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Abstract

Weconsiderdistributedonlinealgorithmsfor maximizingthrough-
put in anetwork of clientsandservers,modeledasabipartitegraph.
Unlike most prior work on online load balancing,we do not as-
sumecentralizedcontrolandseekalgorithmsandlowerboundsfor
decentralizedalgorithmsin which eachparticipanthasonly local
knowledgeaboutthe stateof itself and its neighbors. Our prob-
lem canbeseenasanalogousto therecentwork on obliviousrout-
ing in [8, 14, 19], but with the objective of maximizing through-
put ratherthan minimizing congestion. In contrastto that work,
we prove a stronglower bound(polynomial in n, the sizeof the
graph)on thecompetitive ratio of any obliviousalgorithm.This is
accompaniedby simplealgorithmsachieving upperboundswhich
aretight in termsof k, themaximumthroughputachievableby an
omniscientalgorithm. Finally, we examinea restrictedmodel in
which clients,uponbecomingactive, must remainso for at least
log(n) time steps. In contrastto the primarily negative resultsin
theobliviouscase,herewe presentanalgorithmwhich is constant-
competitive. Our lower boundsjustify theintuition, implicit in ear-
lier workonthesubject[2], thatsomesuchrestriction(i.e. requiring
somestability in thedemandpatternover time) is necessaryin or-
derto achieveaconstant— or evenpolylogarithmic— competitive
ratio.

1 Intr oduction
We considerdistributed online algorithmsfor maximizing
throughputin a network of clientsandservers,modeledas
a bipartitegraphG = (VL ; VR ; E ) with VL representingthe
clients,VR representingtheservers,andE representingthe
client-server assignmentswhich areconsideredadmissible,
e.g.becauseof proximity constraints.Motivatedby Internet
load-balancingapplications,suchas load-balancingHTTP
connectionsin a contentdelivery network, we considerthe
casewhere client-server connectionsare extremely short-
lived(lastingfor only oneunit of time) andit is impossible
to getaninstantaneoussnapshotof thedemandpattern.Our
focus is on distributed algorithms in which clients must
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make decisionsknowing nothingaboutthe currentdemand
patternotherthantheir own demand,andserversmustmake
decisionsknowing nothingotherthanwhat they learnfrom
their adjacentclients. (We also assumethat servers may
reporttheir loadto theadjacentclientsat theendof a round,
thoughthisis notnecessarilypredictiveof their loadin future
rounds.)Thisemphasisondistributedalgorithmswith avery
limited amountof communicationis whatdistinguishesthe
presentpaperfrom mostof thepreviouswork ononlineload
balancing.

Ourmodelof onlineload-balancingis completelystate-
less,sinceclient-serverconnectionslast for only oneunit of
time andthedemandpatternmaybecompletelydifferentin
thenext round.Thus,if thedemandpatternis allowedtovary
arbitrarilyandadversariallyover time,anonlinealgorithm's
competitive ratio over a sequenceof T stepswill generally
beno betterthanits competitiveratio in thecaseT = 1, i.e.
a one-shotgamebetweenthe algorithmand the adversary.
It may seemhopelessto achieve non-trivial upperbounds
on competitive ratio in sucha one-shotgame,sincethe al-
gorithm hasno time to learnany informationaboutthede-
mandpatternbeforemakingits decisions.However, there-
centresultof Räcke[19] (andits subsequentconstructivere-
sultsby Harrelson,Hildrum, andRao[14] andBienkowski,
Korzeniowski andRäcke [8]) on oblivious routing in undi-
rectednetworks demonstratethat it is sometimespossible
to achieve surprisinglystrongupperboundsfor such“one-
shot” loadbalancingproblems.Speci�cally, for amulticom-
modity �o w problemin anundirectedgraphG, it is possible
for eachcommodityto choosea �o w without knowingthe
demandof anyothercommodity, in suchawaythatthemax-
imum edgecongestionin G is within a O(log2 n loglogn)
factorof thatof thecongestion-minimizing�o w for thegiven
demandpattern.

Much of the presentpaperis devotedto analyzingthe
analogousquestionfor client-server load-balancing.While
it is possibleto achievecompetitiveratiossigni�cantly better
thanthe trivial O(n) boundfor this problem,we show that
it is impossibleto achieve a polylog(n) competitive ratio.
A comparablystronglower boundfor oblivious routing in
bipartite directed graphswas establishedusing a simple
constructionin [6]. Our lowerboundrequiresasigni�cantly
more sophisticatedconstructionbecausewe seeka lower
boundon competitive ratio for throughputratherthanedge
congestion. This is the �rst polynomial lower bound on
throughputfor obliviousrouting.



As a counterpointto theseprimarily negative results,
we considera restrictedadversarialmodel in which clients
have f 0; 1g-valueddemands(i.e. they are either active or
inactive), and a client who becomesactive must remain
active for at leastr roundsthereafter. In this environment,
wepresentanalgorithmwhosecompetitiveratioisO(� 6=r );
where � is an upperbound(known to all parties)on the
degreeof any client. In particular, the algorithm achieves
a constantcompetitive ratio when r = 
(log �) : Our
algorithm is structurally similar to the concurrentrouting
algorithmof [2], with two importantdifferences:the latter
algorithmassumesthat clientsarenot enteringandleaving
thesystemover time, andit requirestheclientsto gradually
increasetheir �o w until eventuallyreachingthedesiredlevel
of throughput. Our algorithm permits clients to become
active and inactive over time (provided that a client, upon
becomingactive, remainsactive for the next r steps),and
it permits them to route their full demandin eachround
in which they are active (though the demandmay not be
satis�ed,if it is sentto acongestedserver).

All of the algorithmspresentedin this paperare very
easy to implement, requiring surprisingly straightforward
decision-makingand communicationprotocolson the part
of clients and servers. Someof the lower bound proofs,
on the other hand, are relatively sophisticated. We show
that oblivious algorithmsfor throughputmaximizationcan
beobstructedby thepresenceof substructuresin thebipartite
graphwhich we call 
 -focal matchings.Thetaskof proving
competitive-ratiolowerboundsis therebyreducedto a com-
binatorialproblemof packingasmany 
 -focalmatchingsas
possibleinto a bipartitegraphof sizen. Our constructionof
suchgraphsinvolvesaninterestingmixtureof combinatorial,
algebraic,andprobabilistictechniques.Theselower bound
techniquesconstituteoneof maincontributionsof thispaper,
andwebelieveit maybeinterestingto considerwhetherthey
canbeusedto obtainlowerboundsfor otherapplications.

2 Relatedwork

Recallthat this paperconsidersload balancingfor a client-
server model which hastwo essentialcharacteristics.The
�rst oneis thatoursystemis fully dynamicandtheinputcan
changedrasticallyfrom onetime to thenext time. Thesec-
ondoneis thatthereis no central“dispatcher”in thesystem
that could communicatethe resultof the maximummatch-
ing computationto theclients,thusguidingtheir routingde-
cisions. Indeed,the interplayof thesetwo aspectsplaysan
importantrole in this paper, sinceotherwisetherearemany
algorithmsin the literaturefor modelspossessingonly one
of thesecharacteristics.Below, we review someof thesere-
sults.

