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Abstract

We consider a model withn players andm objects. Each player has an unknown grade for each
object, modeled by a \preference vector" of lengthm. A player can learn his grade for an object
by probing that object, but performing a probe incurs cost. The goal of the players is to learn
their own evaluations of objects with minimal cost, by adopting the results of probes performed
by other players. To facilitate communication, we assume tlat players collaborate by posting their
grades for objects on a shared billboard: reading from the Wboard is free. We consider players
whose preference vectors are popular, i.e., players whosegferences are common to many other
players. We present distributed and sequential algorithmsto solve the problem with logarithmic
cost overhead.
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1 Introduction

Most people encounter recommendation systems on a daily basin many situations, such as buying
a book, renting a movie, choosing a restaurant, looking for aservice provider etc. Recommendation
systems are supposed to help us make choices among the di etealternatives that are available to
us. The introduction of the Internet had made recommendatian systems even more critical than ever,
since entities (such as users and products) on the Internetra typically virtual, and may be located on
the other side of the globe. As a result, a user may have veryttie side-information to work with, and
must rely on computerized recommendation systems. The idem these systems is to take advantage of
the existence of many users with similar opinions: a set of s with similar preferences (calledtype)
can collaborate by sharing the load of searching the objectmace and identifying objects they deem as
good. However, players belonging to the same type do not knowf each other a priori, and therefore,
implicitly or explicitly, signi cant e ort must be directe d into identifying potential collaborators (while
avoiding possible crooks).

Much of the extant research has concentrated on trying to nd a good object for each user; in this
paper we address a more general question, where the goal ofetlusers is to try to nd what are their
opinions on all objects. The advantage of having such an algorithm is that itallows users to identify
others who share their opinions, which may be useful in the Ing range: When a new batch of objects
arrives, much e ort can be saved by using the opinions of user who have already been identi ed as
belonging to my own type. Moreover, as we show in this paper,te cost of nding the complete set
of grades (and hence identifying users with similar prefenaces) is comparable with the cost of nding
just one good object for each user.

Roughly speaking, our model is as follows (formal de nitiors are provided in Section 2). We
assume that there aren users andm objects, and that each user has an unknown grade for each
object, i.e., each user can be represented by his preferengector. The goal is for each user to nd his
complete preference vectot. The problem is that players do not know what is their prefererce for an
object unless theyprobe it, but probing is a costly operation (e.g., the user needs tabuy the product).
Nevertheless, players would like to predict what is their preference for items they did not probe. To
facilitate this, the system provides a shared \billboard," on which players can post the results of their
probes, thus allowing players with similar preferences to glit the probes among them and share the
results. The existence of a billboard does not immediately alve the problem: the question now is
which grades should one adopt, since players may have arbdrily di erent preference vectors.

Symmetric operation. One important requirement imposed on any reasonable solutin is that it
must be symmetric, i.e., with high probability, all players execute nearly the same amount of work. If
this restriction is lifted, it is easy to come up with simple asymmetric \committee-style" solutions to
the problem (see Sec. 5.1). However, such algorithms, whilgossibly suitable for centralized settings,
seems completely unrealistic in the distributed model, forthe following reasons:

Lack of fairness: the number of objects may be huge, and the terance of players for doing a lot
of work for others may be in short supply (cf. [4, 1] for more dscussion).

YWe arbitrarily write \he" for users, but it should be read as \ he or she."



Distrust of committees: small-size committees are prone tceasy manipulation by adversaries
(bribery, intimidation, other forms of corruption) and thu s cannot be trusted to be objective
judges on important matters.

1.1 Lower bounds

Before we state our results precisely, let us sketch two trilal lower bounds on the cost. Consider rst
a nearly ideal scenario, where all players in a given typel know the identities of all other type-T
players, but they don't know what is the type-T preference vector. Even if the players coordinate
perfectly to minimize their overall cost to nd the vector, a t least m probes must be executed just so
that each object has at least one grade from a typéF player. This gives a lower bound of (m) on the
cost. Now consider a second nearly ideal scenario, in whicHldype vectors are common knowledge,
and the only question a player must answer is what type does hbelong to. It is not hard to see that
if there are k possible types, (k) expected probes by each player are unavoidable. It followthat the
total cost of all players of a single type of size (n=k) is ( n). Combining the lower bounds from the
two scenarios above we conclude that no algorithm can solvehe problem iso(m + n) cost over all
players of a given type.

