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Abstract

We considedistributedonlinealgorithmsfor maximizingthrough-
putin anetwork of clientsandseners,modeledasabipartitegraph.
Unlike most prior work on online load balancing,we do not as-
sumecentralizeccontrolandseekalgorithmsandlower boundsfor

decentralizedalgorithmsin which eachparticipanthasonly local

knowledge aboutthe stateof itself andits neighbors. Our prob-
lem canbe seenasanalogoudo the recentwork on oblivious rout-

ing in [8, 14, 19], but with the objective of maximizing through-
put ratherthan minimizing congestion. In contrastto that work,

we prove a stronglower bound (polynomialin n, the size of the
graph)on the competitve ratio of ary obliviousalgorithm. This is

accompaniedby simplealgorithmsachieving upperboundswhich

aretight in termsof k, the maximumthroughputachiezableby an

omniscientalgorithm. Finally, we examinea restrictedmodelin

which clients, uponbecomingactive, mustremainso for at least
log(n) time steps. In contrastto the primarily negative resultsin

theoblivious case herewe presentanalgorithmwhichis constant-
competitve. Our lower boundgustify theintuition, implicit in ear

lier work onthesubjec{2], thatsomesuchrestriction(i.e. requiring
somestability in the demandpatternover time) is necessaryn or-

derto achieve aconstant— or evenpolylogarithmic— competitie

ratio.

1 Intr oduction

We considerdistributed online algorithmsfor maximizing
throughputin a network of clientsand seners, modeledas
abipartitegraphG = (V_; Vr; E) with V| representinghe
clients, Vg representinghe seners,andE representinghe
client-serer assignmentsvhich are consideredadmissible,
e.g.becausef proximity constraintsMotivatedby Internet
load-balancingapplications,suchas load-balancingHTTP
connectionsn a contentdelivery network, we considerthe
casewhere client-sener connectionsare extremely short-
lived (lastingfor only oneunit of time) andit is impossible
to getaninstantaneousnapshobf thedemandpattern.Our
focus is on distributed algorithmsin which clients must
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make decisionsknowing nothing aboutthe currentdemand
patternotherthantheir own demandandsenersmustmake

decisionsknowing nothing otherthanwhatthey learnfrom

their adjacentclients. (We also assumethat seners may
reporttheirloadto theadjacentlientsattheendof around,
thoughthisis notnecessarilypredictive of theirloadin future

rounds.)Thisemphasi®ndistributedalgorithmswith avery

limited amountof communications what distinguisheshe

presenpaperfrom mostof thepreviouswork ononlineload

balancing.

Ourmodelof onlineload-balancings completelystate-
less,sinceclient-sener connectiongastfor only oneunit of
time andthe demandpatternmay be completelydifferentin
thenext round. Thus,if thedemandatternis allowedto vary
arbitrarily andadwersariallyovertime, anonlinealgorithm's
competitize ratio over a sequencef T stepswill generally
be no betterthanits competitive ratioin thecaseT = 1, i.e.
a one-shotgamebetweenthe algorithm andthe adwersary
It may seemhopelesgo achieze non-trivial upperbounds
on competitve ratio in sucha one-shotgame,sincethe al-
gorithmhasno time to learnary informationaboutthe de-
mandpatternbeforemakingits decisions.However, there-
centresultof Racke [19] (andits subsequertonstructve re-
sultsby HarrelsonHildrum, andRao[14] andBienkowski,
Korzeniavski and Racke [8]) on obliviousroutingin undi-
rectednetworks demonstratehat it is sometimesgpossible
to achieve surprisinglystrongupperboundsfor such“one-
shot”loadbalancingproblems.Speci cally, for amulticom-
modity o w problemin anundirectedyraphG, it is possible
for eachcommodityto choosea o w without knowingthe
demandfanyothercommaodityin suchawaythatthemax-
imum edgecongestiorin G is within a O(log? n loglogn)
factorof thatof thecongestion-minimizingo w for thegiven
demandattern.

Much of the presentpaperis devotedto analyzingthe
analogougjuestionfor client-sener load-balancing.While
it is possibleto achiere competitive ratiossigni cantly better
thanthe trivial O(n) boundfor this problem,we shav that
it is impossibleto achiese a polylog(n) competitive ratio.
A comparablystronglower boundfor oblivious routing in
bipartite directed graphswas establishedusing a simple
constructionn [6]. Ourlowerboundrequiresasigni cantly
more sophisticatedconstructionbecausene seeka lower
boundon competitive ratio for throughputratherthanedge
congestion. This is the rst polynomial lower bound on
throughpuftor obliviousrouting.



As a counterpointto theseprimarily negative results,
we considera restrictedadversarialmodelin which clients
have f 0; 1g-valueddemandgq(i.e. they are eitheractive or
inactive), and a client who becomesactive must remain
active for at leastr roundsthereafter In this ervironment,
we presenainalgorithmwhosecompetitveratiois O( 67);
where is an upperbound (known to all parties)on the
degreeof ary client. In particular the algorithm achieves
a constantcompetitve ratio whenr = (log ) : Our
algorithm is structurally similar to the concurrentrouting
algorithmof [2], with two importantdifferences:the latter
algorithmassumesghat clientsare not enteringandleaving
the systemovertime, andit requiresthe clientsto gradually
increasaheir o w until eventuallyreachinghedesiredevel
of throughput. Our algorithm permits clients to become
active and inactive over time (provided that a client, upon
becomingactive, remainsactive for the next r steps),and
it permitsthem to route their full demandin eachround
in which they are active (thoughthe demandmay not be
satis ed,if it is sentto acongestedener).

All of the algorithmspresentedn this paperare very
easyto implement, requiring surprisingly straightforvard
decision-makingand communicationprotocolson the part
of clients and seners. Someof the lower bound proofs,
on the other hand, are relatively sophisticated. We shav
that oblivious algorithmsfor throughputmaximizationcan
beobstructedy thepresencef substructures thebipartite
graphwhichwe call -focal matchings.Thetaskof proving
competitive-ratiolower boundsis therebyreducedo a com-
binatorialproblemof packingasmary -focal matchingsas
possibleinto a bipartitegraphof sizen. Our constructiorof
suchgraphsnvolvesaninterestingmixtureof combinatorial,
algebraic,andprobabilistictechniques.Theselower bound
techniquegonstituteoneof maincontributionsof this paper
andwe believeit maybeinterestingo considemwhetherthey
canbeusedto obtainlower boundsfor otherapplications.

2 Relatedwork

Recallthat this paperconsiderdoad balancingfor a client-
sener modelwhich hastwo essentialcharacteristics.The
rst oneis thatour systemis fully dynamicandtheinputcan
changedrasticallyfrom onetime to the next time. The sec-
ondoneis thatthereis no central“dispatcher”in the system
that could communicatethe resultof the maximummatch-
ing computatiorto theclients,thusguidingtheir routingde-
cisions. Indeed,theinterplay of thesetwo aspectplaysan
importantrole in this paper sinceotherwisetherearemary
algorithmsin the literaturefor modelspossessingnly one
of thesecharacteristicsBelow, we review someof thesere-
sults.

