))U(BN(AUB)) = 0. This further implies that
both AN(AUB) =10 and BN(AUB) ={. We have now that
ANBCAN(AUB)=10
BNACBN(AUB) =1
which imply that AN B = BNA = {
proposition. <

and we can now use the preceding

Remark that the preceding proposition and corollary hold also for any arbi-
trary morphic involution, not only for the complement involution.

The case of antimorphic involutions, i.e., of involutions of the type of the
DNA involution, is slightly different.

Proposition 9 Let 6 : X* — X* be an antimorphic involution and () # L C
X be a language. Then L is O-free if and only if L is -compliant and one of
the following conditions hold:

(1) Ly N Lis =0,
(2) L,NL;, =0,
(8) LNO(Ls)L, =0,
(4) LN L6(L,) = 0.

Proof. Let L and 6 be like in the proposition and assume that L is 6-free.
According to Lemma 1, L is #-compliant.

To show (1), let us suppose there exists ¢ € Ly N L;s # . This means
uy € Lyyz € (L), for some y,u € XT and wz € §(L),zv € L for some
w,v € XT. Then

uyzv € L* N XTH(L)XT, a contradiction.

To show (2), suppose there exists « € L, N L;,. As € L, we have that
zv € (L), vy € L for some v,y € X*. As z € L;, we have that uz € L,zw €
8(L) for some u,w € X*. Then

uzvy € L2 N XTH(L)X™, a contradiction.
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Let us show now (3) by supposing, for the sake of contradiction, that L N
6(Ls)L, # . Then there exist u € L, v € L, such that 8(u)v € L. As u € L,
we have that zy € L, yu € 6(L) for some z,y € X*. As v € L,, we have that
vw € (L), wz € L, for some w,z € X*. Then,

O(u)owz € L* N XTO(L)X T, a contradiction.

To show (4), suppose LN Ly8(L,) # 0. Then there exist v € Ls,v € L, such
that ub(v) € L. As u € L, we have that 2y € L,yu € §(L) for some z,y € X 7.
As v € L, we have that vw € 8(L),wz € L for some w,z € X*. Then,

zyub(v) € L* N XTO(L)X™T, a contradiction.

Conversely, we have to prove that #-compliance and any of the conditions
(1), (2), (3), (4) imply 6-freedom.

Suppose, for the sake of contradiction, that L is not 6-free, that is, L? N
XTO(L)X™T # . Then there exist uy,us,w € L such that ujus = z6(w)y for
some z,y € XT.

As L is §-compliant and z,y € X, 8(w) cannot be a subword of either wu;
or ug, nor can uj, g be subwords of (w).

Therefore, the only possibility is that vy = ar € L, 8(w) = rs € (L),
uy = sy € L, for some r,s € XT. This implies that r € L, N L;, # 0,
contradicting (2) and that s € Ly N L;s # ), contradicting (1).

Moreover, xr € L, which implies §(r)0(x) € 6(L) because 6 is an antimor-
phism. This, together with the fact that 6(s)8(r) € L imply 6(z) € Ls. As 6 is

an involution, this implies « € 6(L;). Consequently,
xr € LNO(Ls)L,, a contradiction with (3).

Finally, sy € L which implies 6(y)0(s) € 6(L). This, together with the fact
that 6(s)6(r) € L imply that 6(y) € L, which means y € 6(L,). Therefore,
sy € LN LO(Ly), contradiction with (4). &

Proposition 10 Let A,B C X be two non-empty languages and 0 : X* —
X* be an antimorphic involution. Assume, furthermore, that A and B are
strictly 6-compliant and AU B is 0-compliant. If Bs N 6(A;) = A, N6(B,) =10
then AB 1s a 0-free language.

Proof. Suppose AB is not @-free. Then there exist uy, us,us € A and vy,vq,v3 €
B, r,s € X* such that ujviugvy € (AB)?, rf(uzvs)s € XTH(AB)X T and

uv1uzvy = ré(vs )6(us)s.