1.2 Our results

In this paper we take another step toward understanding recaonmendation systems. Informally, we
present algorithms (in the simpli ed model sketched above) that demonstrate that if one's unknown

preferences are known not to be esoteric (i.e., it is known tht there are quite a few other players with
the same unknown preferences), then one can nd his own prefences without performing more than
a logarithmic number of probes. More speci cally, we presehsymmetric algorithms that approach

the above lower bound to within a logarithmic factor. The algorithms are randomized, and they are
guaranteed to work with probability 1 n @ . The algorithms rely on knowing a lower bound on
the popularity of the type in question. Formally, the algori thms use a parameter < 1 such that
there are at least n players with the preference vector we would like to output.

Our main result is a distributed (in fact, parallel) algorit hm called D, whose running time is
0] 'Oﬂ(% +1) . This means that the total number of probes done by users of aigen type is
O ((n+ m)logn). We stress that our algorithm works for any set of user prefeences: only the running
time depends on the type size.

We also present a sequential algorithm that slightly improves the total number of probes for
large , while maintaining the crucial fairness property that all u sers make approximately the same
number of probes. The sequential algorithm (calledS;) ensures that the total number of probes done
collectively by players in the type is at most O mlogn + 2 . Unfortunately, the running time of the

latter algorithm may be high.

Detailed comparison with previous results is postponed to 8c. 5. As a one line summary, let us
emphasize at this point that unlike our algorithms, all previous solutions to this problem are either
asymmetric (i.e., some players do linear work), or cannot dal with all inputs.



Paper organization. The remainder of this paper is organized as follows. In Seath 2 we formalize
the model. In Section 3 we present our sequential algorithmS;. In Section 4 we present our parallel
algorithm, D. Some concluding remarks and open problems are presented 8ection 6. In Section 5
we describe existing work. In section 6 we conclude with somepen problems.

2 Model
Our model is formally de ned as follows. There aren players and m objects For each objecti 2

object i to player j. The vector vi = (vj ;vjz; ::1;vh ) is the preference vectorof player j. A type is
a vector v 2 f 0;1g™. A player j is said to belong to typev if his preference vectorvi is equal to v.
We say that the popularity of a type is , for some 0< 1, if there are at least n players of that

type.

An execution is a sequence of steps, where in each step some players move.bdsic move of a
player j is to reveal his valuev{ for some objecti. In this case we say thatplayer j probed objecti,
and say that v{ is the vote of j oni. Each player may probe one object in a step, but many players
may probe the same object simultaneously. The players commmicate by means of a shared billboard.
To model its existence, we assume that the results of all pagbrobes are freely available to all players.

An algorithm in our model is a function that decides which player probes wkch object, based on
past probe results, and possibly using a tape of random bits.Algorithms are parametrized by the
number of players and objects (calledn and m, respectively), a con dence parameter (calledc), and
a lower bound on the popularity of the type whose vector the algorithm need to output. The
individual or aggregate cost of an algorithm is the number of probes incurred by either an ndividual
player or by all players of a given type, respectively. The running time of an algorithm is the total
number of parallel steps taken since the start of the algorihm until all players (possibly of a given
type) have terminated.

An algorithm is said to be correct with probability p if with probability p, by the end of the execution

over the tape of random bits. The algorithms presented in ths paper are correct withhigh probability,
meaning that the probability of failure is n (9.

We stress that the only way randomization is used by algorithms in this paper is in assuming that

3 Sequential Algorithm

In this section we present a simple algorithm calledS; with low cost, but high running time. We x
our attention on a single type of popularity > 0. Algorithm S; works for any value of 0< 1.
Its cost is better than the cost of Algorithm D (presented in Section 4) for = (1 =logn).



Algorithm S;:

For each objecti in turn do:
1. Let the number of votes of quali ed players for objecti be g .
2. Let (g 8cinn). /Il i is a threshold

3. If there is only one valuev with more than ; quali ed votes, then executecall (i;v), and proceed to the
next object.

4. Otherwise (multiple values pass threshold):

(a) If not all players have probed i, let a random player probe objecti and go to Step 1.

