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Abstract

In this paperwe presentan imagesegmentationtechniquethat fusescontributions from
multiple featuresubspacesusingan energy minimizationapproach.For eachsubspace,we
computea per-pixel quality measureand perform a partitioning throughthe standardnor-
malizedcut algorithm[12]. To fusethe subspacesinto a �nal segmentation,we computea
subspacelabel for every pixel. The labelingis computedthroughthegraph-cutenergy mini-
mizationframework proposedby [3]. Finally, we combinethe initial subspacesegmentation
with thesubspacelabelsobtainedfrom theenergy minimizationto yield the�nal segmentation.
Wehave implementedthealgorithmandprovide resultsfor bothsyntheticandrealimages.

1 Intr oduction

Imagesegmentationin aparticularfeaturesubspaceis afairly well understoodproblem[13]. How-
ever, it is well known that operatingin only a single featuresubspace,e.g. color, texture, etc,
seldomyields a goodsegmentationfor real images. In the simplecasegiven in Figure7, seg-
mentingin either the color or the texture subspacedoesnot yield all of the regions. However,
combininginformation from multiple subspacesin an optimal manneris a dif�cult problemto
solve algorithmically. Although thereis recentinterestin combiningtwo subspacesof informa-
tion, primarily color andtexture [1, 4], we areunawareof any generaltechniquefor combining
multiplesubspaces.

� A shortversionof this paper[5] is publishedin theProceedingsof the17thInternationalConferenceonPattern
Recognition(ICPR2004).



The obvious approachonemight take to combineinformationfrom multiple subspacesis to
constructa large featurevectorwith componentsfrom eachof thesubspaces,andthenemploy a
standardsegmentationapproach.However, it is notclearthatsuchanapproachmakesgooduseof
eachsubspace,andthecurseof dimensionalitymayrendertheproblemintractable.

In this paperwe proposea methodthat fusesseparatesegmentationsfrom multiple subspaces
into one�nal segmentation.Thefusionis performedin thegraph-cutsbasedenergy minimization
framework [3, 10]; suchanenergy minimizationapproachattemptsto capturetheglobalstructure
of animagewherelocal techniqueswould fail.

1.1 RelatedWork

Theliteratureonimagesegmentationis dense.Here,wesamplerelevantpapers.Jainetal. [8] pro-
vide a completesurvey of dataclusteringtechniques.Our approachusesthenormalizedcuts[12]
imagesegmentationin eachsubspaceindependently. Thisapproachis oneof aclassof techniques
characterizedby Weiss[13] asaneigendecompositionof theaf�nity matrix.1 In theseapproaches,
dominanteigenvectorsof theaf�nity matrix areusedto recursively partitiontheimageyielding a
globalsegmentation.Thenormalizedcutstechniqueis alsousedin [11] wheretheauthorsprovide
atechniquefor combiningtextureinformationandbrightnessinformationfor imagesegmentation.

Thestrengthof energy minimizationtechniqueslie in theirability to modelglobalimagestruc-
ture on which local methodswould normally fail. However, beforethe recentwork by Boykov
et al. [3, 2], energy minimizationalgorithmsweretypically solved throughsimulatedannealing
methodswhich renderedthemcomputationallyintractable.Their framework providesanapprox-
imatesolutionto theminimizationin polynomialtime. While not all energiescanbeminimized
usinggraphcuts,Kolmogorov andZabih[10] de�ne theclassof energy functionswhicharegraph
representableandthuscanbeminimizedusinggraphcuts.Thegraphcutminimizationtechniques
have beensuccessfullyappliedto imagerestoration[3], stereo[9], and joint stereo-background
separation[7].

2 Approach

Weproposeatechniquethatcomputessegmentationsin multipleseparatesubspacesandthenfuses
themin a mannerthatattemptsto capturetheglobal imagestructure.Thethrustof our work is to
selectanappropriatesubspacefor regionsin theimagebasedon theunderlyingimagestructurein
thatregion. We proposea generalenergy minimizationalgorithmthatcomputesthis selection,or
labeling.

We �rst concentrateonourapproachfor combiningtheresultsof segmentationalgorithms.To
this end,let S be the setof labelsfor the consideredsubspacesandI be the setof imagepixel
locations.For everysubspaces 2 S wede�ne two functions:thequality function2 Qs : I ! [0; 1]
and the segmentationCs : I ! Zs with the restrictionthat Zs1 \ Zs2 = ; . Intuitively, the
quality functionshouldmeasuretheexpectationthata pixel neighborhoodwill yield a promising

1Theaf�nity matrix is a largematrix containinginformationaboutinter-pixel af�nity (similarity or dissimilarity).
20 beingthebestqualityand1 theworstquality.
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segmentation.Q is thesetof quality functionsf Qs; s 2 Sg over all subspacesandC is similarly
thesetof segmentationsf Cs; s 2 Sg over all subspaces.Onecanemploy a varietyof techniques
to computeQ andC; in Section3 we provide thecompletealgorithmandexamplesof techniques
to computeQ andCin Section4.1.

