
Fundamental Limits of Bayesian Inference: OrderParameters and Phase Transitions for Road Tracking.A. L. Yuille� and James M. CoughlanSmith-Kettlewell Eye Research Institute,2318 Fillmore Street,San Francisco, CA 94115, USA.Tel. (415) 345-2144. Fax. (415) 345-8455.Email yuille@attila.ski.org, coughlan@ski.orgNovember 16, 1999� Address correspondence to A.L. Yuille.AbstractThere is a growing interest in formulating vision problems in terms of Bayesian inference and,in particular, the maximimum a posteriori (MAP) estimator. This approach involves puttingprior probability distributions, P (X), on the variables X to be inferred and a conditionaldistribution P (Y jX) for the measurements Y . For example, X could denote the position andcon�guration of a road in an aerial image and Y can be the aerial image itself (or a �lteredversion). We observe that these distributions de�ne a probability distribution P (X; Y ) onthe ensemble of problem instances. In this paper we consider the special case of detecting1



Draft submitted to Pattern Analysis and Machine Intelligenceroads from aerial images [9] and demonstrate that analysis of this ensemble enables us todetermine fundamental bounds on the performance of the MAP estimate (independent ofthe inference algorithm employed). We demonstrate that performance measures { such asthe accuracy of the estimate and whether the road can be detected at all { depend on theprobabilities P (Y jX); P (X) only by an order parameter K. Intuitively, K summarizes thestrength of local cues (as provided by local edge �lters) together with prior information (i.e.the probable shapes of roads). We demonstrate that there is a phase transition at a criticalvalue of the order parameter K { below this phase transition it is impossible to detect theroad by any algorithm. In related work [25],[5], we derive closely related order parameterswhich determine the time and memory complexity of search and the accuracy of the solutionusing the A� search strategy. Our approach can be applied to other vision problems and webrie
y summarize results when the model uses the \wrong prior" [26]. We comment on howour work relates to studies of the complexity of visual search [21] and to critical behaviour(i.e. phase transitions) in the computational cost of solving NP-complete problems [19].Index Terms: (i) Bayesian inference, (ii) Phase transitions, (iii) Curve tracking.1 IntroductionIn recent years there has been growing interest in formulating problems in terms of Bayesianinference [13]. There has been encouraging success both in techniques for learning probabilitydistributions from real data [27],[28],[29] and for solving di�cult vision problems see, forexample, [9],[10].This paper uses the Bayesian framework to address more fundamental problems: Whichvision tasks can be solved by arti�cial vision systems? If they can be solved, how fast canvision algorithms solve them? And how accurately? What properties of the visual task and2



Draft submitted to Pattern Analysis and Machine Intelligenceenvironment determine the ease of the problem and the speed with which it can be solved?Such problems have been addressed in previous work in vision, see for example [11] andpapers cited therein. In particular, Tsotsos and his collaborators [20] [21],[15] have addressedproblems such as visual search { the detection of a target among distractors { and theinterpretation of line drawings. It is not clear, however, how their methods and results canbe applied to models formulated in Bayesian terms. Standard computer science techniques[7], as employed in the early work of Tsotsos [21], rely on worst case analysis. As we showin this paper, however, Bayesian models come with a speci�ed probabilty distribution overproblem instances. In such cases, worst case analysis may be inappropriate because, for someBayesian models, the worst cases can be shown to occur with vanishingly small probability.Recent work by Parodi el al [15] does address median case complexity for labelling polyhedralscenes but analysis of this task is very di��cult and they rely on empirical experiments.We therefore argue that analysing the performance of Bayesian models requires the de-velopment of techniques that are naturally geared to such models and directly exploit theirprobabilistic nature and, in particular, the probability distribution on the ensemble of prob-lem instances. This paper is an attempt to develop such techniques.To make these issues more concrete we consider the task of detecting roads from aerialimages [9] and, more brie
y, the related work of Geiger and Liu [8] on the detection ofcontours. Both examples are formulated in Bayesian terms and, for both, the speed ofconvergence is important (the authors report good empirical convergence rates). But forwhat class of problem domain will their algorithms succeed? What characteristics of theproblem domain determine this convergence? Would the convergence rates, and the accuracyof the results, be the same if, for example, the shape of the contours was changed? Or ifthe contour was partially hidden by clutter? If not, how would they vary? This paper, andour related work analyzing the convergence speed and memory requirements [25],[5], helps3



Draft submitted to Pattern Analysis and Machine Intelligenceprovide answers to these questions.Our starting point is the Bayesian formulation for the Geman and Jedynak problem.This requires specifying probability distributions for the local measurements (e.g. edge �lterresponses) conditioned on the possible positions of the road segments together with a priorprobability distribution for the relative positions of the road segments (i.e. a prior on theroad geometry). (Such models can be learnt from real data { see Geman and Jedynak [9]for learning distributions for the local measurements and [30] for distributions on contourgeometry). For our analysis in this paper it is necessary that these probability distributionsare shift-invariant Markov. (In fact, we are sometimes using stronger assumptions but { asdemonstrated by Wu and Zhu { the analysis can be generalized to such cases).This Bayesian formulation naturally implies a probability distribution on the ensembleof problem instances. This enables us to adapt techniques from Information Theory [6] todetermine the probability of rare events { such as a problem instance where, by chance,MAP estimation incorrectly selects a false road hypothesis.Our analysis shows that most performance measures of interest, such as the detectabilityof the road, only depend on the underlying probability distributions via a single constantK. This is analogous to the study of the Ising model of magnetism { see statistical physics[1] { where the behaviour of the model is largely determined by its net magnetization whichis called an order parameter. As the temperature of the system passes through a criticalpoint there is a phase transition and properties of the system (as measured by the orderparameter) change drastically (for example, the magnetization becomes zero above the crit-ical temperature). Similarly, in our Bayesian model the detectability of the road becomesimpossible at a critical value of K. We can therefore consider K to be the order parameterof the system and say that a phase transition occurs at a critical value of K. (We stress thatour model does not involve a temperature parameter and a phase transition occurs when the4



Draft submitted to Pattern Analysis and Machine Intelligencelocal measurement cues and the prior geometrical knowledge { as speci�ed by the probabilitymodels { provide too little information to solve the task.)Interestingly, there are some recent studies showing that order parameters and phasetransitions exist for NP-complete problems and that these problems can be easy to solvefor certain values of the order parameters [3],[19]. The problems these authors considerand the techniques they employ are, however, di�erent from ours. Often their analysis onlyapplies at the phase transition itself and uses approximation techniques such as mean �eldapproximations and replica symmetry methods supported by empirical numerical studies.Moreover, because they are not addressing Bayesian inference problems their probabilitydistribution over the ensemble of problem instances is often chosen for pragmatic reasons ofmathematical analysis rather than arising naturally from the problem domain. Our work,however, is more closely related to (and partially inspired by) results of Karp and Pearl [16]for a binary tree path search problem [16] which also involved a phase transition.We stress, however, that the phase transition is only one consequence of our analysis.The most important result, in our opinion, is the derivation of the order parameter as afundamental quantity which characterizes the problem domain and determines most of theimportant performance measures.Finally, we wish to mention three additional results: (I) similar techniques can be usedto analyze the performance of speci�c A* algorithms to solve the road tracking problem andtime and memory complexity results have been obtained [25],[5] which depend on closelyrelated order parameters, (II) the analysis of this current paper can be generalized to dealwith situations in which the Bayesian models use the \wrong priors" which are only approxi-mations to the true underlying distributions [26], and (III) the techniques used in this paperhave already been extended, by adapting the theory of large deviations from statistics [22],and applied to realistic texture discrimination tasks [23].5