2.1 Centralized control Finding a maximum matching,
or its generalizationto maximum�o w, is oneof theclassical
problemsin combinatorialoptimization.The fastestknown
sequentialalgorithmfor theproblemhasrunningtime close

to O(jE jjV j) [12]. For themoregeneralproblemof solving
a positive linear program to within a (1 + � ) factor of
optimality, Plotkin, Shymoys and Tardos [18] presenta
sequentialalgorithmwhich repeatedlyidenti�es a globally
minimumweightpath,andpushesmore�o w alongthatpath.
Thealgorithmof Plotkin et al. is further improvedby Garg
andKonemann[10], whogivefasterandsimplerprimal-dual
algorithms for multicommodity �o w and other fractional
packingproblemwith thesameapproximationfactor(1+ � ).
In addition,several (deterministicandrandomized)parallel
algorithmsfor maximumbipartitematchingandmaximum
�o w have beenproposed(seee.g. [9, 12, 15]). Although,
thesealgorithmshave ef�cient implementation,they areall
centralizedalgorithmsand requireglobal kowledgeof the
demandpatternandglobal coordination,which make them
unsuitablefor fast distributed implementationwith local
information.

2.2 Distrib uted control with persistentdemands Rout-
ing and admissioncontrol. Assumingthatthedemandpat-
tern remainsstablefor at least
(log n) roundsat a time, a
distributedroutingand�o w controlalgorithmwith a global
objectivefunctionhasbeengivenby AwerbuchandAzar[2].
This work is basedon fundamentalresultsfrom competitive
analysis[1, 3] and assumesclients can gradually increase
their �o w; while the �o w is still small it could for example
be buffered at the client. In this case,under the assump-
tion that thereis a smallnumberof routingpaths,they pro-
videanO(log n) competitivealgorithmfor theroutingprob-
lem,whichtakesapolylogarithmicnumberof roundsto con-
verge.AwerbuchandLeighton[4, 5] havesuggestedgeneral
methodsfor distributed routing andadmissioncontrol that
usea polynomialamountof buffer space.Our lower bounds
demonstratethat at leastone of thesetwo assumptionsÐ
persistenceof demandsover time, or the ability to buffer
packetsÐ is really requiredin order to achieve a polylog-
arithmiccompetitiveratio.

Distrib uted admissioncontrol alone. For the distributed
admissioncontrolproblem(in whichclientsdonot choosea
serveror routingpath,but only their sendingrate)Papadim-
itriou andYannakakis[17] initiated the studyof �o w con-
trol using distributed routersbasedonly on local informa-
tion. More precisely, they presenteda framework for solv-
ing positive linearprogramsby distributedagents.Luby and
Nisan[16], Bartal,ByersandRaz [7] and�nally Garg and
Young[11] obtaineda (1 + � ) competitive algorithmscon-
vergingin apolylogarithmicnumberof rounds.

Eventhoughall of theseresultsaredistributed,they con-
vergeto their �nal solutionin a polylogarithmicnumberof
rounds,which makesthemunsuitablefor our fully dynamic
client-servermodel.

2.3 Distrib uted control without persistenceof demands
Onepossibleapproachto distributedload-balancingis to use
an“oblivious” solution. Suchan obliviousalgorithmexists



for thecongestionminimizationproblemin undirectededge-
capacitatedgraphs([19] and its subsequentimprovement
by Harrelson,Hildrum, andRao[14]) andfor directedand
node-capacitatedgraphs[13]. No suchsolution exists for
thethroughputproblem,thoughRäcke andRosen(indepen-
dentlyandconcurrentlywith ourwork)gaveadistributedon-
line call controlalgorithmwhich is closelyrelatedto oblivi-
ousthroughputmaximizationin undirectedgraphs[20]. One
of themainresultsin ourpaperestablishesnearlytight upper
and lower boundson the performanceof oblivious routing
schemesin directedbipartitegraphs, in termsof throughput.
Theperformancegapbetweentheoptimalandobliviousso-
lution is polynomial;our lower boundsshow thatthis gapis
inherent.

3 Formal modeland statementof results

Our graphterminologyis asfollows. All thegraphsin this
paperaredirectedbipartitegraphswithout multiple edges.
For suchagraphG = (VL ; VR ; E ), wewill referto elements
of VL asclientsandelementsof VR asservers. Thenumber
of clientsis denotedby n, thenumberof serversby m. The
edgesof E aredirectedfrom clientsto servers.For a vertex
setS � VL [ VR we denotethesetof adjacentverticesby
�( S), the set of outgoingedgesby � + (S), and the set of
incomingedgesby � � (S). WhenS is a singletonset f vg,
thesewill beabbreviatedto �( v); � + (v); � � (v). Thedegree
of avertex v will bedenotedby d(v).

Theprototypicalproblemwe will analyzeis thefollow-
ing online throughputmaximizationproblem. In eachtime
stept (1 � t � T ), an adversarydesignatesa set St of
clients, called the active clients. Eachactive client i gen-
eratesa requestandmustchoosea (possiblyrandom)adja-
centserver to which it will sendthis request,without know-
ing which otherclientsareactive. Eachserver that receives
oneor morerequestsin roundt may chooseto satisfyany
one of them. The goal is to maximizethe expectednum-
ber of satis�ed requests,called the throughput. The algo-
rithm is judgedaccordingto its competitive ratio, i.e. the
ratio of its throughputto that of the omniscientalgorithm
whichchoosesa throughput-maximizingassignmentin each
period.

When the problem is posedin this form, its online
natureis essentiallyirrelevant.Thisis becauseany algorithm
achieving theoptimumcompetitive ratio in theT = 1 case
alsoachievesthe optimumcompetitive ratio in the caseof
generalT , by simply ignoringpasthistoryandtreatingeach
roundasif it werethe �rst round. For this reason,we will
focusmostof our attentionon the T = 1 case,which we
call the one-shotmodel. We will usethe letter k to denote
the throughputof the optimal assignment,i.e. the size of
a maximummatchingfrom the active clients to VR . The
following variantsof theproblemarealsoof interest.

Multicast model. In contrastto theunicastmodeldescribed
above,we mayconsidera modelin whicha client maysend
its requestto any subsetof the adjacentservers. A server

receivingoneor morerequestsmaychooseto satisfyany one
of them,but it mustmakethischoicewithoutany knowledge
about the set of active clients other than the information
containedin the requestsit received. The throughputis
de�ned asthenumberof distinctclientswhoserequestsare
satis�ed, i.e. a client whoserequestis satis�ed by two or
moreserversstill contributesonly 1 to thethroughput.

Fractional assignments. Insteadof requiring eachactive
client i to chooseoneof its adjacentservers,it maychoose
a fractional load distribution amongits outgoingedges.In
otherwords,eachclient choosesa function f i : � + (i ) !
[0; 1] satisfying

P
e2 � + ( i ) f (e) � 1. As always, client i

mustspecifyf i without knowing which otherclientsarein
S. The load on a server j , denotedby `(j ), is equalto the
total loadon all incomingedges.Thethroughputis de�ned
by

P
j 2 VR

minf 1; `(j )g:

Restrictedadversary. In therestricted-adversarymodel,we
assumethatthesetsSt of activeclientssatisfythefollowing
constraint:everyclient,uponbecomingactive,mustremain
active for thenext r rounds. In otherwords,if i 2 St then
thereexist t0; t1 suchthat t0 � t � t1, t1 � t0 � r , and
i 2 St 0 for t0 � t0 � t1. (We call r the minimumactivity
period.) We alsoassumethat serversmay reporttheir load
andcapacityto theadjacentclientsat theendof eachround.