(b) Otherwise (all players have already probedi), let v be the value seen by the local player. Execute
call (i;v) and proceed to the next object.

Subroutine call (i;v):
(1) Output the value v for object i.

(2) Mark all players whose vote oni is di erent than v as \unquali ed."

Figure 1. Pseudo-code for AlgorithmS;.

The algorithm works as follows (see Figure 1). The algorithmproceeds by determining the value
of objects one at atime. This is done by letting random playes probe the object until the players can
conclude, with high probability, what is the value of the object (Step 3). The high probability test is
based on the lower bound on the number of players with the saméype: if there are too few players
who think that the value of the object is v, then, given the lower bound on the popularity of the type,
the value of that object to that type is not v . The threshold is computed in Step 2. It may be the
case, however, that the high probability test will never endwith a single value for the object (say when

< 1=2). In this case all players might end up testing the object. Pllowing this strategy naively will
lead to the trivial cost of nm probes. To avoid that, we use the following simple idea. Eactplayer
locally marks each other player as either \quali ed" or \unq uali ed." The interpretation of the marks
is that a player j °is marked \unquali ed" by player j only if there is evidence thatj°does not belong
to the type of j. Initially, all players are marked \quali ed" by everyone. The marks are updated
by subroutine call : Once an object value is determined, all players who voted fioanother value are
\disquali ed" by the current player i.e., that player disre gards them from that point and onward.

The important property of the algorithm is that all players o f the same type maintain a consistent
view of which players are quali ed and which aren't.

Lemma 3.1 For any object i, all players of type T executecall (i;v) with the same valuev. Fur-
thermore, they all have the same set of quali ed players.

Proof. By induction on the objects. For the basis of the induction wehave that all players of type T
have the same set of players as quali ed when the algorithm strts, since all players are quali ed. For
the induction step, consider the point when an object is cakd. This happens either in Step 3 or in
Step 4b. In the former case, all players of typel will call the same value because they do it based on
the same billboard and, by induction, they use the same set ofjuali ed players. In case an object is



called in Step 4b, all players of typeT have the same local value for the object by de nition of type.
The agreement on the set of quli ed players follows in both caes. 1

Lemma 3.1, in conjunction with the following lemma, implies correctness of the outpuft}. .

. |

Lemma 3.2 |If a player | of a type whose popularity is at least executescall (i;v), then P v{ 6v <
n °
Proof: If player j executescall (i;v) at Step 4b, thenj actually probed i, and v{ = v with certainty.
If j executescall (i;v) at Step 3, then we have that only the value v received more than ; of the
G quali ed votes. In this case it is straightforward to bound t he probability that v{ 6 v using the
Cherno bound as follows (we use the versions of [9]). The vairs are chosen at random (Step 4a),
and therefore, by assumption on the popularity of the type, the probability that a random vote is v{

is at least . Hence

h h i

| .
PVe6v P V| received less than ; votes < e 91 < e ¢N = p ¢

The rst inequality above follows from Step 3; the second ingjuality follows from Cherno, since the
expected number of votes forv{ is at least g > 2 i; and the last inequality follows from the fact that
when call (i;v) is executed, ; is strictly positive, and hence, by de nition of ;, we gq; > 8clnn at
this point. |

We now bound the cost ofS;. To do that, we count the number of quali ed votes, i.e., votes of
players that are considered quali ed when Step 1 is executednote that some of the players who cast
such votes may later be disquali ed).

Lemma 3.3 The total number of quali ed votes throughout the executiolis at mostO minn+ 1—n .

Proof Sketch : For each objecti, let ¢ denote the total number of quali ed players who vote on i

whencall (i;v) is executed. We bound ; ¢® by counting the number of disquali ed players. On one
hand, each player may be disquali ed at most once, and hencehie total number of disquali cations,

throughout the execution, is at most (1 )n. On the other hand, note that whenevercall (i;v) is
executed, at Ieasti((o,O 1) 8clnn) players are disquali ed: this is becausei was not called in the
previous round, when there wereg® 1 quali ed votes, and therefore there were at Ieasti(q0 1 8clnn)

players who voted for a value di erent than v. It follows that

xn
1 )n - 1 sinn ;
=1 2

® O minn+
i=1

We summarize with the following theorem.