Draft submitted to Pattern Analysis and Machine IntelligenceWe start with a short technical overview, section (2), of the logical structure of theanalysis. In section (3), we introduce the theory of types and, in particular, Sanov's theorem.We illustrate it by deriving order parameters for texture discrimination tasks including oneexample of a phase transition. Section (4) described the models of road tracking and snakes.In section (5) we explore the fundamental limits of road detection by using the theory oftypes to derive order parameters and phase transitions for this problem. In section (6), wediscuss ways to extend our results. Finally, section (7) summarizes the paper.2 Technical OverviewThis section gives a brief technical overview of the paper. We emphasize that this is a sketchonly and the rigourous proofs are given in the rest of the paper.The input data (i.e. a �ltered image) is denoted by Y and a hypothetical road con�gura-tion by X. We de�ne an imaging model P (Y jX) and a prior probability distribution P (X)on road con�gurations. We estimate the con�guration of the road by maximum a posterior(MAP) estimation, X� = argmaxX P (XjY ). This can be re-expressed as maximizing a re-ward function R(XjY ) (see section (4). (This all follows directly from Geman and Jedynak[9]).We observe that this de�nes a Bayesian ensemble of problem instances P (X; Y ). Thisenables us to determine in what situations the MAP estimator gives the correct answer. Moreformally, we can select a true road �X (sampled from the prior distribution P (X)), generatedata �Y by sampling from P (Y j �X) and then ask the question is argmaxX P (Xj �Y ) = �X?Note that this analysis assumes that we know the true models for how the data is generatedand use these same models for inference. In practice, our models will only be approximationsto reality. In Yuille and Coughlan [26] we relax these assumptions and obtain results when6



Draft submitted to Pattern Analysis and Machine Intelligencethe \wrong prior" is used to make inferences.More precisely, for the road tracking problem there are many false paths and a singletrue path. What are the chances of confusing a false path with the true path? This requiresus to calculate the probabilities of such events as whether the reward for the true road isgreater, or less, than the reward of a false road hypothesis. For the distributions P (Y jX)and P (X) speci�ed by Geman and Jedynak [9], probability bounds for these events canbe determined by the use of the theory of types from Information Theory [6] (for morecomplicated distributions, techniques from large deviation theory can be applied { see Wuand Zhu [23]). The basic result is that the probability of a speci�c false path having higherreward than a true path behaves like 2�ND where N is the path length and D is a functionof P (Y jX) and P (X). To bound the probability that any false path has greater rewardthan the true path we must multiply 2�ND by the total number of false paths which can beapproximated by QN where Q is a constant (this is a simpli�cation { the rigourous proof isin section (5)). For K > 0, the probability of confusing a false path with the true path thenbehaves like 2�NK where K = D � logQ is the order parameter. For K < 0 the probabilityof error becomes high and therefore a phase transition occurs at K = 0.This is illustrated in �gure (1) where we give examples of road detection for di�erentvalues of the order parameter K. The data is generated by �rst by sampling a road fromP (X) and then sampling an image from P (Y jX).We emphasize that such results can be obtained for problems other than road tracking.Indeed, in section (3) we obtain similar results for three di�erent texture discriminationtasks.
7
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Figure 1: The di�culty of detecting the target path in clutter depends, by our theory, on theorder parameterK. The largerK the less computation required. Left, an easy detection taskwith K = 0:8647. Middle, a harder detection task with K = 0:2105. Right, an impossibletask with K = �0:7272.3 The Theory of TypesThis section introduces the basic concepts and mathematical machinery that we will needto prove our results. This material is not very familiar to computer vision workers so wewill introduce it by means of examples which bring out the key features of our paper. Theseexamples are motivated by psychophysical experiments for discriminating between textures.More speci�cally, we consider three related visual tasks which require distinguishingbetween two textures A and B. Both textures consist of N edgelets of the same length whichare spaced evenly on a lattice. For each texture, the angles of the edgelets are independentlyidentically distributed by PA(�) and PB(�) respectively. The set of possible angles � isquantized to takeM possible values (e.g. we could set J = 12 corresponding to a quantizationof angles at 15 degrees). These quantized values a1; :::; aJ are called the alphabet of theproblem. We wish to quantify how the di�culties of visual tasks depend on N and thedistributions PA(:) and PB(:).Our three visual tasks have di�erent inputs. The input to the �rst is a texture sampleand the task is to determine whether the texture sample is from A or B, see �gure (2). Theinput to the second task is two texture samples, one each from A and B, and the task is tocorrectly label the samples (this is called \two-alternative forced choice"). The third task8
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Figure 2: The �rst texture task: The input is a texture sample. The task is to determine ifit came from A, like the texture sample on the left, or from B, like the texture sample onthe right.consists of many texture samples from B and a single texture sample from A { the goal isto detect the target A among the many distractors from B.Each texture sample can be characterized by the vector ~� = (�1; �2; :::; �N) of the anglesof its edgelets. The optimal tests for our three tasks will depend on the log-likelihood ratio.This can be thought of as the MAP estimate between two hypotheses which are equallylikely a priori. (See the Neyman-Pearson lemma [6]):
logfPA(�1; ::::�N )PB(�1; ::::�N )g = logf NYi=1 PA(�i)PB(�i)g = NXi=1 logfPA(�i)PB(�i)g: (1)The larger the log-likelihood ratio then the more probable that the texture sample ~� =(�1; �2; :::; �N ) came from A rather than B (if the log-likelihood ratio is zero then both Aand B are equally probable). We can obtain measures of the di�culty of the problem byevaluating the expected value of the log-likelihood ratio, see equation (1) when the texturesamples are generated by PA(�1; ::::�N ) or PB(�1; ::::�N ). This gives:

9
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1N < logfPA(�1; ::::�N)PB(�1; ::::�N )g >PA=X� PA(�) logfPA(�)PB(�)g = D(PAjjPB);1N < logfPA(�1; ::::�N )PB(�1; ::::�N )g >PB=X� PB(�) logfPA(�)PB(�)g = �D(PBjjPA); (2)where theKullback-Leibler divergenceD(PAjjPB) is de�ned to beP� PA(�) log(PA(�)=PB(�)).Observe that this de�nition is not symmetric { in general D(PAjjPB) 6= D(PBjjPA) { andso the Kullback-Leibler divergence is not a distance metric between probability distribu-tions. However it does have many properties of a distance metric and, in fact, approximatesthe least squared distance between two distributions provided the distributions are verysimilar. In particular, it is positive de�nite so that D(PAjjPB) � 0 with equality only ifPA(�) = PB(�); 8 �.Equation (2) shows that the expected value of the log-likelihood ratio di�ers byNfD(PAjjPB)+D(PBjjPA)g depending on whether the texture sample came from A or B. The symmetricKullback-Leibler divergence,fD(PAjjPB)+D(PBjjPA)g, therefore appears as a crude measurefor the di�culty of distinguishing texture samples of A and B. But this analysis completelyignores the 
uctuations of the texture samples. We need to consider the probabilities that arandom texture sample from B has higher log-likelihood ratio than a texture sample fromA. This requires us to put probabilistic bounds on the probabilities of unlikely events. Thiscan be done by adapting the theory of types, see [6].Any texture sample ~� = (�1; �2; :::; �N ) determines an empirical histogram, or type, ~�(~�)which is an J-dimensional vector whose components �1; :::; �J are the proportions of responses�i which take values a1; :::; aJ . (i.e. �� = (1=N)PNi=1 ��i;a�). Observe, see �gure (3), that asthe number of samples increases we are likely to get histograms (types) which resemble theunderlying distribution. The key point is that all the relevant properties of the texture willdepend only on its type (in view of the i.i.d. assumption). This includes the result of the10
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Figure 3: Samples from an underlying distribution. Left to Right, the original distribution,followed by histograms from 10, 100, and 1000 samples from the original. Observe thatas the number of samples increases the histograms increasingly resemble the underlyingdistribution.log-likelihood test, see equation (1), which we can re-express as:
logfPA(�1; ::::�N )PB(�1; ::::�N )g = NXi=1 log PA(�i)PB(�i) = JX�=1(N��) logfPA(a�)=PB(a�)g: (3)where we have regrouped the terms taking into account the number of responses N�� of the�'s at each orientation a�.It is important to observe that this is simply the dot-product, N~� � ~�, of the type ~� witha weight vector ~� (for the equation above, ~� has components �� = logfPA(a�)=PB(a�)g).Most of the quantities that we are concerned with, such as the fundamental bounds, willdepend on dot products of this form. The theory of types proceeds by putting probabilisticbounds on types which can then be used to put probability bounds on the dot products.For the results which follow it is convenient to divide out by the size factor N . We there-fore consider the average of the log-likelihood with respect to the texture samples { i.e.(1=N)PNi=1 logPA(�i)=PB(�i).There are �ve key lemmas that we will use about types [6]:Lemma 1. The total number of types � (N+1)J . (This is a very generous upper boundwhich occurs because each component of the type vector ~� can take at most N + 1 possiblevalues). 11