In proving lower boundsin this paper, we will assume
thatthestructureof theentiregraphG is known to all clients
andservers,andthatthey haveaccessto anunlimitedsupply
of sharedrandombits. In contrast,our upperboundswill
bebasedon algorithmswhich requiremuchlessknowledge
on thepartof theparticipants:eachvertex needonly know
which verticesareadjacentto it. (In Section7 we mustalso
assumethatthey sharea commonestimateof themaximum
clientdegree,� .)

Thefollowing theoremssummarizeourmainresults.

THEOREM 3.1. In the unicastone-shotmodel,there is an
algorithmwhosecompetitiveratio is O(

p
k), andthisbound

is tight in termsof k, evenif thealgorithmis randomizedand
is allowedto usefractionalassignments.In termsof n, the
competitiveratio of anysuch algorithmis 
( n0:103):

THEOREM 3.2. In themulticastone-shotmodel,there is an
algorithmwhosecompetitiveratio is O(k1=3), providedthat
theservers knowthedegreeof their adjacentclientsor that
theclientscancommunicatethis informationin their request
headers. Thisboundis tight in termsof k, evenif theclients
areallowedto putanarbitrary amountof informationin the
requestheader. In termsof n, the competitiveratio of any
such algorithmis 
( n0:069):

THEOREM 3.3. In therestrictedadversarymodelwith frac-
tional assignmentsand with minimumactivity period r , if
theclientsknowthevalueof r aswell asan upperbound�
on themaximumdegreeof anyclient, thenthere is an algo-
rithm whosecompetitiveratio is O(� 6=r ). In particular, if
r = 
(log �) ; thecompetitiveratio is constant.



It is worth mentioningthat the proofsof Theorems3.1
and3.2 alsoestablishtight boundson the optimal compet-
itive ratio in termsof m, the numberof servers. The opti-
mal competitive ratio is � (m1=2) in the unicastmodel and
� (m1=3) in the multicastmodel. Tighteningthe boundsin
termsof n remainsanopenquestion.

4 Lower boundsfor the one-shotmodel

M
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Figure1: A 
 -focalmatching.

Our lower boundsin
the one-shot model
depend on �nding
matchings M be-
tweena setof clients
M L andserversM R ,
such that removing
M from the edge
set of G leaves M L
with a very small set
of neighbors. We
call such structures

 -focal matchings;
the precisede�nition
is givenbelow. When
G containsa 
 -focal
matchingand the set
of active clients is
M L , it is important
for mostactiveclientsto sendtheir requestalonganedgeof
M , sinceall otheredgesgo througha very limited number
of servers, leadingto very limited throughput.Supposean
active client hasmany outgoingedges,and eachof them
belongsto a different
 -focal matching. If the setof active
clientsis equalto M L for oneof thesematchingsM , but it
is not known which matching,thensucha client is unlikely
to sendits requestalong the outgoingedgewhich belongs
to M , andconsequentlyit is impossiblefor thealgorithmto
achievehighexpectedthroughput.

DEFINITION 4.1. Let M be a matching in G, and let
M L ; M R denotethesetsof left andright endpoints,respec-
tively, of thematchingedges.We call M a 
 -focal matching
if j�( M L )nM R j < jM j=
 andG containsnoedgesbetween
M L andM R otherthanthosewhich belongto M .

4.1 Unicast lower bounds Let A denotethe set of all
fractional assignmentsin G, i.e. A = f f : E !
[0; 1] j 8i 2 VL

P
j 2 �( i ) f (i; j ) = 1g. A setS of active

clientsmaybe representedby a functionD : VL ! f 0; 1g
mappingS to 1 andVL n S to 0; we call this the demand
patternassociatedwith S. Givena fractionalassignmentf ,
de�ne the load on server j by `(j ) =

P
i 2 �( j ) f (i; j )D (i )

and the throughputof f by � (f ) =
P

j 2 VR
minf `(j ); 1g:

We maythink of a randomizedassignmentalgorithmin the
one-shotmodel as computinga function A : f 0; 1gVL �
X ! A , whereX is aprobabilityspaceencapsulatingall the
randombits (bothsharedandprivate)which thepartiesmay

usein their decision-making.Thefactthattheassignmentis
oblivious(i.e. thatclientsmustchoosetheir own assignment
without knowing which otherclientsareactive) is captured
by the following constraint: in the fractional assignment
f = A(D ; x), for any edge(i; j ), the valueof f (i; j ) may
onlydependonD(i ) andx. In otherwords,if f 0 = A(D 0; x)
andD 0(i ) = D(i ), thenf 0(i; j ) = f (i; j ).

THEOREM 4.1. Let G be a bipartite graph which is
(dL ; dR )-biregular, i.e. every i 2 VL has degree dL and
every j 2 VR hasdegreedR . Assumeall servers haveunit
capacity. If theedgesetof G canbepartitionedinto 
 -focal
matchings of equal size, then the competitiveratio of any
obliviousrandomizedfractionalassignmentalgorithmfor G
is at least 1

2 minf dL ; 
 g:

Proof. Let A be any oblivious randomizedfractionalassignment
algorithm,andlet M (1) ; : : : ; M ( s) bea partitionof E into 
 -focal
matchingsof equalsizek. Notethat thenumberof edgessatis®es
sk = jE j = dL n; whence n

s = k
dL

. Let the demandpattern

D : VL ! f 0; 1g bede®nedby selectinga matchingM = M ( r )

uniformlyatrandomfromf M (1) ; : : : ; M ( s) g, independentlyof the
algorithm'srandomseedx 2 X , andsettingD (i ) = 1 if i 2 M L , 0
otherwise.Thethroughputof theassignmentf = A(D ; x) satis®es

� (f ) =
X

j 2 M R

minf `(j ); 1g +
X

j 2 �( M L ) nM R

minf `(j ); 1g

�
X

j 2 M R

`(j ) +
X

j 2 �( M L ) nM R

1 �
X

e2 M

f (e) + k=
 :

Let D � denotethe demandpatternin which all clientsareactive,
i.e. D � (i ) = 18i , andlet f � = A(D � ; x). By the de®nitionof
ªobliviousº,wehave thatf (i; j ) = f � (i; j ) for all i 2 M L . Hence
� (f ) � k=
 +

P
e2 M f � (e). Now let's take theexpectationover

therandomchoiceof x andM .

E[� (f )] �
k



+
X

e2 E

Pr( e 2 M )E[f � (e)] =
k



+
1
s

X

e2 E

E[f � (e)]

=
k



+
1
s

E

2

4
X

i 2 VL

X

e2 � + ( i )

f � (e)

3

5 �
k



+
n
s

=
k



+
k

dL

�
2k

minf dL ; 
 g
:

Theoptimalassignmentsendsthek requestsalongtheedgesof M ,
thusachieving throughputk. Hencethecompetitive ratioof A is at
least1

2 minf dL ; 
 g; asclaimed.

THEOREM 4.2. There existsa bipartite graph G such that
thecompetitiveratio of anyobliviousrandomizedfractional
assignmentalgorithm for G is at least

p
k=2, where k is

the maximumthroughputachievable in the given problem
instance.