Theorem 3.4 Suppose that there are at leastn players from a certain type, and that they all run
Algorithm S;. Then with probability 1 n @ they will all output the correct vector, after executing
O(mlogn + o) probes.

Since in Algorithm S; only one player probes in each round, the time complexity is qual to the
number of probes. It is easy to speed up the algorithm somewha For example, we can have all

5



Algorithm D(P; O): /I P is a set of players andO is a set of objects

1. If jPj < &1 then probe all objects in O, output their values, and return.

2. (Otherwise) Let P° be the half of P such that j 2 P° and let P®be the other half. Let O° be the half
corresponding toP%in O, let 0%be the other half of O.
/I The partition of P and O is a xed function of the IDs

3. ExecuteD(P% Q9. /I upon returning, values for all objects inO° were output by all players in
P9 and values for all objects inO°®were output by all players inP

4. Scan the billboard. LetV be a set of vectors forO%such that the each vector inV is voted for by at
least = 2 of the players in P

5. Let C  0%pe the set of objects for which there are di erent votes inV.
6. While C 6 ; do

(&) Choose an arbitrary objecti 2 C. Probei, and let the probe result be denoted byv.
(b) Remove fromV vectors whose value on is not v.

(c) Update C to contain all objects on which surviving vectors in V di er.

7. Output the (unanimous) votes of surviving vectors in V for all objects in O%and return.

Figure 2: Pseudo-code for AlgorithmD as executed by playef. When The algorithm returns, the
players in P have output values for all objects irO.

players probe all objects in parallel until there are O(log n) samples per object, and then apply the
algorithm only to the undetermined objects. We do not elaboate any further, since in the following
section we present an algorithm with nearly the best possitg parallel time.

Fuzzy types.  The case of types that are not very crisply de ned can be handéd by a simple extension
of the algorithm, given that the types are su ciently separa ted. Speci cally, suppose that we de ne a
type to consist of all players whose preference vectors diefrom the type vector in at most r objects
(i.e., the Hamming distance of a player's preference vectofrom its type vector is at most r). Suppose
further that the Hamming distance between any two type vectas is at least 4 +1. Algorithm S; can

handle this case if we modify the way players are disquali edin Subroutine call : in the fuzzy case,
a player j % will be disquali ed by player j (and vice versa) after 2 + 1 discrepancies between their
values are detected. The separation assumption guaranteghat no player ever disquali es another

player of his type. However, the running time of the algorithm is increased by a factor ofO(r), and

the output of a player may di er from his own preferences for O(r) objects. Details are omitted.

4 Parallel Algorithm

In this section we present our main result, a recursive pardél algorithm called D. This algorithm
achieves near-optimal time complexity while maintaining the cost modest.

The idea in Algorithm D is as follows (see Figure 2). Given a set of players and a set objects, we
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Figure 3: Matrix representation of the results after Step 3 in Algorithm D. Each row represents a
player, and each column represents an objectP?is the top half of the rows, andO%is the left half of
the columns. jP§ = jP% = n®and jOY = jO% = m® The entries in two quadrants of the matrix are
unknown.

split the players and objects into two subsets each, let eacthnalf of the players recursively determine
the values of half of the objects, and then merge the resultsFigure 3 gives a visual representation of
the situation after returning from the recursive call. Merging results is simply lling in the missing
entries. Merging is done as follows. First, each player ndshe preference vectors that are su ciently
popular in the other half (Step 4). This leaves only a few candtate vectors the players needs to choose
from to complete his row. Testing objects with disputed values (Steps 5{6), the player eliminates at
least one vector in each probe, and eventually, the player ampts the last surviving vector.

In the algorithm, we assume that the partition of sets of players and objects into halves is done
by a xed function. For example, if the current set of players is P = fj;j +1;:::;5j+k 19
and the current set of objects isO = fi;i +1;:::;i+ k® 1g, then P® may be de ned by PO =
fj;j +1;:::;] + k=2 1g and similarly O°= fi;i +1 """ i + k%2 1g. The setsP%and O%are de-
ned to be the remainders P nP%and O n 0% respectlvely. Since we assume that the identities of
players and objects form a random permutation, these choice de ne random partitions of P and O
into two halves each (we assume, for convenience, that and m are powers of 2).