Draft submitted to Pattern Analysis and Machine IntelligenceLemma 2. The probability Ps(~�) for any texture ~� drawn i.i.d. from a source proba-bility distribution Ps(�) depends only on the entropy H(~�(~�)) = �P� �� log�� of the typeof the sequence and the Kullback-Leibler distance D(~�(~�)jjPs) between the type and thedistribution Ps, and is given by:
Ps(~�) = F (~�(~�)) = 2�NfH(~�(~�))+D(~�(~�)jjPs)g: (4)(The probability of the sequence can be expressed as QJ�=1 Ps(�)N�� = 2NPJ�=1 �� logPs(�)and we use H(~�) +D(~�jjPs) = �PJ�=1 �� logPs(�) to obtain the result.)Lemma 3. The probability P (~�) that a sequence has type ~� is given by:P (~�) = F (~�) ���T (~�)��� ; (5)where ���T (~�)��� = P~�:~�(~�)=~� 1 is the number of distinct sequences with type ~�. (This followsfrom P (~�) =P~� �~�;~�(~�)PNs (~�) and substituting equation (4)).Lemma 4. We can bound the size of each type class by [6]:2NH(~�)(N + 1)J � ���T (~�)��� � 2NH(~�): (6)(Not surprisingly, the larger the entropy H(~�) the bigger the type class.)Lemma 5. We can put a bound on P (~�) by combining Lemmas 2, 3, and 4. This gives:2�ND(~�jjPs)(N + 1)J � P (~�) � 2�ND(~�jjPs): (7)From these basic lemmas we can derive the main result we need. We are particularlyinterested in putting bounds of the probability that a type ~� lies within a certain set oftypes E. For example, for our texture tasks we de�ne the reward of a type ~� to be ~� � ~�. Itwill then be important to bound the probability that texture samples from B have rewards12
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Figure 4: Left, Sanov's theorem. The triangle represents the set of probability distribu-tions. Ps is the distribution which generates the samples. Sanov's theorem states that theprobability that a type, or empirical distribution, lies within the subset E is chie
y deter-mined by the distribution P � in E which is closest to Ps. Right, Sanov's theorem for thecoin tossing experiment. The set of probabilities is one-dimensional and is labelled by theprobability Ps(head) of tossing a head. The unbiased distribution Ps is at the centre, withPs(head) = 1=2, and the closest element of the set E is P � such that P �(head) = 0:7.above a speci�c threshold T . To do this, we de�ne ET = f~� : ~� � ~� � Tg and ask for theprobability, Pr(~��ET ), that the type of a texture sample from B will lie within ET .The main result is called Sanov's theorem (see �gure (4)):Sanov's Theorem. Let �1; �2; :::; �N be i.i.d. from a distribution Ps(�) with alphabet sizeJ and E be any closed set of probability distributions. Let Pr(~� 2 E) be the probability thatthe type of a sample sequence lies in the set E. Then:2�ND(~��jjPs)(N + 1)J � Pr(~� 2 E) � (N + 1)J2�ND(~��jjPs); (8)where ~�� = argmin~�2ED(~�jjPs) is the distribution in E that is closest to Ps in terms ofKullback-Leibler divergence.Proof. It is straightforward to see that max~��E P (~�) � Pr(~��E) � jEjmax~��E P (~�).13



Draft submitted to Pattern Analysis and Machine IntelligenceFrom Lemma 5, we can put upper and lower bounds on max~��E P (~�) in terms of ~�� =argmin~��ED(~�jjPs). This gives the result using Lemma 1 to put 1 � jEj � (N + 1)J :Sanov's theorem can be illustrated by a simple coin tossing example, see �gure (4).Suppose we have a fair coin and want to estimate the probability of observing more than700 heads in 1000 tosses. Then set E is the set of probability distributions for whichP (head) � 0:7 (P (head) + P (tails) = 1). The distribution generating the samples isPs(head) = Ps(tails) = 1=2 because the coin is fair. The distribution in E closest to Psis P �(head) = 0:7; P �(tails) = 0:3. We calculate D(P �jjPs) = 0:119. Substituting intoSanov's theorem, setting the alphabet size J = 2, we calculate that the probability of morethan 700 heads in 1000 tosses is less than 2�119 � (1001)2 � 2�99.We note that Sanov's theorem is only one of many techniques for obtaining probabilitybounds. Another standard technique is motivated by the Central Limit theorem but thisgives less tight bounds in general [6] because it only makes use of the variance of the distri-bution (while Sanov's theorem exploits the whole distribution). Other bounds which do notrequire the i.i.d. assumption are given in [23],[22].In this paper, we will only be concerned with sets E which involve the rewards of types.These sets will therefore be de�ned by linear constraints on the types (such as ~� � ~� � T )and will therefore allow us to derive results which will not be true for arbitrary sets E. Wewill often, however, be concerned with the probabilities that the rewards of samples fromone distribution are greater than those from a second. It is straightforward to generalizeSanov's theorem to deal with such cases.We now illustrate the power of these results by considering our three texture tasks. Theinput to the �rst task, see �gure (2), is a single texture sample and we must decide whetherit comes from A or B (both are equally likely a priori). The Neyman-Pearson lemma saysthat the optimal test is to compare the loglikelihood ratio to a threshold T (choices of T will14



Draft submitted to Pattern Analysis and Machine Intelligencebe discussed later). The texture is classi�ed to be A provided the log-likelihood is greaterthan T and is set to B otherwise.The reward for a texture sample generated by A is given by ~�A�~�, where �� = logPA(a�)=PB(a�).Theorem 1. The probabilities that the loglikelihoods of texture samples with N elementsfrom A or B are above, or below, the threshold T are bounded above and below as follows:(N + 1)�J2�ND(~�T jjPA) � Prf~�A � ~� � Tg � (N + 1)J2�ND(~�T jjPA); (9)(N + 1)�J2�ND(~�T jjPB) � Prf~�B � ~� � Tg � (N + 1)J2�ND(~�T jjPB); (10)where �T (�) = PA(�)1��(T )PB(�)�(T )=Z(T ), and �(T ) 2 [0; 1] is a scalar which depends onthe threshold T , and Z(T ) is a normalization factor. The value of �(T ) is determined by theconstraint ~�T � ~� = T .Proof. We apply Sanov's theorem setting EA = f~�A : ~�A�~� � Tg and EB = f~�B : ~�B �~� �Tg. Determining the closest distribution ~�T 2 EA to PA reduces to constrained minimizationusing Lagrange multipliers (� and �) (the closest distribution must satisfy ~�A � ~� = T sinceEA is convex { similarly for B) of the following function:X� �T (�) log �T (�)PA(�) + �fX� �T (�)� 1g+ �f~�T � ~�� Tg: (11)This can be solved to give �T (�) = P 1��(T )A (�)P �(T )B (�)=Z(T ) (recall that �(�) = logfPA(�)=PB(�)g)with �(T ) being determined by the constraint ~�T � ~� = T . A similar argument applies to PBand same constraint, ~�T � ~� = T , applies to both cases. Hence results.The Neyman-Pearson lemma does not specify the threshold T . There are two importantnatural choices. The �rst is based on minimizing the asymptotic error rate of the classi�cation{ the rate of falsely classifying texture samples from A as coming from B and vice versa (i.e.we give equal weight to the false positives and false negatives),Corollary 1. The asymptotic error rate is minimized by setting T = 0. The error ratein this case is determined by the Cherno� information C(PA; PB), where the Cherno� infor-15