Proof. ThegraphG is de®nedasfollows. Givena positive integer
d, let VR be thesetf 1; 2; : : : ; d2g; andlet VL be thesetof all d-
elementsubsetsof VR : Eachsuchseti 2 VL is joinedby anedge
to eachof its elementsj 2 VR . G is a biregular bipartitegraph,
with dL = d anddR =

� d2 � 1
d� 1

�
:



For each(d � 1)-elementsubsetS � VR , let M (S) be the
matchingcontaining,for eachj 2 VR nS; anedgefrom i = S[ f j g
to j . Eachsuchmatchinghassize d2 � d + 1, and eachedge
(i; j ) 2 E belongsto exactly onesuchmatchingM (S). (Namely,
S = i n f j g.)

We claim thateachmatchingM = M (S) is a (d � 1)-focal
matching. We have M R = VR n S, andeachi 2 M L hasone
edgejoining it to M R (namely, thematchingedge)andd � 1 edges
joining it to S. ThusG containsno edgesbetweenM L andM R

otherthanthematchingedges,and

j�( M L ) n M R j � jM j=d;

becausetheleft sideis equalto d � 1 while theright sideis equal
to d � 1 + 1=d.

Applying Theorem4.1, we ®nd that the competitive ratio of
any oblivious randomizedfractional assignmentalgorithm is at
leastd=2, which is greaterthan

p
k=2 sincek = d2 � d + 1.

Note that the proof of Theorem4.2 alsogivesa lower
boundof

p
m=2 wherem is thenumberof servers.(Wewill

seelater that this boundis tight in termsof m.) However
thenumberof clientsin this example,n, is equalto

� d2

d

�
, so

thecompetitive-ratiolowerboundof d=2 only translatesinto
a very weaklower boundof 
(log n= log logn) in termsof
n. Thefollowing theoremdemonstratesthatamuchstronger
lowerboundis possible.

THEOREM 4.3. There existsa bipartite graph G such that
thecompetitiveratio of anyobliviousrandomizedfractional
assignmentalgorithmfor G is 
( n0:103).

Proof. Theconstructionof the graphG in this caseis quite com-
plicated.For a positive integerd, let X bethe ring (F2)d , i.e. the
cartesianproductof d copiesof the®eld F2 = f 0; 1g. Considering
X asa vectorspaceover F2 , let Y bea linearsubspaceof dimen-
sionbd. (We will optimizethevalueof theparameterb < 1 later
on.) Let Z denotethesetof all z in X suchthatzy is non-zerofor
all non-zeroy 2 Y . (If we identify elementsof X with subsetsof
f 1; 2; : : : ; dg, thenthenon-zeroelementsof Y constituteasetsys-
temandZ consistsof all hitting setsfor this setsystem.)We will
wantthecomplement,X n Z , to beassmallaspossible.Hereis a
calculationwhich boundstheexpectedsizeof X n Z whenY is a
randomlinearsubspaceof dimensionbd. For any non-zeroy 2 X ,
theprobabilitythatit belongsto Y is 2( b� 1) d , andthenumberof z
suchthatzy = 0 is 2d� w t ( y ) , wherewt(y) denotestheHamming
weightof y. This meansthatanupperboundfor theexpectedsize
of X n Z is givenby:

X

y 2 X ;y 6=0

2( b� 1) d 2d� w t ( y ) = 2bd
dX

j =1

 
d
j

!

2� j

= 2bd
h
(3=2)d � 1

i
< (3 � 2b� 1)d

Henceforthwe assumethat we have chosena speci®clinear sub-
spaceY suchthat thecardinalityof X n Z is at most(3 � 2b� 1)d .
Later on, whenwe specify the valueof b, it will be the casethat
3 � 2b� 1 =

p
3 � (1 + o(1)) , sothefractionof elementsof X which

arenotcontainedin Z is exponentiallysmall in d.
The bipartite graphG is de®nedas follows. We put VL =

X � Z , VR = X , and E = f (( xL ; zL ); xR ) j xR � xL =

yzL for somey 2 Y g. By abuseof notation,we will write an
edgee with left endpoint(xL ; zL ) and right endpointxR as an
orderedtriple e = (xL ; zL ; xR ). Note that if xR � xL = yzL

for somey 2 Y , thenthis y is actuallyunique. (If yzL = y0zL ,
then(y � y0)zL = 0. Sincey � y0 2 Y andz 2 Z , this implies
y � y0 = 0.) We will refer to this uniquevalueof y asthetypeof
edgee = (xL ; zL ; xR ):

Thisprovesthateach(xL ; zL ) 2 VL hasexactly jY j outgoing
edges,one of eachtype y 2 Y . Similarly, eachxR 2 VR has
exactly jY � Z j incomingedges.Given(y; z) 2 Y � Z , onemay
easilyverify that thereis oneandonly oneedgeof typey joining
X � f zg to xR , namelytheedgee = (xR � yz; z; xR ).

This establishesthatG is (2bd ; 2bd � jZ j)-biregular. We must
now specifya partition of the edgeset into 
 -focal matchingsof
equalsize.For eachpair (x; y) wherex 2 X , y 2 Y , let

M (x; y) = f (x + ((1 � y)z); z; x + z) j z 2 Z g:

where ª1º denotesthe vector (1; 1; 1; : : : ; 1) 2 X . Note that
(x + ((1 � y)z); z; x + z) is a valid edgeof typey in G, because
x + z = x + 1 � z = x + ((1 � y)z) + yz: The matchings
M (x; y) eachhave size jZ j. To seethat every edgebelongsto
exactly onesuchmatching,observe that if e = (xL ; zL ; xR ) with
xR � xL = yzL , thene 2 M (xR � zL ; y). Therecanbeno other
M (x0; y0) containinge, sincey0 mustequalthe type of e andx0

mustequalxR � zL in orderfor e to belongto M (x0; y0).
Next, we wish to seethateachsuchmatchingM = M (x; y)

is 
 -focal for a reasonablylarge (i.e. exponentialin d) value of

 . To do so, we will ®rst show that every edgebetweenML and
the setM R = x + Z = f x + z j z 2 Z g belongsto M . Let
e = (xL ; zL ; xR ) besuchanedge,with xR � xL = y0zL for some
y0 2 Y . Since(xL ; zL ) 2 M L , we have xL = x + (1 � y)zL ;
whencexR = x + (1 + y0 � y)zL . If y0 = y thene 2 M . If
y0 6= y, thenwe usethe fact that every elementw of the ring X
satis®esw(1 � w) = 0: Applying thiswith w = y � y0, weseethat
(y � y0)(1 + y0 � y)zL = 0. As y � y0 is anon-zeroelementof Y ,
we mayconcludethat(1 + y0 � y)zL 62Z , whencexR 62x + Z .
Finally, observe that

j�( M L ) n M R j � jVR n M R j = jX n (x + Z )j � (3 � 2b� 1)d :

RecallingthatjM j = jZ j = (1� o(1))2 d ; weseethatM is 
 -focal
with 
 = (1 � o(1))

�
22� b=3

� d
:

Applying Theorem4.1,we ®nd thatno obliviousrandomized
fractionalassignmentalgorithmachievesa competitive ratio better
than

1
2

minf dL ; 
 g =
1
2

min
�

2bd ;
�

22� b=3
� d

(1 � o(1))
�

:

This approximatelymaximizedwhen 2b = 22� b=3, i.e. when
b = 1 � 1

2 log2(3) = 0:2075: : : (Of course,b mustbe rounded
to thenearestmultipleof 1=d, sincebd, thedimensionof thevector
spaceY , mustbeaninteger.) Recallingthatn = jX � Z j < 22d ;
weseethatthelowerboundof 
(2 bd ) oncompetitive ratiomaybe
expressedas
( nb=2) = 
( n0:103 ).