2.1 Centralized control Finding a maximum matching,
or its generalizatiorto maximum o w, is oneof theclassical
problemsin combinatorialoptimization. The fastesknown
sequentiahlgorithmfor the problemhasrunningtime close

to O(jEjjV]) [12]. For themoregeneralproblemof solving
a positive linear programto within a (1 + ) factor of
optimality, Plotkin, Shymqs and Tardos [18] presenta
sequentiablgorithmwhich repeatedlyidenti es a globally
minimumweightpath,andpushesnore o w alongthatpath.
The algorithmof Plotkin et al. is furtherimproved by Garg
andKonemannj10], whogive fasterandsimplerprimal-dual
algorithms for multicommodity o w and other fractional
packingproblemwith thesameapproximatiorfactor(1+ ).
In addition, several (deterministicand randomized)parallel
algorithmsfor maximumbipartite matchingand maximum
ow have beenproposed(seee.g.[9, 12, 15)). Although,
thesealgorithmshave ef cient implementationthey areall
centralizedalgorithmsand require global kowledge of the
demandpatternand global coordination which make them
unsuitablefor fast distributed implementationwith local
information.

2.2 Distributed control with persistentdemands Rout-
ing and admissioncontrol. Assumingthatthe demandpat-
ternremainsstablefor atleast (log n) roundsatatime, a
distributedroutingand o w control algorithmwith a global
objectivefunctionhasbeengivenby AwerbuchandAzar[2].
This work is basedn fundamentatesultsfrom competitive
analysis[1, 3] and assumeslients can graduallyincrease
their o w; while the o w is still smallit could for example
be buffered at the client. In this case,underthe assump-
tion thatthereis a small numberof routing paths,they pro-
videanO(log n) competitive algorithmfor therouting prob-
lem,whichtakesapolylogarithmicnumberof roundsto con-
verge. AwerbuchandLeighton[4, 5] have suggestedeneral
methodsfor distributed routing and admissioncontrol that
usea polynomialamountof buffer space Our lower bounds
demonstratahat at leastone of thesetwo assumption®
persistenceof demandsover time, or the ability to buffer
pacletsb is really requiredin orderto achiese a polylog-
arithmiccompetitve ratio.

Distrib uted admission control alone. For the distributed
admissiorcontrolproblem(in which clientsdo not choosea
sener or routing path,but only their sendingrate) Papadim-
itriou and Yannakakig17] initiated the study of ow con-
trol usingdistributed routersbasedonly on local informa-
tion. More precisely they presentedh framework for solv-
ing positive linearprogramdy distributedagents Luby and
Nisan[16], Bartal, ByersandRaz [7] and nally Garg and
Young[11] obtaineda (1 + ) competitive algorithmscon-
vergingin a polylogarithmicnumberof rounds.

Eventhoughall of theseesultsaredistributed,they con-
vergeto their nal solutionin a polylogarithmicnumberof
rounds,which makesthemunsuitablefor our fully dynamic
client-sernermodel.

2.3 Distributed control without persistenceof demands
Onepossibleapproactio distributedload-balancings to use
an“oblivious” solution. Suchan oblivious algorithm exists



for thecongestiomminimizationproblemin undirectededge-
capacitatedgraphs([19] and its subsequentmprovement
by Harrelson Hildrum, andRao[14]) andfor directedand
node-capacitatedraphs[13]. No suchsolution exists for

thethroughputproblem,thoughRéacke andRosen(indepen-
dentlyandconcurrentlywith ourwork) gave adistributedon-

line call controlalgorithmwhich s closelyrelatedto oblivi-

ousthroughpumaximizationin undirectedgraphg20]. One
of themainresultsin our paperestablishesearlytight upper
and lower boundson the performanceof oblivious routing

scheme directedbipartite graphs in termsof throughput.
The performanceyapbetweerthe optimalandoblivious so-
lution is polynomial;our lower boundsshaw thatthis gapis

inherent.

3 Formal model and statementof results

Our graphterminologyis asfollows. All the graphsin this

paperare directedbipartite graphswithout multiple edges.
ForsuchagraphG = (V. ; Vr; E), wewill referto elements
of V| asclientsandelementof Vg asserves. Thenumber
of clientsis denotecdby n, the numberof senersby m. The
edgesf E aredirectedfrom clientsto seners. For a vertex

setS V. [ Vr we denotethe setof adjacentverticeshy

(' S), the setof outgoingedgesby * (S), andthe setof

incomingedgesby  (S). WhenS is a singletonsetf vg,

thesewill beabbreviatedto ( v); *(v); (v). Thedegree
of avertex v will bedenotedoy d(v).

The prototypicalproblemwe will analyzeis thefollow-
ing online throughputmaximizationproblem. In eachtime
stept (1 t T), an adwersarydesignates setS; of
clients, called the active clients Eachactive clienti gen-
eratesa requestandmustchoosea (possiblyrandom)adja-
centsenerto whichit will sendthis requestwithout know-
ing which otherclientsareactive. Eachsener thatreceves
oneor morerequestsn roundt may chooseto satisfyary
one of them. The goal is to maximizethe expectednum-
ber of satis ed requestscalledthe throughput The algo-
rithm is judgedaccordingto its competitve ratio, i.e. the
ratio of its throughputto that of the omniscientalgorithm
which chooses throughput-maximizingssignmenin each
period.

When the problemis posedin this form, its online
natureis essentiallyrrelevant. Thisis becausary algorithm
achieving the optimumcompetitve ratioin the T = 1 case
also achievesthe optimum competitive ratio in the caseof
generalT, by simply ignoring pasthistory andtreatingeach
roundasif it werethe rst round. For this reasonwe will
focusmostof our attentiononthe T = 1 case,which we
call the one-shotmodel We will usethe letterk to denote
the throughputof the optimal assignmentj.e. the size of
a maximum matchingfrom the active clientsto V. The
following variantsof the problemarealsoof interest.

Multicast model. In contrasto theunicastmodeldescribed
above, we may considera modelin which a client maysend
its requestto ary subsetof the adjacentseners. A sener

receving oneor morerequestsnaychooseo satisfyany one
of them,but it mustmake this choicewithoutany knowledge
aboutthe set of active clients other than the information
containedin the requestsit received. The throughputis
de ned asthe numberof distinctclientswhoserequestsre
satis ed, i.e. a client whoserequestis satis ed by two or
moresenersstill contributesonly 1 to thethroughput.

Fractional assignments. Insteadof requiring eachactive
clienti to chooseoneof its adjacentseners,it may choose
a fractionalload distribution amongits outgoingedges. In
otherwords, eaghclient choosesa function f; (i) !
[0; 1] satisfying  , - i) f(e) 1. As always, client i
mustspecifyf; without knowing which otherclientsarein
S. Theloadonasenerj, denotedby “(j ), is equalto the
totyd load on all incomingedges.The throughputis de ned

by 5y, minfl; (j)o:

Restrictedadversary. In therestricted-adgrsarymodel,we
assumehatthesetsS; of active clientssatisfythefollowing
constraint:every client, uponbecomingactive, mustremain
active for the next r rounds. In otherwords,if i 2 S; then
thereexist to;t; suchthatty t tq,t; ftg r, and
i 2 Sofortg t° t;. (Wecall r the minimumactivity
period) We alsoassumeéhat senersmay reporttheir load
andcapacityto theadjacentlientsat the endof eachround.

In proving lower boundsin this paper we will assume
thatthe structureof theentiregraphG is knownto all clients
andseners,andthatthey have accesso anunlimitedsupply
of sharedrandombits. In contrast,our upperboundswill
be basedon algorithmswhich requiremuchlessknowledge
on the partof the participants:eachvertex needonly know
whichverticesareadjacentoit. (In Section7 we mustalso
assumehatthey sharea commonestimateof the maximum
clientdegree, .)