Draft submitted to Pattern Analysis and Machine Intelligencemation is de�ned by the Kullback-Leibler divergence to the distribution ~�c halfway betweenPA and PB. More precisely, C(PA; PB) = D(~�cjjPA) = D(~�cjjPB) for the unique distribution~�c, of form ~�T (�) = PA(�)1��(T )PB(�)�(T )=Z(T ), which satis�es this constraint.Proof. The error rates fall o� as 2�ND(~�T jjPA) and 2�ND(~�T jjPB) where ~�T is of formP 1��(T )A (�)P �(T )B =Z(T ) and has only one degree of freedom. As �(T ) increases D(~�T jjPA)increases and D(~�T jjPB) decreases. Therefore there is a unique minimum error rate for Tsuch that D(~�T jjPA) = D(~�T jjPB), which de�nes the Cherno� information. Observe thatP� �c(�) logPA(�)=PB(�) = 0, hence T = 0 is the asymptotic error rate.The second natural choice of T corresponds to estimating the probability that the rewardsof texture samples from A are less than the expected rewards for texture samples from B(or vice versa). This gives:Corollary 2. The probability that texture samples from A have lower rewards than theaverage reward for B texture samples is less than (N + 1)J2�ND(PB jjPA) and greater than(N + 1)�J2�ND(PB jjPA).Proof. We set the threshold T to be the average reward, �D(PBjjPA), of texture samplesgenerated by B. The result of Theorem 1 shows that we must set ~�T = PB to satisfy theoptimization constraint.We now apply Theorem 1 and Corollary 1,2 to determine order parameters which solvethe �rst texture case. If we use a decision rule based on the minimum error rate criterionthen the order parameter is the Cherno� informationC(PA; PB). The di�culty of performingthis task depends only on this single number. As this number decreases the task becomesincreasingly harder. But there is no critical point at which the task becomes impossible(because Cherno� information is always non-negative). So phase transitions do not occurfor this task (as we will see, phase transitions will occur when we consider target detectiontasks). Similar results occur if we use alternative choices of T . We will obtain di�erent order16
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Figure 5: The second texture task: two alternative forced choice. Which texture sample isfrom A and which one from B?parameters, such as D(PBjjPA) given by Corollary 2, but there will be no critical values andno phase transition.The second texture case, see �gure (5), has two texture samples as input (one each fromA and B) and the task is to classify them correctly. The best decision rule is to classify thetexture sample with higher log-likelihood ratio to be A and the other to be B. This does notinvolve a choice of threshold. Therefore for this task we only care about the chances thata texture sample from A will have lower reward than a texture sample from B. Our mainresult is:Theorem 2. The probability that a texture sample from A has lower reward than atexture sample from B is bounded below by (N + 1)�J22�2NB(PA;PB) and above by (N +1)J22�2NB(PA;PB), where B(PA; PB) = � logfP� P 1=2B (a�)P 1=2A (a�)g. (N is the number ofelements in each texture sample.)Proof. This is a generalization of Sanov's theorem to the case where we have two prob-ability distributions and two types. We de�ne E = f(~�A; ~�B) : ~�B � ~� � ~�A � ~�g. We thenapply the same strategy as for the Sanov proof but applied to the product space of the twodistributions PA; PB (i.e. D((~�A; ~�B)jj(PA; PB)) = D(~�AjjPA) + D(~�BjjPB)). This requires17



Draft submitted to Pattern Analysis and Machine Intelligenceus to minimize:
f(~�A; ~�B) = D(~�AjjPA) +D(~�BjjPB) ++�1fX� �A(�)� 1g+ �2fX� �B(�)� 1g+ 
f~�A � ~�� ~�B � ~�g; (12)where the � 's and 
 are Lagrange multipliers. The function f(:; :) is convex in the ~� and theLagrange constraints are linear. Therefore there is a unique minimum which occurs at:

~�B� = P 
AP 1�
BZ[1� 
] ; ~�A� = P 1�
A P 
BZ[
] ; (13)subject to the constraint ~�A�~� = ~�B �~�. The unique solution occurs when 
 = 1=2 (because thisimplies ~�B� = ~�A� and so the constraints are satis�ed.) We de�ne ~�Bh = P 1=2A P 1=2B =Z[1=2].We therefore obtain:
(N + 1)�J22�NfD(~�BhjjPA)+D(~�BhjjPB)g � Prf(~�A; ~�B) 2 Eg� (N + 1)J22�NfD(~�BhjjPA)+D(~�BhjjPB)g: (14)We de�ne B(PA; PB) = (1=2)fD(~�BhjjPB) +D(~�BhjjPA)g. Substituting in for ~�Bh fromabove yields B(PA; PB) = � logfP� P 1=2B (a�)P 1=2A (a�)g. Hence result.This result tells us that the order parameter for the second texture task is just 2B(PA; PB).This is just another measure of the distance between PA and PB. Once again the problembecomes increasingly hard as the distributions become more similar but there is no criticalpoint and no phase transition.We now consider our third, and �nal, task of determining whether we can �nd a targetA among a large number of texture samples B, see �gure (6). We let the number of texture18
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K= 0.4715 K= 0.04665

K= −0.03228Figure 6: Popout: PA sample in middle, surrounded by PB samples. Here we use abinary alphabet (J = 2) and vary PA; PB to change the order parameter K. Left,PA = (0:8; 0:2),PB = (0:167; 0:833). Right, PA = (0:667; 0:333), PB = (0:375; 0:625). Bot-tom, PA = (0:6; 0:4), PB = (0:5; 0:5). A non-integer value of Q (Q > 1) is used to savespace.
19



Draft submitted to Pattern Analysis and Machine Intelligencesamples from B be QN . The interest is how the phase space of the number of texture samplesa�ects the di�culty of the task. As we will show this leads to a phase transition.Theorem 3. The expected number of B texture samples which have greater reward thanthe A texture sample is determined by an order parameter K = 2B(PA; PB)�logQ. If K > 0then, as N 7! 1, the expected number of such B texture samples tends to zero. If K < 0then it tends to 1. (N is the number of elements in each texture sample and the number ofB texture samples is QN .)Proof. The expected number, < FB >, of B texture samples with rewards higher than theA texture sample is given by QNPr(~�B � ~� � ~�A � ~�). By Theorem 2, we can bound this by:1(N + 1)J2 2�Nf2B(PA;PB)�logQg �< FB >� (N + 1)J22�Nf2B(PA;PB)�logQg: (15)For large N , the bounds are determined by K = 2B(PA; PB) � logQ. If K > 0 theexpected number of B texture samples tends to zero as N 7! 1. For K < 0, it tends to 1.The third task is governed by the order parameter K = 2B(PA; PB)� logQ. There is aphase transition at K = 0 and the task becomes impossible to solve for K < 0. More intu-itively, the task is only possible provided the di�erence between the distributions, measuredby 2B(PA; PB), is bigger than the number of distractors, as measured by logQ.Corollary 3. The probability that the A texture sample reward is lower than at least oneB texture samples rewards is less than (N + 1)J22�Nf2B(PA;PB)�logQg.Proof. This follows from the proof of Theorem 3 and the use of Boole's inequality:Pr(A1 or A2 or ::: or An) �Pni=1 Pr(Ai):Finally, we observe that these theorems involved several di�erent measures of distancebetween probability distributions. These measures will reappear throughout the rest ofthe paper. For clarity, we summarize them and present ordering relations between them.20



Draft submitted to Pattern Analysis and Machine IntelligenceSpeci�cally, the measures are: (i) the Cherno� information C(PA; PB) de�ned in Corol-lary 1, (ii) the Bhattacharyya distance 1 B(PA; PB) = (1=2)fD(~�BhjjPB) + D(~�BhjjPA)gde�ned in Theorem 2, and (iii) the Kullback-Leibler divergences de�ned in equation (2),D(PAjjPB) = P� PA(�) log(PA(�)=PB(�)) and D(PBjjPA) (as stated before, these diver-gences are technically not measures).The following relationship for any PA; PB can be readily veri�ed, see [6]:0 � B(PA; PB) � C(PA; PB) � minfD(PAjjPB); D(PBjjPA)g: (16)4 Mathematical Formulation of Road Tracking and Snakes
We now proceed to study the more realistic problem of curved tracking in real images.We consider two important examples. The �rst is for road tracking from aerial images byGeman (D.) and Jedynak [9] which used a novel active search algorithm to track a road inan aerial photograph with empirical convergence rates of O(N) for roads of length N . Theiralgorithm is highly e�ective for this application and is arguably the best currently available.Our second example is the use of the Dijkstra algorithm to search for snakes between twofeature points by Geiger and Liu [8]. They used a feature detector to �nd salient features,like corners, and then grew a snake between two feature points using Dijkstra's algorithmwhich was then used for high level grouping to detect human silhouettes. They report thatDijkstra's algorithm is 4-10 times faster than Dynamic Programming for this problem.We wish to determine order parameters for characterizing the di�culty of these problems,to determine whether they are solvable, and how their di�culty depends on the statistical1This Bhattacharyya distance arises in the Bhattacharyya bound for error rates [17].21