Since A U B is #-compliant we cannot have 6(us) or 8(vs) be strict subwords of
any of uy, vy, us,ve and neither can we have uy, ug, vy, vy be strict subwords of
O(us) or 6(vs3).

As A and B are strictly #-compliant and therefore AN6(A) = BNO(B) = 0,

vy cannot equal 6(vs) nor can uy equal (us).
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Since r,s # 1, uy cannot equal 6(v3) nor can vy equal 8(us).

Consequently, the only possible cases are:

Case 1. uy =rx € A, 0(vs) =2y € 0(B), v1 = ya' € B,0(us) ="y’ € 6(A),
uy =vy's' € A, s = s'vg, for some z,y,z',y',s' € XT.

As z'y" € 6(A), y's' € A we have that 2’ € 4,. As ya' € B, zy € 6(B)
implies 6(z')0(y) € 8(B), 6(y)0(z) € B we have §(2') € B,. This further implies
z' € (B,). We conclude that z' € A, N 6(B,) - a contradiction.

Case 2. r = uyr' € X1, vy =1’z € B, 8(v3) = 2y € 6(B), uz = ya' € A,
B(us) = 2'y' € (A), v2 = y's € B for some z,y,2',y',r' € XT.

As r'z € B, 2y € 6(B) we have y € B,. As z'y' € 6(A4), yz' € A we
have that 6(y')0(z') € A, 6(z")0(y) € 6(A) which implies 6(y) € As, that is,
y € 8(A,). Consequently we have y € B, N 0(A;)- a contradiction. <&

4 Decidability issues

Given a family of sets of codewords, we ask if we can construct an effective
algorithm that takes as input a description of a set of codewords from the given
family and outputs the answer yes or no depending on whether or not the set
is f-free or @-compliant (has good encoding properties). If such an algorithm
exists, the question is deemed “decidable”, otherwise it is “undecidable”. This
section considers the problem of deciding 7-compliance and 7-freedom where
7 1s the DNA involution. As in the case of infix and comma-free codes, — see
[8] -, it turns out that these properties are decidable for regular languages but
undecidable for context-free languages. We use regular expressions to repre-
sent regular languages and context-free grammars for context-free languages. If
E is a regular expression (context-free grammar), L(E) denotes the language
represented by (generated by) E.

Proposition 11 Let 7 be the DNA involution. The following two problems are
decidable.

1. Input: A regular expression E.

Output: YES or NO depending on whether L(E) is 7-free.

2. Input: A regular expression E.

Output: YES or NO depending on whether L(E) is T-compliant.

Proof. For the first problem, the algorithm is as follows:

1) Construct a regular expresion E; such that L(Ey) = 7(L(E));
2) Construct a regular expresion E, such that L(E;) = L(E)L(E);
3) Construct a regular expression E3 such that L(E3) = ATL(E;)AT;
)

(
(
(
(4) If L(E;) N L(E3) # 0 then output NO; else output YES.

For step (1), one can compute first a regular expression Ej such that L(E}) =
w(L(E)); that is, L(E;)" is the mirror image of L(E). Then, one can construct
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the regular expression E; by replacing every é € A that occurs in E| with the
complement of 6. The test condition in step (4) is decidable since the intersection
of two regular languages is computable, and the emptiness problem for regular
languages is decidable. Finally, using properties of regular expressions, one can
verify that the steps (2) and (3) are computable as well.

For the second problem the algorithm is similar. <

Proposition 12 Let 7 be the DNA involution. The following problems are
undecidable:

1. Input: A context-free grammar F.

Output: YES or NO depending on whether or not L(F') is 7-free.

2. Input: A context-free grammar F.

Output: YES or NO depending on whether or not L(F') is 7-compliant.