Thefollowing theoremsummarizeour mainresults.

THEOREM 3.1. In the unicastone-shgimodel,there is an
algorithmwhosecompetitiveratiois O(' k), andthis bound
is tightin termsofk, evenif thealgorithmis randomizednd
is allowedto usefractional assignmentsin termsof n, the
competitiveratio of any sud algorithmis ( n%103):

THEOREM 3.2. In themulticastone-shomodelthereis an

algorithmwhosecompetitiveratio is O(k'=%), providedthat

the serves knowthe degreeof their adjacentclientsor that

theclientscancommunicat¢hisinformationin their request
heades. Thisboundis tight in termsof k, evenif theclients
are allowedto putan arbitrary amountof informationin the

requestheader In termsof n, the competitiveratio of any

sud algorithmis ( n%:969):

THEOREM 3.3. In therestrictedadvesarymodelwith frac-
tional assignmentsnd with minimumactivity period r, if
theclientsknowthevalueofr aswell asan upperbound
on the maximumdegreeof any client, thenthere is an algo-
rithm whosecompetitiveratio is O( ). In particular, if
r = (log ) ;thecompetitiveratio is constant.



It is worth mentioningthat the proofsof Theorems3.1
and 3.2 also establishtight boundson the optimal compet-
itive ratio in termsof m, the numberof seners. The opti-
mal competitie ratio is (m'=?) in the unicastmodeland

(m*=3) in the multicastmodel. Tighteningthe boundsin
termsof n remainsanopenquestion.

4 Lower boundsfor the one-shotmodel

Our lower boundsin
the one-shot model
depend on nding
matchings M be- Vi
tweena setof clients
M_ andsenersMg, Z
such that removing
M from the edge
setof G leaves M|
with a very small set
of neighbors. We
call such structures

-focal matchings;
the precisede nition
is givenbelon. When
G containsa -focal
matchingandthe set
of active clients is
M, it is important
for mostactive clientsto sendtheir requestlongan edgeof
M, sinceall otheredgesgo througha very limited number
of seners, leadingto very limited throughput. Supposean
active client hasmary outgoing edges,and eachof them
belongsto a different -focal matching. If the setof active
clientsis equalto M for oneof thesematchingsM , but it
is not known which matching,thensucha clientis unlikely
to sendits requestalong the outgoingedgewhich belongs
to M, andconsequentlyt is impossiblefor thealgorithmto
achieve high expectedthroughput.

VM, Vi\ Mg

Figurel: A -focalmatching.

DEFINITION 4.1. Let M be a matding in G, and let
M. ; Mr denotethe setsof left andright endpointsyespec-
tively, of themathingedges.We call M a -focal matching
ifj ( M_)nMRj < jMj= andG containsnoedgesbetween
M_ andMpg otherthanthosewhich belongto M .

4.1 Unicast lower bounds Let A denotethe set of all
fractional assignmentdn G, ie. A = ff : E !
[0;1]) 8i 2 W P2 ( i)f(i;j) = 1g. A setS of active
clientsmay berepresentedby a functionD : V| ! f0;1g
mappingS to 1 andV_ n S to O; we call this the demand
patternassociateavith S. Givenafracgonalassignment ,
de ne theloadonsenerj by "(j) =p i2() f(i;])D(i)
andthe throughputof f by (f) = i 2Ve minf*(j); 1g:
We may think of a randomizedassignmenalgorithmin the
one-shotmodel as computinga function A : f0; 1g“t

X 1 A,whereX isaprobabilityspacesncapsulatingll the
randombits (both sharedandprivate)which the partiesmay

usein their decision-makingThefactthattheassignmenis
oblivious(i.e. thatclientsmustchooseheir own assignment
without knowing which otherclientsareactive) is captured
by the following constraint: in the fractional assignment
f = A(D;x), for ary edge(i; j ), thevalueof f (i; j) may
onlydependnD (i) andx. In otherwords,if f °= A(D% x)
andD%i) = D(i), thenf %i; j) = f (i;j).

THEOREM 4.1. Let G be a bipartite graph which is
(dy ; dr)-biregular, i.e. everyi 2 V_ hasdegreed, and
everyj 2 Vg hasdgyreedr. Assumell serves haveunit
capacity If theedge setof G canbe partitionedinto -focal
matdings of equal size then the competitiveratio of any
obliviousrandomizedractionalassignmenalgorithmfor G
is atleast minfd.; o

Proof. Let A be ary oblivious randomizedfractional assignment
algorithm,andletM @ ;1 :; M ) beapartitionof E into -focal

matchingsof equalsizek. Notethatthe numberof edgessatis®es
sk = JEj = dun; whence} = k_ Let the demandpattern

D:w!

a -
f 0; 1g be de®nedby selectinga matchingm = M)

algorithmsrandomseedk 2 X, andsettingD (i) = 1ifi 2 M_,0
otherwise Thethroughpubof theassignment = A(D; x) satis®es

(f) =

i2Mg

minf(j);1g+ minf*(j); 1g
g jZ(ML)g(MR
(4)+ 1

2 (M )nMg

f(e)+ k=:
j2MRg e2M
Let D denotethe demandpatternin which all clientsareactive,
i,e. D (i) = 18i, andletf = A(D ;x). By thede®nition of
2oblivious®,we vethatf (i; j) = f (i;j) foralli 2 M. Hence
(f)y k= + T (e). Now let'stake the expectationover
therandomchoiceof x andM .

k ko o1X
E[ (f)] -+ Pr(e2 M)E[f (e)]= —+ = E[f (e)]
e%E 3 seZE
X
K+EE4 f(e)5 K+E:K+L
X . S d|_
i2VL e2 * (i)
2k .
minfd.; g’

Theoptimalassignmensendshek requestalongtheedgesof M ,
thusachieving throughpuk. Hencethe competitie ratio of A is at
Ieast% minfd,; g; asclaimed.

THEOREM 4.2. Thek existsa bipartite graph G suc that
the competitiveratio of anyobliviousranggmizedractional
assignmentlgorithm for G is at least k=2, whee k is
the maximumthroughputachievable in the given problem
instance

Proof. ThegraphG is de®nedasfollows. Givena positive integer
d, let VR bethesetf1;2;:: :;dzg; andlet V. bethesetof all d-
elementsubset®of Vg : Eachsuchseti 2 V, isjoinedby anedge
to eachof its elementg 2 Vr. G is a biregular bipartite graph,

withd. = danddr = & '



Foreach(d 1)-elementsubsetS Vg, let M (S) bethe
matchingcontainingfor eachj 2 Vr nS; anedgefromi = S[ fjg
to j. Eachsuchmatchinghassized® d + 1, andeachedge
(i;j) 2 E belongsto exactly onesuchmatchingM (S). (Namely
S=infjg)

We claim thateachmatchingM = M (S) isa(d 1)-focal
matching. We have Mg = Vr n S, andeachi 2 M_ hasone
edgegjoining it to Mg (namelythematchingedge)andd 1edges
joining it to S. ThusG containsno edgesbetweenM  andMr
otherthanthematchingedgesand

jCML)nMRgj  jMj=d;
becauseheleft sideis equalto d
tod 1+ 1=d.

Applying Theorem4.1, we ®nd that the competitve ratio of
ary oblivious randomizedfracigio_nal assignmentalgorithm is at
leastd=2, whichis greatetthan’ k=2 sincek = d*> d+ 1.