Draft submitted to Pattern Analysis and Machine Intelligenceproperties of the domain. In this section we give a mathematical formulation for road trackingand snakes. We follow the derivation of Geman and Jedynak [9] because their formulationis probabilistic from the start and better suited to our purposes. (By contrast, the snakeformulation adopted by Geiger and Liu �rst speci�es an energy function and then interpretsit as the negative logarithm of a probability.) There are two main elements to each model.First the optimization criterion (determined from the Bayesian formulation) and then thealgorithm chosen to optimize the criterion for a given image. In this paper, we only describethe models and their optimization criteria. The algorithms, and their convergence rates, aredescribed in [25], [5].We �rst specify Geman and Jedynak's road geometry. A road hypothesis X is a set ofconnected straight-line segments called arcs, x1; : : : ; xN . The initial position and directionof the road, arc x0, is speci�ed. The road is constrained to be smooth with the smoothnessspeci�ed by a shift-invariant conditional probability distribution PG(xi+1jxi) = P�G(xi+1 �xi). For example: the simplest case studied by Geman and Jedynak allows each road segmentto join three subsequent possible road segments { straight, left (5 degrees), or right (5 degrees){ with equal probability of 1/3. The prior probability of any road is speci�ed by P (X) =P (x0; x1; : : : ; xN ) = QN�1i=0 P�G(xi+1 � xi). For the case above we have 3N possible roadseach with probability 1=3N .Geman and Jedynak derive their likelihood function by �rst designing an oriented non-linear �lter to detect arcs of road. The intuition is that the �lter response Y is large forarcs where the gradient along the arc is small and the gradient across the arc is high. Theresponse is small otherwise. They run the �lter on examples of on-road and o�-road arcs,gather statistics and compute empirical probability distributions Pon(Ya = ya) = P (Ya =yaja on X) and Poff(Ya = ya) = P (Ya = yaja o� X). The likelihood function is given byP (Y jX) =Qxa2X Pon(Ya = ya)� Qxa =2X Poff (Ya = ya).22



Draft submitted to Pattern Analysis and Machine IntelligenceTo obtain Geman and Jedynak's posterior distribution we apply Bayes Theorem P (XjY ) =P (Y jX)P (X)=P (Y ). Using the prior and likelihood function above, we take logarithms, anddrop the constant terms, giving:logP (XjY ) = NXi=1 logfPon(yi)=Poff(yi)g+ N�1Xi=0 logP�G(xi+1 � xi) + const: (17)We now solve for the most probable road X� = argmaxX logP (XjY ). This gives theoptimal criterion for road detection.We now consider the alternative formulation of Geiger and Liu based on snakes [12]. Aswe will demonstrate, their formulation can be expressed in a similar form to Geman andJedynak. Snakes are usually formulated in terms of energy function minimization of theposition of a target curve f~x(t) : 0 � t � 1g: E[x(t)] = � R 1t=0 dt jds=dtj + � R 1t=0 dt�2(t)�� R 1t=0 ���~rI(x(t)��� [12]. This can be transformed into Bayesian form by setting P ([x(t)]jI)= (1=Z)e�E[x(t)] where the �rst two terms correspond to the geometric prior and the last termto the likelihood function. Why bother to make this transformation? The basic advantageis that it enables learning which will eliminate the free parameters in the model (whichcontrasts with the frequently expressed criticism that energy function models contain manyparameters which have to be speci�ed by hand.)Indeed statistical analysis of real data typically gives quite di�erent likelihood func-tions from those derived from a Bayesian reformulation of the standard snake model [12].To see this compare �E[x(t)] for the snake with equation (17). The log likelihood ratioslogfPon(yi)=Poff (yi)g correspond to � R 1t=0 ���~rI(x(t)���. This would imply that the evidence (i.e.the log-likelihood ratio) for an edge increases linearly with the magnitude of the gradient.But this is counter-intuitive because it is unreasonable that a point x where ���~rI(x(t))��� = 100should have ten times more evidence for being an edge than a point where ���~rI(x(t)��� = 10(in most real images both points would de�nitely be edges). Instead we would expect the23
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Figure 7: The log likelihood ratios (far left) of the o�-edge probabilities poff(y) (center) andthe on-edge probabilities pon(y)(right), where y = ���~rI���. These distributions, and ratios,were very consistent for a range of images. The �lter responses y, on the horizontal line,were quantized to take 20 values.evidence for an edge to reach an asymptote after the gradient magnitude reaches a certainthreshold. This can in fact be shown by statistical analysis of the ���~rI(x(t)��� edge detectorusing the same learning techniques employed by Geman and Jedynak [9]. We performedstatistical analysis on a range of images (having �rst located the edges by hand) and ob-tained empirical results shown in �gure (7). The general shapes of the Pon; Poff and theirlog likelihood ratio are very similar from image to image2. The log-likelihood terms clearlyshow the thresholding e�ect argued for above. We should add that Geiger and Liu [8] useda modi�cation of snakes which makes their likelihood terms much more similar to ours thanto those used in the original snake model [12].The �rst smoothness term for snakes, � R 1t=0 dt jds=dtj, can be discretized and is equivalentto a shift-invariant conditional probability distribution P (xi+1jxi) = P�G(xi+1� xi) { a �rstorder Markov chain on position variables ~x. The second smoothness term, � R 1t=0 dt�2(~x(t)),can be discretized to a second order Markov chain in ~x. Observe, however, that the orderof these chains depends on the variables used. We could, for example, change variables to ~q2These plots of Pon; Poff are also somewhat similar to those observed by Balboa and Grzywacz [2] whoobtained edge statistics in a variety of domains in order to model the retinal receptive �elds of animals. Adetailed discussion of these issues will be given in a forthcoming paper [14].24



Draft submitted to Pattern Analysis and Machine Intelligencewhich represents the position and local orientation. The smoothness term � R 1t=0 dt�2(~x(t))will correspond to a �rst order Markov chain in these variables. Zhu [30] investigates thee�ectiveness of di�erent order Markov chains for learning shape distributions from real imagecurves (and also describes the technical subtleties of discretizing models such as snakes).Finally, we choose to rewrite the log posteriors by adding a constant term. This termincreases the symmetry of the cost function by expressing the prior as a log-likelihood ratioand will make it easier to prove our results. We de�ne U(xi+1 � xi) to be the uniformdistribution, which of course is independent of xi+1 � xi, and de�ne a reward function:R(XjY ) = NXi=1 logf Pon(yi)Poff(yi)g+ N�1Xi=0 logfP�G(xi+1 � xi)U(xi+1 � xi) g: (18)To clarify our notation, the path is determined by a connected sequence of arcs x1; :::; xN .The fyig represent measurements based on the image intensity on, or in a local neighbour-hood of, these arcs. More precisely, we de�ne yi = y(fI(x) : x 2 Nbh(xi)g), where thefunction y(:) speci�es our choice of arc detector operator and Nbh(xi) speci�es the neigh-bourhood of the arc xi (i.e. the support of y(:)).Both Geman and Jedynak and Geiger and Liu can be expressed in the form of equa-tion (18). The variables X can represent either position or position plus orientation, de-pending on the application.Such reward functions are ideally suited to A* graph/tree search algorithms [16],[18],which we describe and analyze in [25],[5]. A* searches the nodes { possible branches of theroad/snake { which are most promising. The \goodness"f(n) of a node n is g(n)+h(n) whereg(n) is the reward to get to the node and h(n) is a heuristic estimate of the addition rewardto get to the �nish from n. Both Geman and Jedynak's and Geiger and Liu's algorithmscan be shown [24] to be closely related to the A* algorithms. (Geiger and Liu's algorithm isa special case of A* and Geman and Jedynak's active searching is a close approximation).25



Draft submitted to Pattern Analysis and Machine Intelligence5 Fundamental Limits: Can the problem be solved?In this section we address the basic question of whether the target curve tracking problemcan be solved at all. I.e. if we are �nding a target curve in a cluttered background can webe sure that the optimal path, which maximizes a criterion like equation (18), correspondswith high probability to the target rather than to some random alignment of backgroundclutter? Moreover, what are the statistical properties of the domain which determine thedi�culty of the problem? We are therefore asking about the fundamental limits of theproblem independent of any speci�c algorithm.We will demonstrate the existence of order parameters, depending on statistical propertiesof the domain, and critical values of these parameters which cause phase transitions in thedi�culty of detecting the target. We will also consider how good the best path will be (interms of how far, by how many arcs, it diverges from the true path).Our results will be obtained by the techniques described in section (3). It transpires thatonly simple modi�cations of those theorems will be su�cient to obtain our results.We de�ne the problem on a Q-nary tree with the prior conditional probabilities speci�edby P�G. A possible road can be represented as a sequence x1; x2; :::; xN of arcs of this tree.We can apply an edge detector which has quantized response values of y�f1; ::; Jg (whereJ << N). By analysis of our domain we determine probabilities Pon(y) and Poff (y) for theprobabilities of response value y depending on whether the arc we are testing is on or o� theroad. (We assume that the edge responses are statistically independent. This assumptionmay be questioned but it is assumed by [9],[8] and almost all the edge detector literature incomputer vision).There are two basic questions we can ask: (i) what is the probability that the true pathhas reward higher than any of the completely false paths (i.e. paths which are completely o�the road), and (ii) by how much do we expect the path with highest reward to di�er from the26