4.2 Multicast lower bounds Proving lower bounds in
the multicast model is slightly more dif�cult than in the
unicastmodel,becauseclientsmay broadcasttheir request
to every adjacentserver if they wish. If the set of active
clients is equalto M L for some
 -focal matchingM , and



eachclient choosesto broadcastits requestto all adjacent
servers, then eachserver in M R will receive exactly one
requestandwill satisfy it, leadingto a throughputof jM j,
the optimum throughputfor the designatedset of active
clients.Nevertheless,it is possibleto use
 -focal matchings
to provelowerboundsin themulticastmodel,by combining
themwith anotherdevice which we call a smokescreen. A
smokescreenis simply a randomsetof clientswhosesizeis
smallrelativeto thesizeof thematching,andwhosepurpose
is to confusethe servers in M R by making it dif�cult for
themto distinguishwhich incomingrequestis comingfrom
M L . Thesetechniquesenableus to establishthe following
theorem.

THEOREM 4.4. Let G be a bipartite graph which is
(dL ; dR )-biregular. If the edge setof G can be partitioned
into 
 -focal matchingsof sizek = 
( m), thenthecompet-
itive ratio of anyobliviousassignmentprotocol for G in the
multicastmodelis 
(min f 
 ;

p
dL g):

Proof. We will begin by formalizing the classof protocolswhich
we will beconsidering.We will assumeonceagainthat thereis a
probabilityspaceX encapsulatingtherandombits(bothsharedand
private)availableto thepartiesin their computation.Thereis also
a (not necessarily®nite) messagespaceM encapsulatingall the
messagesthatclientsmaysendtoservers.A protocolisspeci®edby
acommunicationfunctionA i : f 0; 1g� X ! M d( i ) for eachclient
i andadecisionfunctionB j : M d( j ) � X ! �( j ) for eachserverj .
Thevalueof A i (D ; x) speci®esthed(i )-tupleof messageswhich i
will sendon its outgoingedgesif its demandis D andtherandom
seedis x. Thevalueof B j (m1 ; m2 ; : : : ; md( j ) ; x) speci®eswhich
client's requestwill be served by j if the randomseedis x andj
receivesmessagesm1 ; m2 ; : : : ; md( j ) on its incomingedges.We
will call suchaprotocolf A i ; B j g anobliviousassignmentprotocol
for G in themulticastmodel.

Without lossof generalitywe may assumethat M = f 0; 1g
and that eachcommunicationfunction A i is simply the function
A i (D ; x) = D . In other words, eachclient simply informs all
adjacentservers whetherit is active or not. This assumptionis
without loss of generalitybecausefor any other protocol P̂ =
f Â i ; B̂ j g, we can constructa protocol P = f A i ; B j g with A i

de®nedas above, and with Bj de®nedas follows. For each
client i 2 �( j ), B j (m1 ; : : : ; md( j ) ; x) simulatesÂ i (m i ; x) to
determinewhatmessagêm i wouldhavebeensentfrom i to j under
the protocol P , and it then computesB̂ j (m̂1 ; : : : ; m̂d( j ) ; x) to
determinewhat requestit would have satis®ed.This new protocol
P haspreciselythesameoutcomeasP̂ . Basedon this reduction,
wewill assumefrom now on thateachserver's decisionfunctionis
a mappingB j : f 0; 1g�( j ) � X ! �( j ) which chooses,for each
subsetS � �( j ), a randomelementB j (S; x) 2 �( j ) determined
by the randomseedx. The notion that servers have dif®culty
distinguishingelementsof M L from elementsof thesmokescreen
is capturedby the following easylemma,whoseproof is deferred
to thefull versionof thepaper.

LEMMA 4.1. Let � be a set of d elements,and consider any
function B : 2� ! � . Supposea randomelementi 2 � is
sampledaccording to the uniform distribution, and a randomset
S � � n f ig is sampledby choosingeach elementindependently

with probability p. ThenPr( B (S [ f ig) = i ) = O
�

1
pd

�
.

Now to proveTheorem4.4,letM (1) ; : : : ; M ( s) beapartitionof the
edgesetinto 
 -focal matchingsof sizek, andlet the setof active
clientsS be de®nedasfollows. Every client i 2 ML belongsto
S, andin addition,every i 2 VL n M L joins S independentlywith

probabilityp =
q

m
dR n : ThesetQ = S nM L arereferredto asthe

smokescreen.
In the discussionprecedingLemma4.1, we arguedthat one

can assumew.l.o.g. that the protocol operatesas follows: each
client broadcastsits requestto all adjacentservers; eachserver j
receivesrequestsfrom a setTj � �( j ) andchooseswhich request
to satisfyby computinga functionB j (Tj ; x) whichdependsonTj

andthe(shared)randomseedx.
Since each client in Q and each server in �( M L ) n M R

contributesat mostoneunit of throughput,we have the following
boundon theexpectedtotal throughput� (wheretheexpectationis
over therandomchoiceof S aswell astherandomseedx):

� � E[jQj] + E[j�( M L ) n M R j]

+
X

j 2 VR

Pr(j 2 M R ^ B j (Tj ; x) 2 M L )

� pn + k=
 +
X

j 2 VR

Pr( B j (Tj ; x) 2 M L kj 2 M R ):

We mayboundPr( B j (Tj ; x) 2 M L kj 2 M R ) usingLemma4.1.
The key observation is that, conditionalon the event j 2 M R ,
the setof active clientsadjacentto j consistsof oneelementi of
M L , uniformly distributedin �( j ), aswell asa randomsubsetof
�( j ) n f ig sampledby includingeachelementindependentlywith
probabilityp. Thus

Pr(B j (Tj ; x) 2 M L kj 2 M R ) = O
�

1
pdR

�
= O

 r
1

dL

!

;

wherethelaststepfollows from thefact thatmdR = jE j = ndL :
Weareassumingk = 
( m), so

� � pn + k=
 + O(m
p

1=dL )

� =k � O

 
pn
m

+
1



+

r
1

dL

!

= O

 

max

(
1



;

r
1

dL

)!

;

andthecompetitive ratiok=� is 
(min f 
 ;
p

dL g):

THEOREM 4.5. There existsa graphG such that the com-
petitiveratio of any obliviousassignmentprotocol for G in
themulticastmodelis 
( k1=3):

Proof. For a positive integerd, let VR = f 1; 2; : : : ; d3g, let VL be
thesetof all d2-elementsubsetsof VR , andde®netheedgesetby
joining sucha seti to anelementj 2 VR if j is anelementof i , as
in theproof of Theorem4.2. As in thatproof, theedgesetmaybe
partitionedinto (d � 1)-focalmatchings;thesematchingshavesize
k = d3 � d2 + 1 = 
( m). We have 
 = d � 1 = 
( k1=3) andp

dL = d = 
( k1=3 ); sowe mayapplyTheorem4.4 to obtainthe
desiredlower bound.

As above, theproof of Theorem4.5alsoestablishesa lower
boundof 
( m1=3) on the competitive ratio of the optimal
assignmentprotocolin themulticastmodel,andwewill later



seea matchingupperbound.However, asbefore,this graph
givesusonly a veryweaklowerbound,
(log n= log logn),
in terms of n. For a polynomial lower bound in terms
of n, we may use the sameconstructionas was usedin
Theorem4.3.