Proof. Counsider the following version of the Post Correspondence Problem (PCP):
Given an alphabet ¥ and two morphisms ¢,k : ¥* — {C,G}*, decide whether
E(g,h) =0, where E(g,h) = {z € % | g(2) = h(2)}. This problem is undecid-
able — see [6], for instance. We assume that the given problems are decidable
and then obtain contradictions by deducing that PCP must be decidable as well.

First, assume the first problem is decidable and consider an instance ¢, h :
¥ — {C,G}* of PCP. Then, ¥ = {ay,...,a,} for some n > 1. Construct a
context-free grammar F = (A, {S, Sy, Sh, }, S, R) such that the set R consists
of the following rules:

S — T%S,T| A*S, AT,

S, — AT?7g(a;) | AT S,rg(a;), for alli € I,

S, — h(ozl)Ale | h(ai)ShATi, for all 7 € I,
where I = {1,2,...,n}. One verifies that L(F') = L, U L}, where

L, ={T(TA")---(TA")T*rg(aj, - ;)T | k € N;j1,...,jr € I}
and
Ly = {A%h(ay, -, JA(AT'™) - - (AT )A®T | m € Niiy,...,im € I}

We show that L(F') is not 7-free if and only if E(g,h) # (. This implies that
PCP is decidable if 7-freedom is decidable for L(F'). In the sequel, we write
Uy for any word in L, with parameter k£ and v, for any word in L; with
parameter m.

First assume there is a word z = a, -+~ ;,, € 1 with g(z) = h(z). Let w

be any word in L(F'). Then,

A?R(2)A(AT™ ) - (AT ) A’ Tw € Ar(ugm)Tw,
where 7(ug ) = Ag(2)A*(T'm A)--- (T A)A. Thisimplies L, L(F)NATr(L,)AT
# (). Hence, L(F) is not 7-free. Conversely, assume L(F') is not 7-free. Then,

there are z,y € AT such that (L, U L,)L(F) N a7t(L, U Ly)y # . We show
E(g,h)# 0, by distinguishing four cases:
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Case 1: vpmw = x7(ug )y for some w € L(F'). Note that x7(ug )y =
zAg(aj, - aj JA2 (T A)--- (T A)Ay = zAg(aj, -+ aj, JA(AT*) ... (AT )A?y.
If the factor h(ay, ---ay,,) of vy m occurs in @ then the factor g(aj, --- aj, ) of
x7(ug )y must occur in w. We consider two subcases:

(a) w € Ly = A € vj,,,y ATT? which is impossible.

(b) w = vp, € Ly = A = vpmA?, glaj, --aj,) = hlay, -+ ap,), and
A(ATIR) . (AT A%y = A(AT'") .- (ATW)A?T. If k = r then E(g,h) # 0.

If & > r then there is s > 1 such that (AT7:)..-(AT/*)A%y = A?T which is
impossible. If £ < r again we get a contradiction.

Now suppose that the factor h(a;, - - - aj,, ) of v m is the same as the factor
g(aj, -+ aj,) of 27(uyk)y. Then, A2 = zA, and A(AT"")--- (AT")A’Tw =
A(ATIx). .. (AT7*)A%y. As before, the only possiblility is m = k which implies
E(g,h) # 0.

Case 2: vy mw = x7(vh,,)y for some w € L(F). In this case, z7(vp )y =
g AT*(ALT) - (AU TYTrh(ay, -+ oy, ) T?y. If the factor h(ay, -+ «;,,) of Vh,m
occurs in z then Th(ay, - - - aq, ) must occur in w and, therefore w ends with T?y.
Moreover, in this case, y € {A, T}T. This implies w € {4, T} T rh(ay, -y, )T?
{A Ty N({A, T} rg(ENT U {A, T h(ZT)A{A, T}T) which is impossible.
Now suppose that the factor h(a;, ---a;,,) of vy n is the same as the factor
Th(ag, - ay, ) of 7(vp,)y. Then, A* = :I:ATQ(AllT) . (Alr T)T which is im-
possible.