1 while theright sideis equal

Noteﬁhat the proof of Theorem4.2 alsogivesa lower
boundof © m=2 wherem is thenumberof seners. (We will
seelater that this boundis tight in termsof m.) However

the numberof clientsin this example,n, is equalto ddz , SO
thecompetitive-ratiolower boundof d=2 only translatesnto

avery weaklower boundof (log n=loglogn) in termsof

n. Thefollowing theoremdemonstratethata muchstronger
lower boundis possible.

THEOREM 4.3. Thee existsa bipartite graph G suc that
the competitiveratio of any obliviousrandomizedractional
assignmenalgorithmfor G is ( n%193%),

Proof. The constructionof the graphG in this caseis quite com-
plicated. For a positive integerd, let X bethering (F2)¢, i.e. the
cartesiarproductof d copiesof the®eld F, = f0; 1g. Considering
X asavectorspaceover F,, let Y bealinearsubspacef dimen-
sionbd. (We will optimizethe valueof the parameteb < 1 later
on.) LetZ denotethesetof all zin X suchthatzy is non-zerdfor
all non-zeroy 2 Y. (If weidentify elementf X with subsetof
f1;2;:::;dg, thenthenon-zeroelementof Y constitutea setsys-
temandZ consistsof all hitting setsfor this setsystem.)We will
wantthe complementX n Z, to beassmallaspossible.Hereis a
calculationwhich boundsthe expectedsizeof X nZ whenY isa
randomlinearsubspacef dimensiorbd. For ary non-zeroy 2 X,
the probability thatit belongsto Y is 2(° V¢, andthe numberof z
suchthatzy = 0is2¢ V') wherewt(y) denotegthe Hamming
weightof y. This meanghatanupperboundfor the expectedsize
of X nZ isgivenby:

2(b l)d2d wt(y) -
y2 Xy 60 j=1

i
B2 1<@2*h

Henceforthwe assumehat we have chosena speci®clinear sub-
spaceY suchthatthecardinalityof X nZ isatmost(3 2° %)9.
Later on, V\ﬁwenwe specify the value of b, it will be the casethat
3 2° 1= "3 (1+ o(1)), sothefractionof elementf X which
arenotcontainedn Z is exponentiallysmallin d.

The bipartite graph G is de®nedas follows. We put \{
X Z,Vr = X,andE = f((XL;zZL);XRr) j XR XL

yz, forsomey 2 Yg. By aluseof notation,we will write an
edgee with left endpoint(x. ;z. ) andright endpointxg asan
orderedtriple e = (X.;z.;Xr). Notethatif xg XL = yz_
for somey 2 Y, thenthisy is actuallyunique. (If yz. = y%,
then(y y%z. = 0. Sincey y°2 Y andz 2 Z, thisimplies
y yY= 0.) Wewill referto this uniquevalueof y asthetypeof
edgee = (XL;ZL;XRr):

This provesthateach(x. ;z. ) 2 V. hasexactlyjY j outgoing
edges,oneof eachtypey 2 Y. Similarly, eachxg 2 Vg has
exactlyjY  ZjincomingedgesGiven(y;z) 2 Y Z,onemay
easilyverify thatthereis oneandonly oneedgeof typey joining
X fzgtoxgr,namelytheedgee = (Xr  YZ;Z;XRr).

This establisheshat G is (2°;2°¢ jZj)-biregular We must
now specify a partition of the edgesetinto -focal matchingsof
equalsize.For eachpair (x; y) wherex 2 X,y 2 Y, let

M(y)=f(x+ (1 VY)z);z;x+2)jz2Zg

where 21° denotesthe vector (1;1;1;:::;1) 2 X. Note that
(x+ (1 vy)2);z;x + z) isavalid edgeof typey in G, because
X+z=x+1 z=x+ (1 vy)z)+ yz: The matchings
M (x;y) eachhave sizejZj. To seethat every edgebelongsto
exactly onesuchmatching,obsere thatif e = (X ;z_ ;xr) with
Xr XL = yz.,thene2 M (xr  z_;Yy). Therecanbeno other
M (x%y% containinge, sincey® mustequalthe type of e andx°
mustequalxg  z_ in orderfor e to belongto M (x° y9).
Next, we wish to seethateachsuchmatchingM = M (x;y)

is -focal for a reasonablylarge (i.e. exponentialin d) value of

. To do so, we will ®rstshawv thatevery edgebetweenM, and
thesetMgr = x+ Z = fx+ zj z 2 Zgbelongsto M. Let
e= (x_;z;Xr) besuchanedgewithxg  x. = y%_ for some
y°2 Y. Since(xL;z.) 2 M., wehavex, = x+ (1 Yy)z;
whencexg = x+ (1+y® y)z.. If y°= ythene2 M. If
y° 6 vy, thenwe usethe fact that every elementw of the ring X
satis®esv(1 w) = 0: Applyingthiswithw = y \’, weseethat
(v y9@+y® y)z. = 0.Asy y°isanon-zercelemenofY,
we mayconcludethat(1 + y° y)z. 62Z, whencexg 62 + Z.
Finally, obsene that
@3 2° H*

j(ML)NMRrj jVrR nMgj= jX n(x+ Z)j

RecallingthatjiM j = jZj = (1 0(1))2¢%; weseethatM is -focal
with = (1 o() 22 °=3 °:

Applying Theorem4.1, we ®nd thatno oblivious randomized
fractionalassignmenalgorithmachievesa competitive ratio better
than

d
%minde: 9= %min P 2 b3 (1 o1))

This approximatelymaximizedwhen 2° = 22 °=3 i.e. when
b=1 %Iogz(3) = 0:2075::: (Of course,b mustbe rounded
to thenearesmultiple of 1=d, sincebd, thedimensiorof thevector
spaceY , mustbeaninteger) Recallingthatn = jX  Zj < 229
we seethatthelower boundof (2 °¥) on competitie ratiomaybe
expresseds ( n®72) = ( n%10%),

4.2 Multicast lower bounds Proving lower boundsin
the multicast model is slightly more dif cult thanin the
unicastmodel, becauselients may broadcastheir request
to every adjacentsener if they wish. If the setof active
clientsis equalto M for some -focal matchingM , and



eachclient chooseso broadcasits requestto all adjacent
seners, then eachsener in Mg will receve exactly one
requestandwill satisfyit, leadingto a throughputof jM j,
the optimum throughputfor the designatedset of actve
clients. Neverthelessit is possibleto use -focal matchings
to prove lower boundsn the multicastmodel,by combining
themwith anotherdevice which we call a smolesceen A
smolescreeris simply arandomsetof clientswhosesizeis
smallrelative to the sizeof thematching andwhosepurpose
is to confusethe senersin Mr by makingit dif cult for
themto distinguishwhich incomingrequesis comingfrom
M_. Thesetechniquesnableus to establishthe following
theorem.