Draft submitted to Pattern Analysis and Machine Intelligencetrue path? Answering the �rst question is necessary to ensure that it is worth attemptingto answer the second question.To obtain our results we have to put bounds on the probable values of E(X) in equa-tion (18). We therefore have two log-likelihood ratios to consider: (i) the data term logPon=Poff ,and (ii) the prior term logP�G=U . For the true path the data will be generated by Pon andthe geometry by P�G. Conversely, for completely false paths the data is generated by Poffand the geometry by U . We could obtain bounds for the data and the prior term directlyby simply using the theorems, and corollaries, from section (3). All we need do is set(PA; PB) = (Pon; Poff) or (PA; PB) = (P�G; U) respectively.We are more interested, however, in dealing with the combined case of the full rewardfunction. This can be handled by a straightforward extension of our previous theorems. First,we de�ne �� = logPon(�)=Poff(�); � = 1; :::; J and �� = logP�G(�)=U(�); � = 1; :::; Qwhere the alphabet for the data and the prior are f� : � = 1; :::; Jg and f� : � = 1; :::; Qgrespectively. We let ~�off ; ~ off represent data and prior types for the false paths. Similarly,~�on; ~ on represent data and prior types for the true paths.Our main result, Theorem 4, comes from extending Sanov's theorem to the product spaceof four distributions. The proof is a slight modi�cation of our proof of Theorem 2, whichdealt with product spaces of two dimensions, and the phase transition proof of Theorem 3.Theorem 4. The expected number < FT > of completely false paths which have greaterreward than the true path is determined by an order parameterK = 2B(Pon; Poff )+2B(U; P�G)�logQ, where B(Pon; Poff) = � logfP� P 1=2off (�)P 1=2on (�)g. As N 7! 1 there is a phase tran-sition at K = 0 so that < FT >= 0 for K > 0 and < FT >7! 1 for K < 0. If K < 0 it isimpossible to detect the true road.Proof. We start by modifying our proof of Theorem 2. More speci�cally, we de�ne theset: 27
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ET = f(~�off ; ~ off ; ~�on; ~ on) : ~�on � ~�+ ~ on � ~� � ~�off � ~� + ~ off � ~�g; (19)and we replace equation (12) by:

f(~�off ; ~ off ; ~�on; ~ on) = D(~�off jjPoff) +D(~ off jjU) +D(~�onjjPon) +D(~ onjjP�G)+�1fX� �off� � 1g+ �2fX�  off� � 1g+ �3fX� �on� � 1g+ �4fX�  on(�)� 1g+
f(~�on � ~�+ ~ on � ~�)� (~�off � ~� + ~ off � ~�)g; (20)where the � 's and 
 are Lagrange multipliers as before. Once again the function f(:; :; :; :)is convex in the ~�; ~ and the Lagrange constraints are linear. Therefore there is a uniqueminimum given by:
~�off� = P 
onP 1�
offZ[1� 
] ; ~�on� = P 1�
on P 
offZ[
] ; ~ off� = P 
�GU1�
Z2[1� 
] ; ~ on� = P 1�
�G U
Z2[
] ; (21)subject to the constraint (~�on � ~� + ~ on � ~�) = (~�off � ~� + ~ off � ~�).The unique solution occurs when 
 = 1=2 (because this implies ~�off� = ~�on� and ~ off� =~ on�. Hence ~�off� � ~� = ~�on� � ~� and ~ off� � ~� = ~ on� � ~�, so the constraints are satis-�ed.) We de�ne ~�Bh = ~�off� = ~�on� and ~ Bh = ~ off� = ~ on�. We de�ne B(Pon; Poff) =(1=2)fD(~�BhjjPoff) + D(~�BhjjPon)g = � logfP� P 1=2off (�)P 1=2on (�)g (this last equality can beveri�ed by substituting for ~�Bh) and B(U; P�G) analogously). This yields:
(N + 1)�J2Q22�Nf2B(Pon;Poff )+2B(U;P�G)g � Prf(~�off ; ~ off ; ~�on; ~ on) 2 ET g� (N + 1)J2Q22�Nf2B(Pon;Poff)+2B(U;P�G)g: (22)28



Draft submitted to Pattern Analysis and Machine IntelligenceWe now adapt the proof of Theorem 3. The expected number of completely false pathswith types in ET is given by < FT >= QN (1� Q�1)Pr(~� 2 ET ), since QN(1� Q�1) is thetotal number of completely false paths. Using equation (8) we can bound this by:2�Nf2B(Pon;Poff )+2B(U;P�G)�logQg(N + 1)J2Q2 � < FT >1�Q�1 � (N + 1)J2Q22�Nf2B(Pon;Poff)+2B(U;P�G)�logQg:(23)The exponential factor in equation (23) is then given by K = 2B(Pon; Poff)+2B(U; P�G)�logQ and we have: 2�NK(N + 1)(J2Q2) � < FT >1�Q�1 � (N + 1)(J2Q2)2�NK: (24)It follows directly from equation (24) that < FT > undergoes a phase transition at K = 0and N 7! 1. If K > 0 then the expected number of completely false paths above threshold is0. But if K < 0 then the expected number of paths above threshold becomes in�nite.The results of this theorem are not surprising. The order parameter K = 2B(Pon; Poff)+2B(U; P�G)�logQ balances the e�ectiveness of the edge detector, measured by 2B(Pon; Poff),against a geometric factor 2B(U; P�G) � logQ which is determined by the number of pos-sible paths. The more reliable the edge detector (i.e. the bigger 2B(Pon; Poff )) then theeasier the problem. Similarly, the smaller the number of possible false paths (i.e. the larger2B(U; P�G)� logQ) the easier the problem becomes.Observe that, following Geman and Jedynak [9], our tree representation for paths is asimplifying assumption of the Bayesian model. It assumes that once a path diverges fromthe true path it can never recover (though we stress that the algorithm is able to recoverfrom false starts). How bad is this approximation? In Coughlan and Yuille [5] we argue thatthe main e�ect is simply to shift the order parameters upwards. Intuitively, instead of a29



Draft submitted to Pattern Analysis and Machine Intelligencesingle target path there will be a cloud of good paths 
uctuating on and o� the target path.This will e�ectively increase the order parameter by making the target easier to detect. Thisorder parameter shift is related to the number of additional paths close to the target whichhave high reward.5.1 Mixture Paths: When a Good Path goes BadSo far, we have only compared the true path to the completely false paths. But there are alarge class of paths which lie partially on the true road and partially o� it. These are pathswhich are good and then go bad. How many of these do we expect to have higher rewardsthan the true path? More precisely, what is the expected error, where we de�ne the error tobe the number of arcs which are o� the true road for the path with biggest total reward?A key concept here is the onion-like structure of the tree representation, see �gure (8).This structure allows us to classify all paths in terms of sets F1; F2; F3; ::: which depend onwhere they branch o� from the true path. Paths which are always bad (i.e. completely false)correspond to F1. Paths which are good for one segment, and then go bad, form F2 and soon. Our previous results have compared the properties of paths in F1 to those of the truepath. To understand the probabilities of paths in F2 relative to the true path, we simplyhave to peel o� the �rst layer of the onion (i.e. remove the �rst arc of the true path) andthe comparison of the rest of the true path to F2 reduces to our previous result for F1. Thusour results for F1 can be readily adapted to F2; F3; :::. Observe that paths in Fi share the�rst (i� 1) arcs with the true path, by de�nition, and hence have the same partial rewardsfor these arcs. Therefore we often only need to compare the rewards for the remaining arcs.(Variants of this argument will be used throughout the rest of this section.)Theorem 4 also applies to the sections of the path which are o� the true road. We canconsider paths in FN+1�M , which start on the true road and then are o� it for their last30
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Figure 8: Left: We can divide the set of paths up into N subsets F1; :::; FN as shown here.Paths in F1 are completely o�-road. Paths in F2 have one on-road segment and so on.Intuitively, we can think of this as an onion where we peel o� paths stage by stage. Right:When paths leave the true path they make errors which we characterize by the number offalse arcs. For example, a path in F1 has error N , a path in Fi has error N + 1� i.M segments, see �gure (8). Our theorems give us probabilistic bounds on the chances thatthe reward for these o�-road arcs is greater than the reward for the remainder of the truepath or, if we prefer, than other rewards such as the average reward of the true path. Thetheorems contain alphabet size-dependent factors, which are unimportant for large M , anddecays exponentially with M with fall-o� factors given by the appropriate order parametersK. Provided the phase factor is a long way above its critical value (i.e. we are not closeto the phase transition) then the chances of having a higher reward path with a signi�cantnumber of arcs being o�-road therefore decreases very quickly with N (of course, close tothe phase transition we will expect many mixed paths to have rewards close to that of thetrue path). We now quantify this claim.We will bound the expected error by making a series of approximations. If the path withbiggest total reward lies in FN�M+1 then the error will be M (in the event of a tie we pickthe worst case). The probability of this occurring is less than, or equal to, the probability31