Case 3: ugrw = x7(uy )y for some w € L(F). Note that z7(uys)y =
vAg(ap, - ap, JA(ATP:) .- (ATPr)A%y. If the factor g(ayp, - ap,) of a7 (uy s )y
is the same as the factor 7g(aj, -~ aj,) of uyx then zA € ATT? which is
impossible. If the factor g(ay, -+ - a,,) of 27(ugy )y occurs in w, we consider two
subases:

(a) we L, = A(ATP:)--- (AT?P)A?y = T which is impossible.

(b) w € Ly = A(ATP).-.. (ATP1)A%y = A(AT'").-- (ATH)A?T assuming
w = vp,. As before, one shows that the only possibility is s = r and, therefore,
E(g,h) contains oy, - ay, = ap, -+ p, .

Case 4: ugrw = x7(vp,m)y for some w € L(F). Again one considers as
above two possibilities for the occurence of the factor 7g(a;, - - a;, ) of ug g in
z7(vh,m )y and shows that either a contradiction is obtained, or E(g, h) # 0.

For the second problem, assume it is decidable and consider again an in-
stance g, h : ¥* — {C,G}* of PCP. Construct a context-free grammar F which
generates the language L, U Lj such that

L, ={T?A"T--.TA"T*rg(a;,, ) - 7g9(a; )T | m € N; iy,...,im €I}
and
Ly = {A%h(aj,) - h(ag, YAPT'" A AT A® |m € N; iy, ... i, € I}

Using similar arguments as before one can verify that the language Ly, U Ly, is

7-compliant if and only if E(g,h) # 0. <
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5 Splicing systems that preserve good encoding

The preceding sections studied conditions under which sets of DNA codewords
have good encoding properties, like DNA compliance and 7-freedom, where
7 1s the DNA involution. The next question is to characterize initial sets of
codewords having the additional feature that the good encoding properties are
preserved during eny computation starting out from the initial set. As a compu-
tational model we have chosen the computation by splicing [7], [12], [9]. Propo-
sition 14 states that if the splicing base (initial set of codewords) is strictly 6-free
then all the sequences that may appear along any computation will not violate
the property of 6-freedom. Proposition 15 is a stronger result stating that for
any computational system based on splicing one can construct an equivalent
one with “good”, i.e. #-compliance and 6-freedom properties, being preserved
during any computation. Finally, Proposition 16 provides a method of construc-
tion of a strictly 6-free code that can serve as splicing base, i.e. initial soup,
for a computation. Moreover, it is proved that from the point of view of the
efficiency of representing information, the constructed code is close to optimal.

A multiset M over an alphabet ¥ is a collection of words in ¥* such that
a word can occur in M more than once. More formally, a multiset M is a
mapping of ¥* into N such that M(w) is the number of copies of the word
w in the multiset. For a multiset M, we write supp (M) to denote the set of
(distinet) words that occur in M; that is, supp (M) = {w € * | M(w) > 0}.
A splicing system — see [9] — is a quadruple v = (2,7, A, R) such that ¥ is
an alphabet, T is a subset of ¥, the set of terminal symbols, A is a multiset
over 3, the initial collection of words, and R is a set of splicing rules of the
form ay#318as# B2 with oy, as, 81, F2 being words in £*. For two multisets
M and M' we write M =, M', if there is a splicing rule a;#51$a2#03; in
R and two words in M of the form zya;f1y1 and zoas B2y, such that M’ is
obtained from M by replacing those words with z;a4 82y, and zoa281y1 — see
[9]. The language, L(v), generated by a splicing system v = (X,7, A, R) is the
set {weT*|IM, A=, M, w € supp(M)}. The computation language of ~
is the set of words over ¥ that can appear in any computation step of ~; that
is, the language

{w | w € supp (M) and A =2 M, for some multiset M }

Note that the language generated by v is a subset of the computation language
of .