THEOREM 4.4, Let G be a bipartite graph which is
(dp; dr)-biregular. If the edge setof G can be partitioned
into -focal matdingsof sizek = ( m), thenthe compet-
itive ratio of anyobIiviousas&ignmenprotocolfor Ginthe
multicastmodelis (min f ;" d_Q):

Proof. We will begin by formalizing the classof protocolswhich
we will be considering.We will assumeonceagainthatthereis a
probabilityspaceX encapsulatintherandombits (bothsharecand
private)availableto the partiesin their computation.Thereis also
a (not necessarily®nite) messagespaceM encapsulatingll the
messagethatclientsmaysendio seners. A protocolis speci®edy
acommunicatioffunctionA; : f0;1g X ! M %) for eachclient
i andadecisiorfunctionB; : M 900 X 1 ( j) foreachsenerj.
Thevalueof Ai (D ; x) speci®eghed(i)-tupleof messagewhichi
will sendon its outgoingedgesf its demands D andtherandom

seeds x. Thevalueof Bj (m1; mz;:::;mq(); X) speci®esvhich
client's requestwill be senedby j if therandomseedis x andj
receesmessagesns; Mz;:::; My(j) Onits incomingedges.We

will call suchaprotocolf A;; Bj g anobliviousassignmenprotocol
for G in themulticastmodel

Without loss of generalitywe may assumeahatM = f0; 1g
and that eachcommunicationfunction A; is simply the function
Ai(D;x) = D. In otherwords, eachclient simply informs all
adjacentseners whetherit is active or not. This assumptions
without loss of generalitybecausefor ary other protocol P =
fAi;Bj g, we canconstructa protocolP = fA;;B;jg with A,
de®nedas abore, and with B; de®nedas follows. For each

determinewhatrequesit would have satis®ed.This new protocol
P haspreciselythe sameoutcomeasP . Basedon this reduction,
we will assumdrom now onthateachsener's decisionfunctionis

amappingB; : f0;1g‘!) X ! (j) whichchoosesfor each
subsetS (j), arandomelementB; (S;x) 2 ( j) determined
by the randomseedx. The notion that seners have dif®culty
distinguishingelementof M from elementof the smolescreen
is capturedby the following easylemma,whoseproof is deferred
to thefull versionof the paper

LEMMA 4.1. Let be a setof d elements,and considerany
functionB : 2 ! . Supposea randomelementi 2 is
sampledaccoding to the uniform distribution, and a randomset
S nfig is sampledby choosingeat elemenindependently

with probability p. ThenPr(B(S[ fig)=i)= O p% .

edgesetinto -focal matchingsof sizek, andlet the setof active
clientsS be de®nedasfollows. Every clienti 2 M, belongsto

S, andin additign,everyi 2 V. nM_ joins S independentlyvith
probabilityp = dg‘—n: ThesetQ = SnM_ arereferredto asthe
smolesceen

In the discussionprecedingLemma4.1, we arguedthat one
canassumew.l.o.g. that the protocol operatesas follows: each
client broadcaststs requestto all adjacentseners; eachsener j
recevesrequestgrom a setT; ( j) andchooseshich request
to satisfyby computinga functionB; (T; ; x) which depend®n T;
andthe (sharedyandomseedx.

Since eachclient in Q and eachsener in ( ML) n Mg
contributesat mostoneunit of throughputwe have the following
boundon the expectedotal throughput (wherethe expectationis
overtherandomchoiceof S aswell astherandomseedx):

E[J'QJ']Jr E[l (ML) nMgj]

+ Pr(j 2 Mg "™ Bj(Tj;x)2 ML)
i2VR

pn+ k= + Pr(B;(Tj;x) 2 MLKkj 2 MR):

j2VR

We mayboundPr(B; (Tj;X) 2 M_kj 2 Mgr) usingLemma4.1.
The key obsenration is that, conditionalon the eventj 2 Mg,
the setof active clientsadjacento j consistsof oneelementi of
M, uniformly distributedin ( j), aswell asarandomsubsetf
( j) nfig sampledby including eachelementindependentlyvith
probabilityp. Thus

r |

. . o L Lo T .
Pr(Bj(Tj;x) 2 M_Lkj 2 Mr) = O o =0 a
wherethelaststepfollows from thefactthatmdr = JEj = nd.:

Weareassumin& = ( m), so
p —
pn+ k= + O(m 1=d.)
r__! ( r_
=k (o) E+E+ i = 0O max l; i :
m do do
andthecompetitve ratiok= is (min f ;pIg):

THEOREM 4.5. Ther existsa graph G sud that the com-
petitiveratio of any obliviousassignmenprotocolfor G in
themulticastmodelis ( k'=3):

Proof. Forapositiveintegerd, letVg = f1; 2;:::;d3g, letVL be
the setof all d?-elementsubsetof Vr , andde®nethe edgesetby
joining suchaseti to anelement 2 Vg if j isanelementofi, as
in the proof of Theorem4.2. As in thatproof, the edgesetmay be
partitionedinto (d  1)-focalmatchingsthesematchingshave size
b: & d®+1= (m). Wehae =d 1= (k¥®) and

d. = d= ( k**®); sowe mayapply Theorem4.4to obtainthe
desiredower bound.

As above, the proof of Theoremd.5 alsoestablishes lower
boundof ( m'=3) on the competitive ratio of the optimal
assignmenprotocolin themulticastmodel,andwe will later



seea matchingupperbound.However, asbefore,this graph
givesusonly avery weaklower bound, (log n=loglogn),
in termsof n. For a polynomial lower boundin terms
of n, we may use the sameconstructionas was usedin
Theoremd.3.

THEOREM 4.6. Ther existsa graph G sud that the com-
petitiveratio of any obliviousassignmenprotocolfor G in
themulticastmodelis ( n%969):

Proof. ThegraphG is de®nedby the sameconstructionasin the
proof of Theorem4.3, but this time we chooseb by roundingoff
(4=3) (2=3) log,(3) = 0:27669::: to the nearestmultiple
of 1=d. (Note that this value of b still satis®es3 2 ! < 1))
We have alreadyproved thatthe edgesetof G may be partitioned
into -focal matchingsof sizek = jZj. Herem = 2¢ and
izi 2 3221%= (@1 ol)m, sok = (m)as
requiredby Theorem4.4. Recall that for this graph G, =
(1 o) 22 °=3 % andd. = 2™. We hae chosenb so
that2®=* = 1+ 0O 1 22 °=3,so d_ and areequalup
to constantfactors, and the competitve ratio of ary oblivious
assignmenprotocolis ( P d )= 22 :Recallingthatn =

b=4 0:069 Y.
):

224 thismeanghecompetitiveratiois  n = (n

5 Algorithm for the unicastmodel

In this sectionwe presentan algorithmwhich is O(k=?)-
competitve, where k denotesthe maximum throughput
achievablefor the given demandpattern. We will initially
work in thefractional-assignmemhodel.Laterwewill shav
thata simplerandomizedoundingof the fractionalassign-
mentyields an integral assignmentvith the sameexpected
throughputupto aconstanfactotr

THEOREM 5.1. Thee exists an oblivious algorithm which
is O(k'=?)-competitivewith the optimumfractional assign-
ment,for everydemandpatternD.

Proof Theobliviousfractionalassignmengélgorithmis extremely
simple. Eachactive clienti sendsa ow ﬁ into eachof its
outgoingedgesgachinactive clientsendszero ow.

For asenerj, recallthattheload " (j) is de®nedasthe sum
of the "ows on all incomingedges. De®nethe "ow accordingto
the algorithmspeci®edabove, andlet  be the setof full seners,
i.e. thoBewith () 1. Let = j j. Weconsidertwo cases.
If p_ k, thenonecaneasilyseethatthet%o_ughpuﬁs atleast

k. Now considerthecasen which < = k.

First we considerall active clientsi with ( i) . This set
of clientscansendatmost unitsof ow in theoptimumsolution,
andour algorithmalsoachiezesathroughputof from theseners
in . NBN considerclienti whichhasaneighborinj 2 Vg n . If
d(i) k, the ow fromi toj isatleast gy #%. Sincej 62
everyunitof ow comingintoj contributesto thethroughpuiof our
algorithm;in particulari contritutesatleastsl to thethroughput.