In the analysis, we focus our attention on a certain typeT with popularity

Lemma 4.1 Fix an invocation of D(P;O) with jPj &MN  Then with probability at least1 n €,
there are at least jPj=2 type-T players in P in that invocation.

Proof: The lemma follows from the fact that P is a random subset of the players, and hence the
expected number of typeT players in P is jPj. Using Cherno we get that

P Iess than 421 type-T players in P < elPi® e,
sincejpj &hn g

Lemma 4.2 The total number of probes for a single player in the executio of the algorithm is
o) logn m 1
n

Proof Sketch : Step 1 is taken only once by a player. Since the player set anthe object set are

7



halved in each recursive call,jPj < 81 implies that in that call, jOj <m 8N je  there are
0] % are done in Step 1. In each other invocation of AlgorithmP, the algorithm makes at most
one probe for each member of. Since by Step 4 each member of represents at least an= 2 fraction
of the players, we have thatjVj 2. Since the depth of the recursion is lo === O(logn), we
have that the total number of probes done in Step 6a by each piger, throughout the execution of the
algorithm, is O %9 The result follows. 1

We summarize in the following theorem.

Theorem 4.3 Suppose that there are( n ) players from a certain type T, and that they all run
Algorithm D. Then with probability 1 n @ they will all output the correct vector, after executing
O((m + n)logn) probes inO logn Z+1 rounds.

We note that both the total cost and the individual running ti me of Algorithm D are the best
possible, up to a factor ofO(log n).

5 Related work

Most prior research on recommendation systems focused on &mtralized, o -line version of the single
recommendation problem, where the algorithm is presented w#h a lot of historical preference data,
and the task is to generate a single recommendation that maxnizes the utility to the user. This is
usually done by heuristically identifying clusters of uses [11] (or products [12]) in the data set, and
using past grades by users in a cluster to predict future grads by other users in the same cluster.
Singular Value Decomposition (SVD) was also shown to be an ective algebraic technique for the o -
line single recommendation problem [13]. Some of these syshs enjoy industrial success, but they are
known to perform poorly when prior data is less than plentiful [14], and they are extremely vulnerable
even to mild attacks [8, 10]. Canny [3] gives a distributed seure and private SVD computation for
the o -line single recommendation version of the problem.

Algorithmic results. Theoretical studies of recommendation systems usually tad the latent vari-

able model approach: a stochastic process is assumed to geste noisy observations, and the goal
of an algorithm is to approximate some unknown parameters othe model. Kumar et al. [7] study
the o-line problem for a model where preferences are idented with past choices (purchases). In
this model there are clusters of products. Each user has a pbability distribution over clusters; a

user rst chooses a cluster by his distribution, and then chases a product uniformly at random from
that cluster. The goal is to recommended a product from the usr's most preferred cluster. Kleinberg
and Sandler [6] generalized this model to the case where théhaice within a cluster is governed by
an arbitrary probability distribution, and also consider t he mixture model, in which each cluster is a
probability distribution over all products.

Singular value decomposition approachers. Azar et al. introduced in [2] the idea of using
SVD to reconstruct the unknown preference vectors. This ida was later used by Drineaset al. [4].
The attractive feature of the SVD method is its ability to deal with some noise. However, SVD



is inherently incapable of handling preference vectors thacannot be approximated by a low rank
matrix. By contrast, our algorithm requires only a bound on the individual type size: what happens
with other types is completely irrelevant. As a result, our algorithms can deal with any input, and
the running time for a given type is nearly optimal, while the correctness of SVD-based algorithms
is dependent on players from other types. This makes SVD an ey target even for weak adversaries
(e.g., non-adaptive), against which our algorithms are imnune.