When the computation language of a splicing system involves only symbols
of the alphabet A, with the usual functionality of these symbols, one wants to
prevent situations like the ones described in the introduction and this requires
choosing languages with certain combinatorial properties. In this section, we
consider a type of splicing systems in which only symbols of the alphabet A are
used and require that the language of computation of such systems is strictly
f-free, where € is a morphic or antimorphic involution. To this end, we utilize
Proposition 1 by requiring that the computation language is of the form K* for
some strictly f-free subset K of AT. Moreover, we require that K is a splicing
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base, as defined below, to ensure that, after performing a splicing operation
between two words in K*, the resulting words are still in K*

Definition 5 A splicing base is a set of words K such that, for all x1,x2,y1,y2 €
A* and for all vi,uy,vy,us € K* with |viuy| > 0 and |vaus| > 0, if z1v1u1y1,
TovaUglys € K™ then xiviusys, xovoury; € K*.

In the following lemma it is shown that the splicing base condition is equiv-
alent to the following:

(Ck) For all € A* and for all v € K, if zu is a prefix of K* then © € K*
and if ux is a suffix of K* then x € K*.

Remark: A splicing base is not necessarily a code. For example, K = {4, A%}
is not a code but it is a splicing base.

Lemma 2 (i) Condition (Cr) implies the following: For all x € A* and
for allv € KT, if zv is a prefiz of K* then x € K*, and if vx is a suffiz
of K* then x € K*.

(ir) A set of words K is a splicing base if and only if (Cr ) holds.
(i11) Every splicing base which is a code is a bifiz code.
(iv) Every comma-free code is a splicing base.

Proof. (i) Assume (Ck ) holds, and suppose zv is a prefix of K* and v = vy ... v,
for some positive integer n and some words vy,...,v, € K. As (2v1 -+ vp_1)Up
is a prefix of K*, (Ck) implies vy - v,y € K*. If n = 1 then 2 € K*;
otherwise one repeats the same argument to show zvy ---v,_2 € K*. It follows
ultimately that * € K*. Analogously, one can show x € K* when vz is a suffix
of K*.

(ii) For the ‘only if’ part, assume zv is a prefix of K* for some v € K and
x € A*. Then, there is a word y such that zvy € K*. As xzlvy € K* and
1vll € K*, the premise implies 2111, lvvy € K*. Hence, x € K*. Analogously,
one can show x € K* when vz is a suffix of K*. For the ‘if’ part, assume (Cg )
holds and consider xyvyu 1y, Tavousys € K* with x1,x9,y1,y2,v1, U1, g, g as
specified in the premise. First we show z; € K*. If vy € K, as xyv; is a prefix
of K* part (i) implies ; € K*. If v; = 1 then vy € KT and zju; is a prefix
of K*. Hence, again zy; € K*. Similarly one shows z2,y2,y1 € K*. It follows
then that xiviusys, Tovou 1y € K*.

(iii) Let K be a splicing base which is a code. Suppose there are v,u € K
and y € AT such that u = vy. As vy is a suffix of K*, y € K+ which contradicts
the fact that K is a code. Hence, K must be a prefix code. Similarly one verifies
that K 1s a suffix code as well.

(iv) Let K be a comma-free code. This implies that, for all z,y € A* and
for all v € K, if zvy € K* then z,y € K* (see [1]). Now suppose zv is a prefix
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of K* and uy is a suffix of K*. Then, there are xy,y; € A* such that zvy,,
zyuy € K*. This implies z,y € K* and, therefore, (Ck) holds.

(v) The statement follows from part (iv) and the fact that every comma-free
code is bifix and uniformly synchronous with delay 1. <

We define now a special type of splicing systems that involve only symbols of

the alphabet A.

Definition 6 Let K be a splicing base. A K-based splicing system 1s a quadru-
ple B=(K,T,A,R) such that T C K, A is a multiset with supp(A) C K*, and
R is a subset of K*# K*$K*#K* with the property that vi#Hu1$vo#us € R
implies [viuq| > 0 and |vaug| > 0.