Draft submitted to Pattern Analysis and Machine IntelligencePrF (M) that there is at least one path in FN�M+1 with reward greater than the true reward(this is an upper bound because it ignores the possibility that the highest reward path is inany of the other Fj : j 6= N �M + 1.) Observe that PrF (M) is an upper bound on thedistribution of possible errors and not a distribution on M (i.e. PM PrF (M) 6= 1). We canthen get an upper bound on the expected error:
< Error >� 1XM=1MPrF (M): (25)Observe that we sum to 1 rather than to N . This makes the bound looser, because theextra terms are all positive, but we do not need a tighter bound.To put an upper bound on Pr(M) we observe that paths in FN+1�M have their �rstN �M arcs in common with the true path. So to determine if they have higher rewardswe only need to compare their remaining M arcs. From Theorem 4 and Boole's inequality3we get PrF (M) � QM (M + 1)J2Q22�Mf2B(Pon;Poff )+2B(U;P�G)g. This is of form PrF (M) �(M +1)J2Q22�MK, where K = 2B(Pon; Poff) + 2B(U; P�G)� logQ. We now place an upperbound on the expected error by substituting into equation (25) and summing the series.We split the sum into two parts, see Appendix for details. The �rst ignores the alphabetfactor and uses PrF (M) � 2�M(K��) which will be an upper bound for PrF (M) forM > M0,where M0 is a cuto� factor which depends on � and the alphabet factors. The second part,�̂(�;K; J2Q2), is an additional term used to deal with the alphabet factors in the regimewhere M < M0.This gives:

< Error >� 2�(K��)(1� 2�(K��))2 + �̂(�;K; J2Q2): (26)3Recall that Boole's inequality states that Pr(A1 or A2 or ::: or An) �Pni=1 Pr(Ai):32



Draft submitted to Pattern Analysis and Machine IntelligenceThis error is small for K > 0 except as K 7! 0 where it becomes unboundedly large. Thisis intuitive because the easier the problem (i.e. the larger K) then the smaller the expectednumber of errors. Observe that the error bound is independent of N.This proves our main result:Theorem 5. The path with highest reward is expected to diverge from the best path byless than 2�(K��)(1�2�(K��))2 + �̂(�;K; J2Q2) arcs. The upper bound for the divergence decreasesexponentially with the order parameter K. As K 7! 0 the upper bound for the expecteddivergence becomes in�nite.6 DiscussionSimilar techniques can be used to analyze the performance of A* algorithms to solve the roadtracking problem and we have obtained time and memory complexity results [25],[5] whichdepend on closely related order parameters. In particular, we study: (i) an admissible A*algorithm which uses pruning and (ii) an inadmissible A* algorithm. In both cases we proveexpected convergence rates with O(N) node expansions (where N is the problem size) andalso expected constant time sorting per node expansion. The results again involve puttingprobability bounds on events such as the possibility that the algorithm wastes a lot of timeand memory exploring a false branch of the search tree.The analysis of this current paper can also be generalized to deal with situations inwhich the Bayesian models use the \wrong priors" which are only approximations to thetrue underlying distributions [26]. How much harder do we make target detection by usinga weaker model for inference? (For example, it may be unrealistic to assume that we knowthe true distribution completely accurately). As shown in [26], we can determine orderparameters when the \wrong priors" are used for inference and hence determine regimes33



Draft submitted to Pattern Analysis and Machine Intelligence(speci�ed by the order parameters) in which the use of a wrong prior will not signi�cantlya�ect the accuarcy of the inference. In other regimes, however, the wrong prior will not besu�ciently informative to make the correct inference (although the correct inference can bemade if the true prior is known). One can think of these results, informally, as determiningwhen one can get away with using dumb algorithms!We now address limitations of the current models and techniques. A major limitation ofthe techniques used in this paper is that Sanov's theorem can only be applied to analyze i.i.d.samples, and hence restricts the class of Bayesian models that we can study. This limitation,however, can be overcome [23] by using more powerful techniques from large deviation theory[22]. As shown in [23] it then becomes possible to obtain order parameters for any shift-invariant Markov random �elds such as extremely realistic texture models. Current resarchby the authors has also established order parameters for other probability distributions whichare not shift-invariant. This is an active research area.These stronger techniques will enable us to analyze more realistic Bayesian models. Forthis paper, we selected the Geman and Jedynak model [9] partially because of its e�ectivenesson real images. It does, however, contain a few limitations. One of these may be theassumption that the results of edge tests on the road are independent. In practice, however,there may be correlations between the edge tests at neighbouring locations on the roads.This is an empirical questions which can only be answered by analysis of datasets, see [14].In any case, if local correlations exist then it is highly likely that they can be modelled bya local Markov distribution { in which case, the large deviation techniques in [22],[23] canbe used to obtain order parameters. (We note that Geman and Jedynak [9] performed theiredge tests on arcs of length 10-12 pixels and made a plausible argument that neighbouringarcs were only weakly correlated.) Similarly, we might prefer a more realistic distributionof the edge responses o� the road which could be speci�ed by a model such as Zhu and34



Draft submitted to Pattern Analysis and Machine IntelligenceMumford's [28]. Such a model could also be analyzed using large deviation theory results.7 ConclusionThis paper examined the fundamental limits of performing certain forms of Bayesian infer-ence on images. It was shown that the behaviour of the MAP estimator typically dependedon an order parameter which could be calculated from the statistics of the problem domain.These results are algorithm independent and in some cases showed the existence of phasetransitions where tasks became impossible at a critical value of the order parameter. Inparticular, the entropy of the geometric prior and the Bhattacharyya bound [17] betweenPon and Poff allow us to quantify intuitions about the power of geometrical assumptions andedge detectors to solve raod and contour tracking tasks.Our analysis also assumed that the starting point for the problem was given. It shouldbe emphasized that our results can be directly adapted to the situation where the startingpoint is unknown. The only modi�cation is that the number of false paths will increase andso we will have to modify the factor QN , which appeared in the proofs, to allow for theseextra paths. But this modi�cation will merely alter the phase factors by a constant whichdepends on the size of the image. The essence of our results remains unchanged.As mentioned in the discussion, see section (6), the techniques used in this paper can alsobe applied to analyze the time and memory complexity of A* tree search for road tracking.They can also help quantify the cost of performing Bayesian inference using a \wrong prior"which is only an approximation to the true underlying probability distribution.Finally, it is very encouraging that recent work [23] has shown that more powerful tech-niques from the theory of large deviations [22] can be applied to calculate order paramatersfor a large class of Bayesian models including very realistic models for texture sysnthesis and35



Draft submitted to Pattern Analysis and Machine Intelligencediscrimination.AppendixWe need to bound sums such as: 1Xm=0m2�Bm(m+ 1)A: (27)We pick a number � and M0(�; A) such that (m + 1)A < em�; 8 m > M0(�; A). We candivide the sum into two parts: 1Xm=0m2�(B��)m + �̂(�; A;B); (28)where �̂(�; A;B) is a correction factor used to correct for the alphabet factors for smallm < MO(�; A).Let f(x) =P1m=0 2xm = 1=(1� 2x). Then it is straightforward to di�erentiate both sideswith respect to x to obtain P1m=0m2xm = 2x(1�2x)2 . We can therefore express:1Xm=0m2�Bm(m+ 1)A = 2�B(1� 2�B)2 + �̂(�; A;B): (29)AcknowledgementsWe want to acknowledge funding from NSF with award number IRI-9700446, from the Centerfor Imaging Sciences funded by ARO DAAH049510494, from the Smith-Kettlewell core grant,and the AFOSR grant F49620-98-1-0197 to A.L.Y. Lei Xu drew our attention to Pearl's bookon heuristics and lent us his copy (unfortunately the book is out of print). His, and Irwin36