Now we considerthe casein which d(i) > = k. In thigcase,i
sendsow 1 o= tosenersnotin . Since < =k and

)
d(i) > k,wehae -— < 1 pl—E; hencei contributesat least

am

pl—E tothethroughput.in bothcaseseachactiveclienti with atleast
oneneighborin Vg n con'[ritutesatIeastis»l—E unitsof throughput.

Thereis no double-countingf throughputin this algument,sowe
have obtainedthedesired k competitize ratio.

Theoremd.2demonstratethatnoalgorithmcanachiere
a better competitve ratio in termsof k than our simple
algorithm, up to constantfactors. An obvious corollary of
Theorem5.1 is that our algorithm's competitive ratio, in
termsof n, is O(" n). This boundis tight in terms of
n for our algorithm, i.e. there @gst instancesfor which
the algorithm's throughputis O(k="n).> We do not know
if thereexists an algorithm achieving a better competitve
ratio in termsof n; the bestknown lower boundis the one

speci edin Theorem4.3.

5.1 Rounding fractional to integral assignmentsWe
wishto demonstratéhatfor any obliviousfractionalassign-
ment algorithm A achieving competitive ratio R, thereis
a randomizedintegral assignmentlgorithm A° achiesing
competitve ratio O(R). If f is the fractional assignment
computedoy A for a givendemandpattern,let A° selecta
randomintegral assignmenasfollows: eachactive clienti
choosesarandomoutgoingedge(independentlyf theother
clients' randomchoices) with f (e) representinghe proba-
bility of choosingedgee.

LEMMA 5.1. Let (A); (A% denote the throughput of
A; AC respectively on the given demandpattern. Then

E((AY) 1 ¢ (A):

Theproofusesstandardechnique$rom randomizedound-
ing, andis deferredo thefull versionof this paper

COROLLARY 5.1. There existsa randomizedbliviousin-
tegral assignmenalgorithm which is O(k'=?)-competitive
in expectationwith the optimumassignmengi.e., maximum
matding) for everydemandpattern.

6 Algorithm for the multicast model

In this section, we describea simple algorithm which
achieres a competitve ratio of k=2 the multicast model,
whereclientsareallowedto sendtheir requesto morethan
onesener, andasenermayselectary oneof therequestst
receved andsatisfythis request.The algorithmrequiresno
sharedrandombits, nor doesit requirethe partiesto know
the structureof the graphG. The clients needonly know
whichsenersareadjacento them,andthesenersneedonly
know thedegreesf theadjacentctive clients. (If necessary
theactive clientsmay communicatehis informationin their
requesheaders.)

IConsidersetsA, B, andC, wherejAj = n,jBj = n, andjCj = P n.
LetV. = A andVg = B[ C. Theedgesetof graphG consistof aperfect
matchingjoining A to B andacompletebipartibesubgraprjoiningA toC.
In this exampleeachclient hasdegreeat least” n. Now, if the adwersary
choosesA asthe setof actie clients,thenthe optimanhroughput,k, is

equalto n, while our algorithms throughputs only O(" n).



THEOREM 6.1. Thee existsan obliviousassignmenproto-
colin themulticastmodelwhich is O(k*=3)-competitivewith
the optimumassignmen(i.e., maximurmmatding) for every
demandattern.

Proof. The algorithmis as follows. Each client broadcaststs
requestto all adjacentseners. If i is a client whosedegreein
the bipartite graphis d(i), thena sener receving a requestfrom
i assignsweightﬁ to this request. After receving all requests,
a sener choosesto satisfy a random requestwith probability
proportionatto its weight.

For a sener j, de®neits weightw(j) to be the sum of the
weightsof all requestst receved. Choosea speci®cmaximum
matchingM of sizek. For every edgee = (i; j) in thematching,
atleastoneof thefollowing musthold:

Lod(iyw() k=2
2.w(j)>k =2
3. d(i) > k>3,

Thusone of the threepossibilitiesis applicableto at leastk=3 of
theedgesn M . We dealwith themcase-by-case.

In casel, for eachmatchingedgee = (i; j ) satisfying(1), the
probabilitythatj selectgherequesfromi is

(1=d(i))=w(j) = 1=(d(i)w(j))

Therearek=3 suchedgeseachhasatleastak *=* chanceof being
satis®edandeachof themcorrespondso a distinctclient. Hence
the expectechumberof satis®ectlientsis ( K=3) asdesired.

In case2, let S denotethe set of seners which are right
endpointsof matchingedgessatisfying(2). By assumptionthere
are ( k) suchseners. The factthatthey satisfy ( k%) distinct
requestsin expectation,is a consequencef the following lemma
which we alsousefor case3. (Seethe proof of Lemma6.1in the
appendix.)

Kk 1=3.

LEMMA 6.1. ForanyrealnumberO< r 1, letS denotetheset
of serves of weight  r. Theexpectechumberof distinctrequests
satis edbytheservesin S is atleast|Sj.

Proof For eachsenerj in S, “ip anindependentoin and color
it redwith probabilityr. Let E 1 denotethe eventthatj is colored
red,andE 2 the eventthatthe clienti whoserequestvassatis®ed
byj did not have its requestatis®edby ary red sener otherthan
j. ItisclearthatE 1l andE 2 areindependen{E 1 dependsonly
onj's choiceof color, E2 dependsnly onj's choiceof job and
on therandomchoicesmadeby otherseners.) The probability of
E1isr. We claim thatthe probability of E2 is at leastl=e. To
seethis, let d = d(i). For eachelementj® 2 S nfjg adjacent
to i, the probability that j © satis®edi's requestis at mostgryr s
andthe probability thatit wascoloredredis r, sothereis at most

a1=d(i) chancethatj® was coloredred and satis®edi's request.

Thusthe probabilitythatj © is notared sener satisfyingi's request
is 1 1=d(i). Multiplying atmostd(i) 1 suchtermstogether
we getaprobabilitywhichis atleastl=e.

Thustheexpectechumberof elementof S satisfyinge 1 and
E 2is atleast(r=¢)jSj. No clientcanbesatis®eddy morethanone
suchsener, so altogetherthe expectednumberof distinct clients
satis®edy S is atleast(r =¢);S;.

Finally, we addres<ase3. Partition the senersinto two sets,
A andB. SetA consistsof all senerswhoseweightis at leastl,

all othersbelongto B. Let X denotethe setof clientsi suchthati
is theleft endpointof anedgein thematchingM , andd(i)  k2=3:
By hypothesisjX j is at leastk=3. For eachsenerj, let w%j)
denotethetotal weightof the requestst recevesfrom elementof
X . Thesumof w%j) overall senersj is simplyjX j (sinceeach
client contrihutesexactly oneunit of weight,in total), henceoneof
thefollowing sub-caseapplies:

3L ,awWXi) Xj=2 k=6

320 g WYj) jXj=2 k=6.