Best value approachers. Much of the research on recommendation systems concentraleon a
passive model, where the algorithm analyzes the data and isupposed to make recommendations; the
in uence of the algorithm on what data is collected, was ignaed. An active model of recommendation
systems was introduced in [4] (called \competitive recommadation systems" there). In this model the
objective is to nd, for each user, at least one object he rats as \good." If preference vectors of di erent
types are orthogonal (i.e., do not share objects they both rte as \good"), then these algorithms can
be used to reconstruct the complete preference vectors of éhusers. In fact, [4] uses SVD and works
only if type orthogonality holds; it is vulnerable to attack s by dishonest users. In [1], it is shown that
a simple committee-based algorithm (see below) su ces to nd a good recommended object without
restricting the user preferences. Additionally, [1] give adistributed peer-to-peer algorithm for picking
a good object, that can withstand any number of dishonest uses (the performance depends only
logarithmically on the total number of users).

Again, our algorithms nd the complete preference vectors without assumptions. We also note
that nding complete vectors is useful in the long run: as a by-product, our algorithms generate a
classi cation of users into types, which can be re-used whegoping with a new batch of objects.

Learning relations. Another related problem is the learning model of Goldmanet al. [5], where
the algorithm works for all inputs. The setting in [5] is that a centralized algorithm needs to learn
a binary relation: the relation value for all (i;j ) pairs must be output. In each step, the algorithm
predicts the value of the relation for some pairi;j , and then the true value is revealed. The measure
of performance in this case is the number of errors committedy the algorithm. For this model they
consider a few types of schedules, including the case whereet algorithm chooses which entry to guess
next, which is similar to the on-line model we consider. Howeer, there are a few important di erences
between the learning model and ours. First, since the true vimes become known while the algorithm
is running, the task is easier than the one we consider, wheralmost all values remain unexposed
even after the algorithm has terminated. Formally, in our model, revealing any true grade incurs cost,
and hence the cost of the algorithm of [5] in our model is lineq i.e., the worst possible. Second, the
learning algorithms are fundamentally centralized in the £nse that some players (possibly all) will
probe all objects similarly to the committee-based algorihms (see below).

5.1 Asymmetric algorithms

One simplistic approach to solve the recommendation problm is to use committees [4, 1]. In this
case, a few players are essentially charged with doing the wofor all others. Consider the following
algorithm for our problem:



(1) ChooseK = O °9" random players.
(2) Let each player probe all objects.
(3) Let all other players nd the committee member with whom t hey agree.

Step 3 can be implemented inK probes by each non-committee player (as done in Steps 5{6 of
Algorithm D in Section 4). The correctness of the algorithm follows fromthe observation that with
high probability, the committee contains at least one membe from each type whose frequency is at least

. However, as mentioned in the introduction, committee-bagd algorithms are simply unacceptable in
a distributed setting, due to their inherent unfairness, and to their vulnerability to malicious attacks.

6 Conclusion and Open Problems

In this paper we showed that in a highly simpli ed model, there exist very simple solutions to the
important problem of low-cost preference reconstruction. Our results allow us to hope that the con-
siderable gaps between the abstract model and real life canebbridged by algorithmic solutions. In
particular, we believe that the following problems are impatant to solve.

The algorithms in this paper are synchronous, i.e., playersare assumed to proceed in lockstep
fashion. Finding an asynchronous algorithm would be a signcant progress in making the
algorithm practical.

Another important aspect is that the algorithms in this paper assume that all players of the same
type have identical preference vector. It would be extreme} useful to extend the algorithms to
the case where types are not sharply de ned, i.e., to allow soe tolerance for deviation (some
partial results for the sequential algorithm are mentionedin Section 3).

The algorithms use random player and product identities. It seems interesting to try to develop
an algorithm that lifts this assumption.

The algorithms rely on knowing a lower bound on , the popularity of the type. We would like
to nd an algorithm that adapts to any

Taste and honesty. One (post modern) interpretation for taste is honesty In this model, each
object has a single value (\truth"), independent of the player who probes it. This model is applicable
if the grades of objects re ect some objectively de ned predcate. In this case a player who announces a
value which is not the true value of the object is simply lying. With this interpretation, our algorithms
can be used to ensure that, with high probability, each and every lie will eventually be uncovered his
certainty may lead to the following intriguing consequence (assuming that the penalty for getting
caught lying is larger than the gain): no rational player will ever lie, and the overhead of enforcing
honesty will be minimized, since the algorithm will be invoked only in the rare cases of irrationality.
Analyzing this scenario is beyond the scope of the current paer.
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