THEOREM 4.6. There existsa graph G such that the com-
petitiveratio of any obliviousassignmentprotocol for G in
themulticastmodelis 
( n0:069):

Proof. ThegraphG is de®nedby the sameconstructionasin the
proof of Theorem4.3, but this time we chooseb by roundingoff
(4=3) � (2=3) � log2(3) = 0:27669: : : to the nearestmultiple
of 1=d. (Note that this value of b still satis®es3 � 2b� 1 < 1.)
We have alreadyproved that theedgesetof G maybepartitioned
into 
 -focal matchingsof size k = jZ j. Here m = 2d and
jZ j � 2d �

�
3 � 2b� 1 � d

= (1 � o(1)) m, so k = 
( m) as
requiredby Theorem4.4. Recall that for this graph G, 
 =
(1 � o(1))

�
22� b=3

� d
and dL = 2bd . We have chosenb so

that 2b=2 =
�
1 + O

�
1
d

� �
22� b=3, so

p
dL and 
 are equalup

to constantfactors, and the competitive ratio of any oblivious

assignmentprotocolis 
(
p

dL ) = 

�

2bd=2
�

: Recallingthatn =

22d , this meansthecompetitive ratio is 

�

nb=4
�

= 
( n0:069 ):

5 Algorithm for the unicast model
In this sectionwe presentan algorithmwhich is O(k1=2)-
competitive, where k denotesthe maximum throughput
achievablefor the given demandpattern. We will initially
work in thefractional-assignmentmodel.Laterwewill show
thata simplerandomizedroundingof the fractionalassign-
mentyields an integral assignmentwith the sameexpected
throughput,up to aconstantfactor.

THEOREM 5.1. There exists an oblivious algorithm which
is O(k1=2)-competitivewith theoptimumfractional assign-
ment,for everydemandpatternD .

Proof. Theobliviousfractionalassignmentalgorithmis extremely
simple. Each active client i sendsa ¯ow 1

d( i ) into eachof its
outgoingedges;eachinactive clientsendszero¯ow.

For a server j , recall that the load `(j ) is de®nedasthe sum
of the ¯ows on all incomingedges.De®nethe ¯ow accordingto
thealgorithmspeci®edabove, andlet � be the setof full servers,
i.e. thosewith `(j ) � 1. Let � = j� j. We considertwo cases.
If � �

p
k, thenonecaneasilyseethat the throughputis at least

� �
p

k. Now considerthecasein which � <
p

k.
First we considerall active clientsi with �( i ) � � . This set

of clientscansendatmost� unitsof ¯ow in theoptimumsolution,
andour algorithmalsoachievesa throughputof � from theservers
in � . Now consideraclienti whichhasaneighborin j 2 VR n� . If
d(i ) �

p
k, the¯ow from i to j is at least 1

d( i ) � 1p
k

. Sincej 62� ,
everyunit of ¯ow cominginto j contributesto thethroughputof our
algorithm;in particular, i contributesat least 1p

k
to thethroughput.

Now we considerthe casein which d(i ) >
p

k. In this case,i
sends̄ ow � 1 � �

d( i ) to serversnot in � . Since� <
p

k and

d(i ) >
p

k, we have �
d( i ) < 1 � 1p

k
; hencei contributesat least

1p
k

to thethroughput.In bothcases,eachactiveclienti with atleast

oneneighborin VR n � contributesat least 1p
k

unitsof throughput.
Thereis no double-countingof throughputin this argument,sowe
have obtainedthedesired

p
k competitive ratio.

Theorem4.2demonstratesthatnoalgorithmcanachieve
a better competitive ratio in terms of k than our simple
algorithm,up to constantfactors. An obvious corollary of
Theorem5.1 is that our algorithm's competitive ratio, in
terms of n, is O(

p
n). This bound is tight in terms of

n for our algorithm, i.e. there exist instancesfor which
the algorithm's throughputis O(k=

p
n).1 We do not know

if thereexists an algorithm achieving a bettercompetitive
ratio in termsof n; the bestknown lower boundis the one
speci�edin Theorem4.3.

5.1 Rounding fractional to integral assignmentsWe
wish to demonstratethatfor any obliviousfractionalassign-
ment algorithm A achieving competitive ratio R, there is
a randomizedintegral assignmentalgorithm A0 achieving
competitive ratio O(R). If f is the fractional assignment
computedby A for a given demandpattern,let A0 selecta
randomintegral assignmentasfollows: eachactive client i
choosesarandomoutgoingedge(independentlyof theother
clients' randomchoices),with f (e) representingtheproba-
bility of choosingedgee.

LEMMA 5.1. Let � (A); � (A0) denote the throughput of
A; A0, respectively, on the given demandpattern. Then
E(� (A0)) �

�
1 � 1

e

�
� (A):

Theproofusesstandardtechniquesfrom randomizedround-
ing, andis deferredto thefull versionof this paper.

COROLLARY 5.1. There exists a randomizedoblivious in-
tegral assignmentalgorithm which is O(k1=2)-competitive
in expectationwith theoptimumassignment(i.e., maximum
matching) for everydemandpattern.

6 Algorithm for the multicast model

In this section, we describe a simple algorithm which
achieves a competitive ratio of k1=3 the multicast model,
whereclientsareallowedto sendtheir requestto morethan
oneserver, andaservermayselectany oneof therequestsit
receivedandsatisfythis request.Thealgorithmrequiresno
sharedrandombits, nor doesit requirethe partiesto know
the structureof the graphG. The clients needonly know
whichserversareadjacentto them,andtheserversneedonly
know thedegreesof theadjacentactiveclients.(If necessary,
theactiveclientsmaycommunicatethis informationin their
requestheaders.)

1ConsidersetsA , B , andC, wherejA j = n, jB j = n, andjCj =
p

n.
LetVL = A andVR = B [ C. Theedgesetof graphG consistsof aperfect
matchingjoining A to B andacompletebipartitesubgraphjoining A to C.
In this exampleeachclient hasdegreeat least

p
n. Now, if the adversary

choosesA asthe setof active clients,thenthe optimumthroughput,k, is
equalto n, while ouralgorithm's throughputis only O(

p
n).



THEOREM 6.1. Thereexistsanobliviousassignmentproto-
col in themulticastmodelwhich is O(k1=3)-competitivewith
theoptimumassignment(i.e., maximummatching) for every
demandpattern.

Proof. The algorithm is as follows. Each client broadcastsits
requestto all adjacentservers. If i is a client whosedegree in
the bipartitegraphis d(i ), thena server receiving a requestfrom
i assignsweight 1

d( i ) to this request.After receiving all requests,
a server choosesto satisfy a random requestwith probability
proportionalto its weight.

For a server j , de®neits weight w(j ) to be the sum of the
weightsof all requestsit received. Choosea speci®cmaximum
matchingM of sizek. For every edgee = (i; j ) in thematching,
at leastoneof thefollowing musthold:

1. d(i )w(j ) � k1=3

2. w(j ) > k � 1=3

3. d(i ) > k2=3 .

Thusoneof the threepossibilitiesis applicableto at leastk=3 of
theedgesin M . Wedealwith themcase-by-case.

In case1, for eachmatchingedgee = (i; j ) satisfying(1), the
probabilitythatj selectstherequestfrom i is

(1=d(i ))=w(j ) = 1=(d(i )w(j )) � k � 1=3 :

Therearek=3 suchedges,eachhasat leastak � 1=3 chanceof being
satis®ed,andeachof themcorrespondsto a distinctclient. Hence
theexpectednumberof satis®edclientsis 
( k2=3) asdesired.