For two multisets M and M', the relationship M =43 M’ is defined as in
the case of ordinary splicing systems — see [9]; that is, M' is obtained from
M by applying a splicing rule to two words in supp (M). The language L(3)
generated by a K-based splicing system 3 is the set {w € T* | AM, A —5 M
and w € supp(M)}. The computation language of the system [ is the set
{we A" [IM, A=} M and w € supp(M)}. As shown next, this language is
a subset of K*.

Proposition 13 For every splicing base K and for every K-based splicing sys-
tem B3, the computation language of B 1s a subset of K*.

Proof. The statement follows easily by induction when we note that supp (A4) C
K* and that if M =3 M' and supp (M) C K* then also supp(M') C K*
using the fact that K is a splicing base. &

Proposition 14 Let 6 be a morphic or antimorphic mvolution and let 3 be a
K -based splicing system, where K s a splicing base. If K s strictly 6-free then
the computation language of [ s strictly 0-free.

Proof. Follows easily from Proposition 1 and Proposition 13. &

In the rest of the section we consider the question of whether an arbitrary
splicing system 7 can be translated to a K-based splicing system [ over A such
that the computation language of 3 is strictly 6-free and the languages generated
by [ and v are isomorphic.

Definition 7 Let 6 be a morphic or antimorphic involution of A* and let K
be an infinite family of splicing bases such that every splicing base n K 15 a
strictly 0-free code. The involution-free splicing class Cox s the set of all
K -based splicing systems, where K C K' for some K' € K.

Proposition 15 Let Cyk be an involution-free splicing class and let ¥ be an
alphabet. For every splicing system v = (3,71, A, R) there is a K -based splicing
system B = (K, F,B,P) in Cgk and an isomorphism f : T* — F* such that
the computation language of B is strictly 6-free and L(F) = f(L(v)).
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For the proof of the above statement we need the following result about
(1,1)-free splicing systems. A splicing system (3,7, A, R) is called (1, 1)-free if
a1B1 # 1 and ag By # 1, for every splicing rule ay #61$as# 52 in R.

Lemma 3 For every splicing system ~ there s a (1,1)-free splicing system ~'

such that L(v) = L(y").

Proof. Let v = (X,T, A, R) be a splicing system. If v is already (1, 1)-free then
7" = ~. Now consider the case where v is not (1,1)-free and 1 ¢ L(y). The
set R contains rules ay#31$as# 32 with |ay 81| - |asfB2| = 0. Let Ry be the set
of such rules. Define a (1,1)-free system ~' = (2,7, A, R') such that R’ results
from R by replacing every rule s € Ry with a set of rules ()5 as follows:

If |a1B1] = 0 and |agB2| > 0 then Qs = {1#6Fas# [y | 6 € AYU{o#18as: |
6 € A} if Jagf| > 0 and |azfz| = 0 then Qs = {a1#5:181#6 | 6 € A} U
{a1#B8186#1 [ 6 € A} if |y 1] = |z fa] = 0 then Q, = {1#6:1$14£62 | 61,02 €
A} U {1#(51$(52#1 | (51,(52 € A} U {(51#131#(52 | (51,(52 S A} U {(51#1$(52#1 |
61,09 € A}

It should be clear that, for every s € Ry, if a splicing rule r € Q)5 is applied
to a pair of words (w;,ws3) to obtain (z1, z2) then also the rule s can be applied
to (w1, w2) to obtain (z1,22). And conversely, for every s € Ry, if s is applied
to a pair of non-empty words (wy,wz) to obtain (z1, 2z2), then a rule r € @, can
be applied to (wy,wsz) to obtain (z1,z2).