Draft submitted to Pattern Analysis and Machine IntelligenceKing's, hospitality at the Chinese University of Hong Kong was greatly appreciated by ALY.We would also like to thank Dan Snow and Scott Konishi for helpful discussions as the workwas progressing and Davi Geiger for providing useful stimulation. Also in
uential was BobWestervelt's joking request that he hoped James Coughlan's PhD thesis would be technicalenough to satisfy the Harvard Physics Department. David Forsyth, Jitendra Malik, PreetiVerghese, Dan Kersten and Song Chun Zhu gave very useful feedback and encouragement.References[1] D.J. Amit. Modeling Brain Function. Cambridge University Press. 1989.[2] R. Balboa. PhD Thesis. Department of Computer Science. University of Alicante. Spain.1997.[3] P. Cheeseman, B. Kanefsky, and W. Taylor. \Where the Really Hard Problems Are".In Proc. 12th International Joint Conference on A.I.. Vol. 1., pp 331-337. Morgan-Kaufmann. 1991.[4] J.M. Coughlan, D. Snow, C. English, and A.L. Yuille. \E�cient Optimization of aDeformable Template Using Dynamic Programming". In Proceedings Computer Visionand Pattern Recognition. CVPR'98. Santa Barbara. California. 1998.[5] J.M. Coughlan and A.L. Yuille. \Bayesian A* Tree Search with Expected O(N) Conver-gence Rates for Road Tracking". In Proceedings EMMCVPR'99. Springer-Verlag. York,England. 1999.[6] T.M. Cover and J.A. Thomas. Elements of Information Theory. Wiley IntersciencePress. New York. 1991. 37



Draft submitted to Pattern Analysis and Machine Intelligence[7] M.R. Garey and D.S. Johnson. Computers and Intractability: A Guide to heTheory of NP-Completeness. W.H. Freeman and Co. New York. 1979.[8] D. Geiger and T-L Liu. \Top-Down Recognition and Bottom-Up Integration for Recog-nizing Articulated Objects". In Proceedings of the International Workshop on EnergyMinimization Methods in Computer Vision and Pattern Recognition. Ed. M. Pellilo andE. Hancock. Venice, Italy. Springer-Verlag. May. 1997.[9] D. Geman. and B. Jedynak. \An active testing model for tracking roads in satelliteimages". IEEE Trans. Patt. Anal. and Machine Intel. Vol. 18. No. 1, pp 1-14. January.1996.[10] M. Isard and A. Blake. \Contour tracking by stochastic propagation of conditionaldensity". Proc. Europ. Conf. Comput. Vision, pp. 343-356, Cambridge, UK. 1996.[11] D.W. Jacobs. \Robust and E�cient Detection of Salient Convex Groups". IEEE Trans.Patt. Anal. and Machine Intel. Vol. 18. No. 1, pp 23-37. January. 1996.[12] M. Kass, A. Witkin, and D. Terzopoulos. "Snakes: Active Contour models". In Proc.1st Int. Conf. on Computer Vision. 259-268. 1987.[13] D.C. Knill and W. Richards. (Eds). Perception as Bayesian Inference. CambridgeUniversity Press. 1996.[14] S. M. Konishi, A.L. Yuille, J.M. Coughlan and Song Chun Zhu. \Fundamental Boundson Edge Detection: An Information Theoretic Evaluation of Di�erent Edge Cues." InProceedings Computer Vision and Pattern Recognition CVPR'99. Fort Collins, Col-orado. 1999.
38



Draft submitted to Pattern Analysis and Machine Intelligence[15] P. Parodi, R. Lancewicki, A. Vijh, and J.K. Tsotsos. \Empirically-derived estimatesof the complexity of labeling line drawings of polyhedral scenes". Arti�cial Intelligence(105) 1-2. pp 47-75. 1998.[16] J. Pearl. Heuristics. Addison-Wesley. 1984.[17] B.D. Ripley. Pattern Recognition and Neural Networks. Cambridge UniversityPress. 1995.[18] S. Russell and P. Norvig. \Arti�cial Intelligence: A Modern Approach. Prentice-Hall.1995.[19] B. Selman and S. Kirkpatrick. \Critical Behaviour in the Computational Cost of satis-�ability Testing". Arti�cial Intelligence. 81(1-2); 273-295. 1996.[20] J.K. Tsotsos. \Analyzing vision at the complexity level". Behavioural and Brain Sci-ences. Vol. 13, No. 3. September. 1990.[21] J.K. Tsotsos. \On the Relative Complexity of Active versus Passive Visual Search".International Journal of Computer Vision. Vol. 7., No. 2. January 1992.[22] J.T. Lewis, C.E. P�ster, and W.G. Sullivan. \Entropy, concentration of probability, andconditional limit theorems". Markov Processes Relat. Fields. Vol. 1. pp 319-396. 1995.[23] Y.N. Wu and S.C. Zhu. \Equivalence of Ensembles and Fundamental Bounds". To ap-pear in Proceedings of the International Conference on Computer Vision. Corfu, Greece.1999.[24] A.L. Yuille and J. Coughlan. "Twenty Questions, Focus of Attention, and A*: A theo-retical comparison of optimization strategies." In Proceedings of the International Work-39



Draft submitted to Pattern Analysis and Machine Intelligenceshop on Energy Minimization Methods in Computer Vision and Pattern Recognition.Ed. M. Pellilo and E. Hancock. Venice, Italy. Springer-Verlag. May. 1997.[25] A.L. Yuille and J.M. Coughlan. \Convergence Rates of Algorithms for Visual Search:Detecting Visual Contours". In Proceedings NIPS'98. 1998.'[26] A.L. Yuille and J.M. Coughlan. `High-Level and Generic Models for Visual Search:When does high level knowledge help?". In Proceedings Computer Vision and PatternRecognition CVPR'99. Fort Collins, Colorado. 1999.[27] S.C. Zhu, Y. Wu, and D. Mumford. \Minimax Entropy Principle and Its Applicationto Texture Modeling". Neural Computation. Vol. 9. no. 8. Nov. 1997.[28] S.C. Zhu and D. Mumford. \Prior Learning and Gibbs Reaction-Di�usion". IEEE Trans.on PAMI vol. 19, no. 11. Nov. 1997.[29] S-C Zhu, Y-N Wu and D. Mumford. FRAME: Filters, Random �eld And MaximumEntropy: | Towards a Uni�ed Theory for Texture Modeling. Int'l Journal of ComputerVision 27(2) 1-20, March/April. 1998.[30] S.C. Zhu. \Embedding Gestalt Laws in Markov Random Fields". Submitted to IEEEComputer Society Workshop on Perceptual Organization in Computer Vision.BiographyBiography for Dr. A.L. Yuille.Alan Yuille received his BA in Mathematics at the University of Cambridge in 1976. Hecompleted his PhD in Theoretical Physics at Cambridge in 1980 and worked as a postdocin Physics at the University of Texas at Austin and the Institute for Theoretical Physics at40



Draft submitted to Pattern Analysis and Machine IntelligenceSanta Barbara. From 1982-86 he worked at the Arti�cial Intelligence Laboratory at MITbefore joining the Division of Applied Sciences at Harvard from 1986-1995 rising to the rankof Associate Professor. In 1995 he joined the Smith-Kettlewell Eye Research Institute in SanFrancisco. His research interests are in mathematical modelling of arti�cial and biologicalvision. He has over one hundred peer-reviewed publications in vision, neural networks, andphysics. He has co-authored two books { "Data Fusion for Sensory Information ProcessingSystems" J.J. Clark and A.L. Yuille, and "Two- and Three- Dimensional Patterns of theFace" P.W. Hallinan, G.G. Gordon, A.L. Yuille, P.J. Giblin and D.B. Mumford { and editeda book "Active Vision" with A. Blake.Biography for Dr. James M. Coughlan.James Coughlan received his B.A. in physics at Harvard University in 1990 and com-pleted his Ph.D. in physics there in 1998. He is currently working as a post-doctoral fellowwith Alan Yuille at the Smith-Kettlewell Eye Research Institute in San Francisco. His re-search interests are in computer vision and the applications of Bayesian probability theoryto arti�cial intelligence. He has published papers on theoretical and experimental issuesin deformable templates and the detection of targets in clutter, interpreting the layout ofthree-dimensional scenes, estimating optical 
ow, and learning theory.

41