We handlethe two sub-caseseparately For case3.1, note that
w(j ) is boundedabore by k=3, becausé¢ is adjacento at mostk
element®f X , andeachof themcontritutesatmostk 2% unitsof
weightto w%(j). Soin orderfor (3:1) to hold, it mustbe the case
thatjAj k#2=6. Applying thelemmaaborewithr = 1, we®nd
thatthe expectednumberof distinct clients satis®edby senersin
A is ( k¥®) asdesired. For case3.2, at least3=4 of the clients
in X have at least1=3 of their neighborsin B. (Otherwisethese
clientswould contritutelessthanjX j=4 to the sumon theleft side
of (3.2),andtheremainingjX j=4 clientswould contritute at most
jX j=4 to that sum.) For a client with 1=3 of its neighborsin B,
the probability of its requestbeing satis®edis boundedbelav by
aconstanthamelyl e 13 To seethis, let i be sucha client
andj ary neighborof i in B. The probability thatj satis®es's
requests goyugy  aiy» SOtheprobabilitythatj doesnotsatisfy
i'sjobis 1 1=d(i). Multiplying atleastd(i)=3 suchterms
together we get a failure probability which is lessthane =3,
So, in case3.2, we ®nd that the expectednumberof elements
of X whoserequestis satis®edby an elementof B is at least
(1 e ¥ (8=) jXj= ( k) whicheasilybeatstherequired
( k¥*) bound.

Theoremd.5demonstratethatnoalgorithmcanachiere
abettercompetitveratioin termsof k thanouralgorithm,up
to constantfactors. An obvious corollary of Theorem6.1
is that our algorithm's competitve ratio, in terms of n,
is O(n*™®). This boundis tight in termsof n for our
algorithm, i.e. thereexistinstancegor which thealgorithm's
throughputis O(k=n'=%). 2 We do not know if thereexists
an algorithm achievzing a better competitive ratio in terms
of n; the bestknown lower boundis the one speci ed in
Theorem4.6.

7 Restricted adversary model

Returningrom thesettingof one-shotoblivious)algorithms
to the online setting, we consideronline fractional assign-
ment algorithmsfor a sequenceof demandpatternsD

VL ! f0;1g, which may be adwersarially speci ed sub-
ject to the restrictionthat whena client becomesactive, it
remainsactive for the next r rounds,wherer is a positive

2ConsideabipartitegraphG whoseeft verticesarepartitionedinto two

setsA, B andwhoseright verticesarepartitionedinto two setsC,D, such
thatjAj = k,jBj = k%3,jCj = k, jDj = k?73. A andC arejoined
by a perfectmatching,B andC arejoined by a completebipartite graph,
A andD arejoinedby a completebipartite graph,andthereareno edges
fromB toD. If eachclientis actve, thenit is anexerciseto checkthatthe
algorithm speci ed above satis esonly O(k2=3) = O(k=n1=3) distinct
jobs.



integerknown to all clients. (As always,we referto a client
i asactiveattimet if D¢(i) = 1, inactive otherwise.)We do
not assumehatary of the partiesknow the structureof the
graphG; the only requirements that clients shouldknow
the setof adjacentseners, and they shouldhave common
knowledgeof a number which is anupperboundon the
degreeof ary client. (Suchan upperboundis easyto ob-
tain. For example,if the numberof senersm is common
knowledge thisis a suitablevaluefor )

Unlike previous sections,which assumecdeachsener
hasunit capacity we assumeherethat eachsenerj hasa
non-ngative capacityc; . No upperboundong¢; is assumed,
but the capacitiesareassumedo remainconstanpvertime.
The throughputof an assignments de ned to be the sum,
over all senersj, of minf(j);c g, where’(j) asalways
denotegheloadon sener;j .

Our algorithmrunsin a seriesof synchronousgoncur
rentrounds.In eachround,eachclientassigndoadfraction-
ally amongthe adjacentseners. (As in Lemmab.1, sucha
fractionalassignmentnay be corvertedinto anintegral as-
signmentby randomizedounding,decreasinghe expected
throughputby only a constanfactor) Eachsener sumsthe
assignedoadsandreportsits load/capacityatio backto the
adjacentclients. This is the only communicationin either
direction.

7.1 Algorithm The algorithmdividestime into windows
of lengthdr=2e. Eachactive client maintainsa fractional
assignmenof load on its outgoingedges.Whena client of
degreed becomesctive, it waitsfor thestartof thenext win-
dow andtheninitializesits fractionalassignmenby sending
1=d unitsof o w on eachoutgoingedge.While a clientre-
mainsactive, it updatests fractionalassignment attheend
of eachround,usingthe feedbackirom the adjacentseners
asfollows. Let = (2) ®": A seneris de ned to be
“undersupplied, “comfortable; or “oversupplied, accord-
ing to whetherthe correspondingener's load/capacityra-
tiois < 1= ,isin theinterval [1=; 1], oris > 1, respec-
tively. We will referto edgesasundersuppliedcomfortable,
or oversuppliedaccordingto the statusof the correspond-
ing sener, andfor a clienti we will denotethe total ow
on undersuppliedcomfortable,and oversuppliededgesby
fu(i);fc(i);fo(i); respectiely. A clienti with do(i) over
suppliedoutgoingedgess called“unhappy” if

0<(  Dfu)<foli) do(i)=2 ;

otherwise'happy”. A hapyy clientretainsthesameo w dis-
tribution in the next round. An unhapyy client redistritutes
o w from the oversuppliededgeso theundersupplie@dnes,
soasto multiply the amountof o w on eachundersupplied
edgeby . In doingso,the o w on eachoversuppliededge
maynotdropbelov ZL (Theconditionde ning anunhappy
clientensureshatsucharedistributionis possible.)

7.2 Analysis In atimewindow W, call a client eligible if
it is activein everyroundbelongingto W. De ne amodi ed

sequencef demand$ (i) by specifyingthatD(i) = 1if i

is eligible in the window containingroundt, O otherwise.
The analysisof the algorithm dependson proving that it

is O( )-competitve with the throughputof the optimum
sequenceof assignmentgor the modi ed demands. The
following lemmaexplainswhy this is sufcient.

LEMMA 7.1. Let ;" denotethe throughputof the optimum
sequencef assignmentsor the original demandsand the
modi ed demandsrespectivelyThenA =3

Proof. Letf1;f2;:::;ft beathroughput-maximizingequencef
assignmentgor the original demandsD;. We may assumethat
eachf; assigngo senerj aload’((j) whichis atmostc; . (If not,
we may adjustf; by reducingthe ow on someof the incoming
edgedo senerj without reducingthe throughput.)Now construct

fi = f,=3. For eachclienti which is active but not eligible at
timet, it mustbethe casethateither:

i becameactive duringthewindow W containingt. If so,i is
eligiblein thenext window, W + 1. Lett®= t + dr=2e:

i ceasedo be active during W. If so,i is eligible in the
precedingvindow, W 1. Lett®=t dr=2e:

Now adjustf” by changing’;o(e) tof} (e)+ f1o(e) for eachoutgoing
edgee fromii, andsettingﬁ(e) to zero. In this way, we obtaina

Theout av from ineligible clientsis zeroin eachround.

The out owv from an eligible clienti is at most1. (In the
original assignments$;, the out ow from i wasat most1 in

eachround. In f, the out™ow from i attime t is bounded
aboseby theaverageout avinroundst; t dr=2e;t+ dr=2e

of theoriginal assignment.)

The inow to a sener j is at mostcj. (In the original
assignments;, thein ow toj wasatmostc; in eachround.
In f}, the inow to j attime t is boundedabore by the
averagen ow in roundst; t dr=2e;t+ dr=2e of theoriginal
assignment.)