Now let A =2 M = N be a computation of v in which some rule s € R
is used in the step M =, N, and assume A =7, M is a computation of ~' I
s ¢ Ry then s € R’ and, therefore, M =—>., N. If s € R; then, as 1 ¢ supp (M),
the rule s applies to a pair (wy, wy) of non-empty words of M. Then also a rule
r € (s can be applied to (wy,w3) to obtain N. Hence, again M =.» N. Thus,
A =71 M =, N is a valid computation of 7' which implies L(y) C L(y').
Similarly, one verifies that L(y') C L(v) as well.

Finally, for the case where 1 € L(y) we note that there is a splicing system
¢ = (X, F,B,P) with L(¢) = L(v) \ {1}. Hence, also L(¢) = L(('") for some
(1,1)-free splicing system (' = (X', F, B, P'). Then, the splicing system ~' =
(X', F,B',P") with B' = BU {1} is (1,1)-free as well and L(v') = L(v). <

Let h : § — T be a bijection, where S and T are sets of words. If M is
a multiset with supp (M) C S then h(M) is the multiset with supp h(M) C T
and h(M)(w) = M(h~1(w)) for all w € T; that is, the number of copies of the
word w in h(M) is equal to the number of copies of the word k™ (w) in M.

Proof of Proposition 15. Let Cy k be an involution-free splicing class and con-
sider any splicing system ~' = (X', T, A", R"). By Lemma 3, there is a (1,1)-free
splicing system v = (X,7, A, R) such that L(y') = L(). As K is infinite, there
is K1 € K with |K1| > |X|. Hence, there is a subset K of K; of the same cardi-
nality as 3. As K is a code, there is an isomorphism h of ¥* onto K*. We agree
to extend h to (X U {#,$})* such that h(#) = # and h($) = $. Now define
a K-based splicing system 8 = (K, F, B, P) as follows: B = h(A), F = h(T),
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P = h(R). As K is strictly 6-free, Proposition 14 implies that the computation
language of [ is strictly 6-free. Now consider the restriction f : T% — F* of h
on T*. Then f is an isomorphism. It remains to show that L(3) = f(L(v)).
First we consider the following claims:

Claim 1: for every non-negative integer n, if B = Ng =3 -+ =3 Ny is a
computation of # then there is a computation A = My =~ --- =, M, of v
such that N; = h(M;) for t =0,...,n.

Claim 2: For every non-negative integer n, if A = My =, --- = M, is a
computation of 4 then B = h(My) =5 --- =>3 h(M,,) is a computation of f.

We only prove Claim 1; the proof of Claim 2 is easier. As B = h(A), the
claim holds for n = 0. Now assume the claim holds for some n > 0 and consider
a computation B = Ng =3 --- =3 N, =>3 Np41 of B of length n + 1. By
the induction hypothesis, there is a computation A = My =~ --- =, M, of
v with h(M;) = N;. We need to show M,, =~ M4 for some multiset M, 14
with A(Mp41) = Npg1. As Ny, = Ny41, there is a sufficient number of copies
of two words ziviu 1y, and zovousy, in N, and a rule vy#ui$vo#us € P such
that a copy of each zjviusy2 and zovouyy; is added in Nyyy. As vju; € KT
and zyvju1y; € KT and K is a splicing base, z; € K* and y; € K*. Similarly,
one has x2,yo € K*. As h : ¥* — K™ is an isomorphism, there are words
P1,P2,51,582, 01, a2, B1, B2 € ¥ such that x; = h(p;), yi = h(s:i), a; = h(v;), and
Bi = h(u;) for i = 1,2, Also, as P = h(R), a1 #B1$az# 52 € R. Moreover, as
Np(ziviuiyr) = My(praifisy) and Nyp(azvausys) = Myp(p2azfzsz) it follows
that M,, =, My,41 with Ny41 = h(My41), which proves the claim.