In case2, let S denotethe set of servers which are right
endpointsof matchingedgessatisfying(2). By assumption,there
are
( k) suchservers. The fact that they satisfy
( k2=3) distinct
requests,in expectation,is a consequenceof the following lemma
which we alsousefor case3. (Seetheproof of Lemma6.1 in the
appendix.)

LEMMA 6.1. For anyrealnumber0 < r � 1, let S denotetheset
of servers of weight� r . Theexpectednumberof distinctrequests
satis�edby theservers in S is at least r

e jSj.

Proof. For eachserver j in S, ¯ip an independentcoin andcolor
it redwith probabilityr . Let E 1 denotetheevent that j is colored
red,andE 2 theevent that theclient i whoserequestwassatis®ed
by j did not have its requestsatis®edby any redserver otherthan
j . It is clear that E 1 andE 2 are independent(E 1 dependsonly
on j 's choiceof color, E 2 dependsonly on j 's choiceof job and
on therandomchoicesmadeby otherservers.) Theprobabilityof
E 1 is r . We claim that the probability of E 2 is at least1=e. To
seethis, let d = d(i ). For eachelementj 0 2 S n f j g adjacent
to i , the probability that j 0 satis®edi 's requestis at most 1

d( i ) r ,
andtheprobability that it wascoloredred is r , so thereis at most
a 1=d(i ) chancethat j 0 wascoloredred and satis®edi 's request.
Thustheprobabilitythatj 0 is nota redserver satisfyingi 's request
is � 1 � 1=d(i ). Multiplying atmostd(i ) � 1 suchtermstogether,
we getaprobabilitywhich is at least1=e.

Thustheexpectednumberof elementsof S satisfyingE 1 and
E 2 is at least(r =e)jSj. No clientcanbesatis®edby morethanone
suchserver, so altogetherthe expectednumberof distinct clients
satis®edby S is at least(r =e)jSj.

Finally, we addresscase3. Partition theserversinto two sets,
A andB . SetA consistsof all serverswhoseweight is at least1,

all othersbelongto B . Let X denotethesetof clientsi suchthati
is theleft endpointof anedgein thematchingM , andd(i ) � k2=3 :
By hypothesis,jX j is at leastk=3. For eachserver j , let w0(j )
denotethetotal weightof therequestsit receivesfrom elementsof
X . Thesumof w0(j ) over all serversj is simply jX j (sinceeach
clientcontributesexactlyoneunit of weight,in total),henceoneof
thefollowing sub-casesapplies:

3.1:
P

j 2 A w0(j ) � jX j=2 � k=6.

3.2:
P

j 2 B w0(j ) � jX j=2 � k=6.

We handlethe two sub-casesseparately. For case3.1, note that
w0(j ) is boundedabove by k1=3 , becausej is adjacentto at mostk
elementsof X , andeachof themcontributesatmostk � 2=3 unitsof
weight to w0(j ). So in orderfor (3:1) to hold, it mustbe thecase
thatjA j � k2=3=6. Applying thelemmaabove with r = 1, we®nd
that the expectednumberof distinct clientssatis®edby serversin
A is 
( k2=3 ) asdesired.For case3.2, at least3=4 of the clients
in X have at least1=3 of their neighborsin B . (Otherwisethese
clientswould contributelessthanjX j=4 to thesumon theleft side
of (3.2),andtheremainingjX j=4 clientswould contributeat most
jX j=4 to that sum.) For a client with 1=3 of its neighborsin B ,
the probability of its requestbeingsatis®edis boundedbelow by
a constant,namely1 � e� 1=3 . To seethis, let i be sucha client
andj any neighborof i in B . The probability that j satis®esi 's
requestis 1

d( i ) w ( j ) � 1
d( i ) , sotheprobabilitythatj doesnotsatisfy

i 's job is � 1 � 1=d(i ). Multiplying at leastd(i )=3 suchterms
together, we get a failure probability which is less than e� 1=3 .
So, in case3.2, we ®nd that the expectednumberof elements
of X whoserequestis satis®edby an elementof B is at least
(1 � e� 1=3) � (3=4) � jX j = 
( k) which easilybeatstherequired

( k2=3) bound.

Theorem4.5demonstratesthatnoalgorithmcanachieve
abettercompetitiveratioin termsof k thanouralgorithm,up
to constantfactors. An obvious corollary of Theorem6.1
is that our algorithm's competitive ratio, in terms of n,
is O(n1=3). This bound is tight in terms of n for our
algorithm, i.e. thereexist instancesfor whichthealgorithm's
throughputis O(k=n1=3). 2 We do not know if thereexists
an algorithm achieving a bettercompetitive ratio in terms
of n; the bestknown lower boundis the one speci�ed in
Theorem4.6.

7 Restrictedadversary model
Returningfromthesettingof one-shot(oblivious)algorithms
to the online setting,we consideronline fractionalassign-
ment algorithmsfor a sequenceof demandpatternsD t :
VL ! f 0; 1g, which may be adversariallyspeci�ed sub-
ject to the restrictionthat whena client becomesactive, it
remainsactive for the next r rounds,wherer is a positive

2ConsiderabipartitegraphG whoseleft verticesarepartitionedinto two
setsA , B andwhoseright verticesarepartitionedinto two setsC,D , such
that jA j = k, jB j = k2=3 , jCj = k, jD j = k2=3 . A andC arejoined
by a perfectmatching,B andC arejoined by a completebipartitegraph,
A andD arejoinedby a completebipartitegraph,andthereareno edges
from B to D . If eachclient is active, thenit is anexerciseto checkthatthe
algorithmspeci�ed above satis�es only O(k2=3) = O(k=n1=3 ) distinct
jobs.



integerknown to all clients. (As always,we referto a client
i asactiveat time t if D t (i ) = 1, inactiveotherwise.)We do
not assumethatany of thepartiesknow thestructureof the
graphG; the only requirementis that clientsshouldknow
the set of adjacentservers,and they shouldhave common
knowledgeof a number� which is an upperboundon the
degreeof any client. (Suchan upperboundis easyto ob-
tain. For example,if the numberof serversm is common
knowledge,this is a suitablevaluefor � .)

Unlike previous sections,which assumedeachserver
hasunit capacity, we assumeherethat eachserver j hasa
non-negativecapacitycj . No upperboundoncj is assumed,
but thecapacitiesareassumedto remainconstantover time.
The throughputof an assignmentis de�ned to be the sum,
over all servers j , of minf `(j ); cj g, where`(j ) as always
denotestheloadonserver j .

Our algorithmrunsin a seriesof synchronous,concur-
rentrounds.In eachround,eachclientassignsloadfraction-
ally amongtheadjacentservers. (As in Lemma5.1, sucha
fractionalassignmentmay be convertedinto an integral as-
signmentby randomizedrounding,decreasingtheexpected
throughputby only a constantfactor.) Eachserver sumsthe
assignedloadsandreportsits load/capacityratio backto the
adjacentclients. This is the only communicationin either
direction.