The throughputis =3. (We initialized f} to f,=3, andwe
subsequentlyshifted "ow without changingthe combined
throughput.)

establishethat”  =3.
THEOREM 7.1. The algorithm speci ed in Section7.1 is
O( ®")-competitive

Proof Foratimewindow W, let “(W) betheoptimumthroughput
achieable by an assignmentof the eligible clients only. By

the precedinglemma, we know thatit is suf®cient to prove that
the algorithm's throughputduring W is ( “(W)= ): For the
remainderof the analysis,we will limit our attentionto the time
roundswhich belongto W .

First, we note that the load on a sener cannotincreaseby

a factor of morethan in ary round, becausehe load on each
edgecannotincreaseby a factorof morethan . If a seneris

comfortabletheloadonits incomingedgesdoesnot changeatall.



Thereforea sener may notbecomeoversuppliedn the next round
unlesst wasalreadyoversuppliedn the currentround.

Second,we note that for an edgee = (i;j), theloadf (e)
doesnot increasewhile j is oversupplied;if j ever ceasego be
oversuppliedjn eachsubsequentoundf (e) eitherincreasedy a
factorof orremainghesame Moreover, thenumberof roundsin
whichf (e) increasess atmostr =6 because "=® = 2 , andf (e)
is never lessthan ;-

For eachedgee = (i; j) in eachroundt, oneof thefollowing
applies:

1. i washappy in roundt.
2. j wasnotundersuppliedn roundt.

3. Theloadoneincreasedy afactorof attheendof roundt.

We have alreadyamguedthat the third caseappliesto at mostr =6
of the dr=2e roundsin W . Therefore,at leastr =6 of the rounds
satisfyeitherthe ®rst or thesecondccase.

Call a client 2satis®eddf it is happy in at leastr=6 of the
roundsin W; let X be the setof all suchclients. Call a sener
asatis®edff it is oversuppliedbr comfortablan atleastr =6 rounds
of W; letY bethesetof all suchseners. Above, we have proven
thatevery edgehaseitherits left endpointin X or its right endpoint
in Y. Therefore,in the maximum-throughputow, every unit
of “ow goesthrougheithera satis®edclient or a satis®edsener,
resultingin thebound

N

w) oK

dr=2e JXJ+‘ G-
j2y

(7.1)

However, it follows from the de®nition of 2satis®ed%hat the
algorithm'sthroughput satis®es:

( . )

max SLiXj; T g
j2y

(7.2) —
P o .

The lower bound (1= ) ;G is immediatefrom the fact that a

senerj which is not undersuppliechasthroughputat leastc; = .

Thelowerbound(1=2 )jXj maybederivedasfollows. If aclient

i is happy in roundt we have: ( Dfu(i) fo(i) %;whence,
fu(i)+ (i) ( Dfu()+ fui) + fe(i)
(fol) + Tul) + Teli) 5= 5

Everyunitof ow whichi sendgo anundersuppliedr comfortable
sener contritutesto the throughputin roundt. Thereforea happy
client contritutesat leastf , (i) + f(i) Zi units of throughput
in roundt, which justi®es(7.2).

Finally, puttingtogether(7.1), (7.2), we obtain:

dr=2e
r

18 W):

References

[1] J. AspPNES, Y. AzAR, A. FIAT, S. PLOTKIN, AND
0. WAARTS, On-linerouting of virtual circuits with applica-
tionsto load balancingand madine scheduling J. ACM, 44
(1997),pp. 486-504.

[2] B. AWERBUCH AND Y. AZAR, Local optimizationof global
objectives: Competitivedistributed deadlo& resolutionand
resouceallocation in Proc.35th IEEE Symposiumon Foun-
dationsof ComputerScience 1994,pp.240-249.

[3] B. AWERBUCH, Y. AZAR, AND S. PLOTKIN, Throughput

competitiveon-line routing in Proc. 34th IEEE Symposium

on Foundation®f ComputerScience1993,pp. 32—40.

B. AWERBUCH AND T. LEIGHTON, A simplelocal-contol

approximationalgorithmfor multicommodityow, in Proceed-

ings of the 34th Annual Symposiumon Foundationof Com-
puterScience1993,pp.459-468.

, Improved appoximation algorithms for the multi-

commodity ow problem and local competitiverouting in

dynamicnetworksin Proc.26thACM Symposiunon Theory

of Computing,1994,pp. 487-496.

Y.AZAR, E. COHEN, A. FIAT, H. KAPLAN, AND H. RACKE,

Optimal oblivious routing in polynomialtime, in Proc. 35th

Symposiunon Theoryof Computing,2003,pp. 383-388.

[7] Y.BARTAL,J. W. BYERS, AND D. RAZ, Global optimization

using local informationwith applicationsto ow contml, in

Proc. 38th IEEE Symposiumon Foundationsof Computer

SciencgFOCS'97), 1997,p. 303. .

M. BIENKOWSKI, M. KORZENIOWSKI, AND H. RACKE,

A practical algorithm for constructing oblivious routing

schemesin Proc. 15th ACM Symposiumon Parallel Algo-

rithmsandArchitectures2003,pp. 24-33.

E. COHEN, Approximatemax ow on small depthnetworks

in Proc.33rd IEEE Symposiumon Foundationsof Computer

Science1992,pp. 648-658.

[10] N. GARG AND J. KOENEMANN, Faster and simpler algo-
rithms for multicommodityow and other fractional padking
problems, in Proceeding®f the 39th Annual Symposiumon
Foundationof ComputerScience1998,p. 300.

[11] N.GARGAND N. E. YOUNG, On-lineend-to-endongestion
contol, in Proc.43rd IEEE Symposiumon Foundationsof
ComputerScience2002,pp.303-312.

[12] A. V. GOLDBERG AND R. E. TARJAN, A new appmoach to
themaximum- owproblem J. ACM, 35 (1988),pp. 921-940.

[13] M. HAJIAGHAYI, R. KLEINBERG, T. LEIGHTON, AND
H. RACKE, Oblivious routing on node-capacitatedand di-
rectedgraphs in Proceedingsf the16thAnnual ACM-SIAM
Symposiunon DiscreteAlgorithms,2005.

[14] C.HARRELSON, K. HILDRUM, AND S. RAO, A polynomial-
timetreedecompositiorio minimizecongestion in Proc.15th
ACM Symposiumon Parallel Algorithms and Architectures,
2003,pp. 34-43.

[15] R.M.KARP, E. UPFAL, AND A. WIGDERSON, Constructing
aperfectmatdingisin RandomNC, Combinatorica6 (1986),
pp.35-48.

[16] M. LuBYy AND N. NiIsAN, A parallel approximationalgo-
rithm for positive linear programming in Proc. 25th ACM
Symposiunon Theoryof Computing,1993,pp.448-457.

[17] C. H. PAPADIMITRIOU AND M. YANNAKAKIS, Linear pro-
grammingwithoutthe matrix, in Proc.25thACM Symposium
on Theoryof Computing,1993,pp. 121-129.

[18] S. A. PLOTKIN, D. B. SHMoYs, AND E. TARDOS, Fast
approximationalgorithmsfor fractionalpading and covering
problems Math. Oper Res. 20 (1995),pp. 257-301.

[19] H. RACKE, Minimizing congestionin geneal networks in
Proceedingsf the 43rd Symposiumon Foundationsof Com-
puterScience2002,pp. 43-52.

[20] H. RACKE AND A. ROSEN, Distributed online call control
in geneal networksin Proceedingsf the 16thAnnual ACM-
SIAM Symposiurmon DiscreteAlgorithms, 2005.

(8]

(9]