Finally we show L(3) = f(L(v)). As L(vy) € T* and f(w) = h(w) for all
w in L(y), it is sufficient to show L(3) = h(L(7y)). Let w € L(/3); then there
is a computation B =% N with w € F* Nsupp(N). Claim 1 implies that
there is a computation A =X M with N = h(M). As N(w) = M(h=Y(w))
and N(w) > 0, A= (w) € supp(M). As F = h(T) and w € F* h™1(w) € T*.
Hence, h™'(w) € L(y) which gives w € h(L(y)). Hence, L(8) C h(L(7)).
Analogously, one shows h(L(v)) C L(3). &

We close the section with a simple construction of an infinite comma-free
code, Ky, o, which is strictly free for the DNA involution 7. By Lemma 2
(iv), the code is a splicing base as well. Moreover, we define an infinite family
{Kmn | n € N} of finite subsets of K, o whose information rate tends to
(1 —1/m). The involution 7 and the family {K,, , | n € N} define a 7-free
splicing class which can be used to ‘simulate’ every splicing system according to
Proposition 15. The fact about the information rate of the codes K, ,, concerns
the efficiency (or redundancy ) of these codes when used to represent information.
In general, the information rate of a finite code K over some alphabet X is the
ratio

10g|‘§(| |IX—|

(Xoex W)/IK]

When that rate is close to 1, the code is close to optimal.
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Proposition 16 Let m and n be non-negative integers with m > 1, let Ky, oo =
AMT(A™ITY*C™, and let Ky = UM g AMT(A™7IT)'C™. Then,

(i) Km o and, therefore, Ky, , are comma-free codes and strictly t-free,
where 7 1s the DNA involution

(i) The information rate of K, » tends to (1 —1/m) as n — oo.

Proof. (1) First, suppose K, o is not a comma-free code. Then, there are three
codewords, not necessarily distinct, A™Tx,T---z,T7C™, A™Ty,T---y, TC™
and AT T---2,TC™, and two non-empty words uy, us such that

u A" T2 T - 2, TC™ug = A" T T - -2, TC" A" T T - - -y, TC™.

Let w be uyA"™TzT---2,TC™uy. There are exactly two occurences of C'™
in w and two occurences of A™ in w. Also, as |uz| > 0 and w € A*C™uy N
ATC™A™ Ty T ...y, TC™, it follows that uy = A™Ty;T---y,7C™. Analo-
gously, it follows that vy = A™TxT---z,TC™. Then, |[A"TxT---2,TC™| =
0 which is a contradiction. Hence, K, o 1s a comma-free code.

Now suppose K, ~ 1s not strictly 7-free. Again there are three codewords
as above and two, possibly empty, words u; and uy such that

u G AT (2 )A - Ar(21 JAT " ug = A" TayT - - 2, TC" A" Ty T - - -y, TC™.

This implies that G™ occurs in A™ T2, T ---x, TC"A™ Ty, ---y,TC™ which is
impossible.

(ii) Let p = 4™~ ! and let M; = A™T(A™~IT)'C™. As K = Uiy M; and
|M;| = p*, one has | K, »| = Y., p* which implies | Ky, »| = (p" ™' —1)/(p—1).
Now, for each w € M;, |w| = im+2m+1. Also, as Y, . 0] = p (im+2m+1),
it follows that

Z |'w|:Z Z lw| = Zm—l—l) —I—mZLp

wWEKpm n 1=0 weM;

But
S ip = (AP AP (P e (" ") "
1=0
n +1

D I N N e =1

=1 i=l

Hence, the average word length of K, ,, is (EwEKm . [w|) /| Kmn| =

I n+1

P~ i1y mp(p" — 1)

mp
2m+1)+ ——(np" — —(mn)— .
S p—1 prtt — () (prtt =1)(p—1)

p

Asn — oo, one has (ZwEKm . [w|) /| Km,n| ~ mn. Also, log, | K, n| = logs(p"+*
1) —log,(p—1) ~ nlog, p=n(m — 1), and the claim follows. <
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