7.1 Algorithm The algorithmdividestime into windows
of length dr=2e. Eachactive client maintainsa fractional
assignmentof loadon its outgoingedges.Whena client of
degreed becomesactive,it waitsfor thestartof thenext win-
dow andtheninitializesits fractionalassignmentby sending
1=d unitsof �o w on eachoutgoingedge.While a client re-
mainsactive,it updatesits fractionalassignmentf at theend
of eachround,usingthefeedbackfrom theadjacentservers
as follows. Let � = (2�) 6=r : A server is de�ned to be
“undersupplied,” “comfortable,” or “oversupplied,” accord-
ing to whetherthe correspondingserver's load/capacityra-
tio is < 1=� , is in the interval [1=�; 1], or is > 1, respec-
tively. We will referto edgesasundersupplied,comfortable,
or oversuppliedaccordingto the statusof the correspond-
ing server, and for a client i we will denotethe total �o w
on undersupplied,comfortable,and oversuppliededgesby
f u (i ); f c(i ); f o(i ); respectively. A client i with do(i ) over-
suppliedoutgoingedgesis called“unhappy” if

0 < (� � 1)f u (i ) < f o(i ) � do(i )=2� ;

otherwise“happy”. A happy client retainsthesame�o w dis-
tribution in thenext round. An unhappy client redistributes
�o w from theoversuppliededgesto theundersuppliedones,
soasto multiply theamountof �o w on eachundersupplied
edgeby � . In doingso,the �o w on eachoversuppliededge
maynotdropbelow 1

2� . (Theconditionde�ning anunhappy
clientensuresthatsucha redistribution is possible.)

7.2 Analysis In a time window W , call a client eligible if
it is activein everyroundbelongingto W . De�ne amodi�ed

sequenceof demandŝD t (i ) by specifyingthatD̂ t (i ) = 1 if i
is eligible in the window containinground t, 0 otherwise.
The analysisof the algorithm dependson proving that it
is O(� )-competitive with the throughputof the optimum
sequenceof assignmentsfor the modi�ed demands. The
following lemmaexplainswhy this is suf�cient.

LEMMA 7.1. Let � ; �̂ denotethethroughputof theoptimum
sequenceof assignmentsfor the original demandsand the
modi�ed demands,respectively. Then�̂ � � =3:

Proof. Let f 1 ; f 2 ; : : : ; f T beathroughput-maximizingsequenceof
assignmentsfor the original demandsD t . We may assumethat
eachf t assignsto server j a load` t (j ) which is at mostcj . (If not,
we may adjustf t by reducingthe ¯ow on someof the incoming
edgesto server j without reducingthethroughput.)Now construct
a sequenceof assignmentsf̂ 1 ; f̂ 2 ; : : : ; f̂ T as follows. Initially,
f̂ t = f t =3. For eachclient i which is active but not eligible at
time t, it mustbethecasethateither:

� i becameactiveduringthewindow W containingt. If so,i is
eligible in thenext window, W + 1. Let t0 = t + dr =2e:

� i ceasedto be active during W . If so, i is eligible in the
precedingwindow, W � 1. Let t0 = t � dr =2e:

Now adjustf̂ bychangingf̂ t 0(e) to f̂ t (e)+ f̂ t 0(e) for eachoutgoing
edgee from i , andsettingf̂ t (e) to zero. In this way, we obtaina
sequenceof assignmentŝf 1 ; f̂ 2 ; : : : ; f̂ T suchthat:

� Theout¯ow from ineligibleclientsis zeroin eachround.

� The out¯ow from an eligible client i is at most 1. (In the
original assignmentsf t , theout¯ow from i wasat most1 in
eachround. In f̂ t , the out¯ow from i at time t is bounded
aboveby theaverageout¯ow in roundst; t � dr =2e; t + dr =2e
of theoriginalassignment.)

� The in¯ow to a server j is at most c j . (In the original
assignmentsf t , thein¯ow to j wasat mostc j in eachround.
In f̂ t , the in¯ow to j at time t is boundedabove by the
averagein¯ow in roundst; t � dr =2e; t + dr =2eof theoriginal
assignment.)

� The throughputis � =3. (We initialized f̂ t to f t =3, and we
subsequentlyshifted ¯ow without changingthe combined
throughput.)

By de®nition, the throughputof f̂ 1 ; : : : ; f̂ T is at most �̂ . This
establishesthat �̂ � � =3.

THEOREM 7.1. The algorithm speci�ed in Section7.1 is
O(� 6=r )-competitive.

Proof. Foratimewindow W , let �̂ (W ) betheoptimumthroughput
achievable by an assignmentof the eligible clients only. By
the precedinglemma,we know that it is suf®cient to prove that
the algorithm's throughputduring W is 
( �̂ (W )=� ): For the
remainderof the analysis,we will limit our attentionto the time
roundswhichbelongto W .

First, we note that the load on a server cannotincreaseby
a factor of more than � in any round, becausethe load on each
edgecannotincreaseby a factor of more than � . If a server is
comfortable,theloadon its incomingedgesdoesnot changeat all.



Thereforea server maynot becomeoversuppliedin thenext round
unlessit wasalreadyoversuppliedin thecurrentround.

Second,we note that for an edgee = (i; j ), the load f (e)
doesnot increasewhile j is oversupplied;if j ever ceasesto be
oversupplied,in eachsubsequentroundf (e) eitherincreasesby a
factorof � or remainsthesame.Moreover, thenumberof roundsin
which f (e) increasesis at mostr =6 because� r =6 = 2� , andf (e)
is never lessthan 1

2� .
For eachedgee = (i; j ) in eachroundt, oneof thefollowing

applies:

1. i washappy in roundt.
2. j wasnot undersuppliedin roundt.
3. Theloadone increasedby a factorof � at theendof roundt.

We have alreadyarguedthat the third caseappliesto at mostr =6
of the dr =2e roundsin W . Therefore,at leastr =6 of the rounds
satisfyeitherthe®rst or thesecondcase.

Call a client ªsatis®edºif it is happy in at least r =6 of the
roundsin W ; let X be the set of all suchclients. Call a server
ªsatis®edºif it is oversuppliedor comfortablein at leastr =6 rounds
of W ; let Y bethesetof all suchservers. Above, we have proven
thateveryedgehaseitherits left endpointin X or its right endpoint
in Y . Therefore, in the maximum-throughput̄ow, every unit
of ¯ow goesthrougheithera satis®edclient or a satis®edserver,
resultingin thebound

(7.1)
�̂ (W )
dr =2e

� jX j +
X

j 2 Y

cj :

However, it follows from the de®nition of ªsatis®edºthat the
algorithm's throughput� satis®es:

(7.2)
�

r =6
� max

(
1

2�
jX j;

1
�

X

j 2 Y

cj

)

The lower bound(1=� )
P

j cj is immediatefrom the fact that a
server j which is not undersuppliedhasthroughputat leastcj =� .
Thelower bound(1=2� )jX j maybederivedasfollows. If a client
i is happy in roundt we have: (� � 1)f u (i ) � f o(i ) � 1

2 ; whence,

�f u (i ) + �f c (i ) � (� � 1)f u (i ) + f u (i ) + f c(i )

� (f o(i ) + f u (i ) + f c(i )) �
1
2

=
1
2

:

Everyunit of ¯ow whichi sendsto anundersuppliedor comfortable
server contributesto the throughputin roundt. Thereforea happy
client contributesat leastf u (i ) + f c (i ) � 1

2� unitsof throughput
in roundt, which justi®es(7.2).

Finally, puttingtogether(7.1),(7.2),weobtain:

18�
�

dr =2e
r

�
� � �̂ (W ):
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