2.1 Labeling via Energy Minimization

As discussedin [10], thereis a certainclassof energy functionalsthat canbe minimizedusing
graphcuts. Theenergy functionwe choosebelongsto thatclassof functionals.The input to the
energy minimizationalgorithmis thesetof quality measuresQ andsegmentationsC. Theoutput
is to associatea labelingL : I ! S for eachpixel i 2 I that is thebestsubspacefrom thesetof
subspacesS. We assumethat theclusteringobtainedin eachsubspaceis theoptimalonefor that
subspace.Thus,wherever thequality measureis goodfor a particularsubspace,theclusteringfor
thatsubspacewill alsobegood.Basedon [3], theenergy functionalthatweminimizeis

E(L ) =
X

i 2 I

QL (i ) (i ) +
X

i;j 2 N

Vi;j (L(i ); L(j )) (1)

whereN is theneighborhoodover a setof pixels,Vi;j is thediscontinuitypreservingsmoothness
or theinteractiontermbetweenneighboringpixelsi andj . It is de�ned basedon theclusteringin
eachof thesubspaces.Wesimplify thenotationL(i ) to beL i here.

Vi;j (L i ; L j ) = k2 + (k1 � k2) � � (CL i (i ); CL i (j )) � � (CL j (i ); CL j (j )) (2)

whereCL i denotesthe clusteringin the subspacewith label L at pixel i , k2 > k1 and � is the
Kroneckerdeltafunction.

2.1.1 Minimizing the Energy Functional

Following [3], we constructa setof graphsto minimize (1). Thegraphsareconstructedwithout
a-nodesandthe� -expansionsteps3;4 areemployedto minimizetheenergy. We explain themini-
mizationof (1) with anexemplarygraphfor two pixelsduringone� -expansionstepis presented
in Figure1 wheretheQ̂L (p) (p) termsarede�ned by

Q̂L (p) (p) =
�

1 L(p) = �
QL (p)(p) otherwise

(3)

In an � -expansionstep,the max-�ow is computedfrom the � node(source)to the �� node
(sink). Thecut is de�ned by thoseedgeswhich aresaturatedduringthemax-�ow algorithm.The
pixelsarethenlabeleddependingon which of their terminaledges(either� or �� ) is cut. If the�
edgeis cut for a pixel p, thepixel takeson thenew label � : i.e. L p = � . But if the �� edgeis cut
for apixel, thelabelingdoesnotchange.Figure2 presentsthepossiblecutsontheexamplegraph:

3One� -expansionis asinglestepof theapproximationalgorithmusedto minimizetheenergy functional[3].
4Hencetheuseof smallvaluesfor highqualityandlargevaluesfor low quality (Section4.1for moreinformation).
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Figure1: An exemplarygraphfor two pixelsdepictingone� -expansionstep.

Cut 1 - Assignsi andj to label� .

Cut 2 - Preservesthepreviouslabelingfor i andj .

Cut 3 - Preservesi andassignsj to � .

Cut 4 - Assignsi to � andpreservesj .
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Figure2: Thefour possiblecuts(resultinglabelings)from themax-�ow procedureonthetwo-pixel
examplegraph.Thecutsaredepictedby theblue-dashedlines.
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2.1.2 The Interaction Term Vi;j

We explain the interactionterm (2) by providing an intuitive motivation and then highlighting
informative cases. Intuitively, the interactionterm (2) attemptsto preserve the boundaryat L i

andL j if eithersubspacesegmentationCL i or CL j indicatesa boundary. Additionally, it enforces
smoothnessin thelabelingby linking adjacentpixels.Weanalyzetheeffectof theinteractionterm
on two datasetsin Section2.1.3.

Referringto (2), for one� -expansionstepthereare� vecaseson theparametersof theinterac-
tion term. Here,thesetof possiblesubspacesis f � ; � ; 
 g. Thefollowing tableenumeratesthem
(notethateachcasehaseither2 or 4 subcasesthatdependon thesubspaceclusteringC� ; C� ; C
 ).

L i L j

1 � �
2 � �
3 � �
4 � �
5 � 


�
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Q� (j )Q� (i )

1 1

j

��

k1 L j = �

C� (j ) = 1

L i = �

C� (j ) = 1

Figure3: An exampleof case1 wherebothi andj have the� labelduringan� -expansionstep.

Weexamineasubcaseof case5 in detailthroughFigure4. Bothsubspaceclusteringshavedif-
ferentlabels,andtheinteractiontermis high (k2) andactsasadiscontinuitypreservingconstraint
betweenneighborhoodsof pixels. Thequality valuesdrive themax-�ow computationandgovern
the resultingcut; the only cut that hasthe potentialto changethe resultingsegmentationhereis
thecut through(� ; i ) and(� ; j ), andthis shouldonly happenif thequality for i andj in subspace
� is very good. An importantpoint to noteis that the quality termsarethe driving force in the
� -expansionlabelingwith interactiontermspresentto enforcesmoothnessin somecasesandto
preservediscontinuitiesin others.
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Wenotethatcase1 is redundant.Referto Figure3 for a labeledgraphhighlightingcase1 with
thesubspaceclusteringat i andj beingequal.It is easyto seethattheVi;j termplaysno rolehere
becausethetwo sinkedges(i; �� ) and(j; �� ) have in�nity weightandthuscanneverbecut.5

�

i

Q� (j )Q� (i )

j

��

k2
L j = 


C� (j ) = 2

L i = �

C� (i ) = 1

Q
 (j )Q� (i )

C
 (j ) = 2C
 (i ) = 1

Figure 4: An exampleof case5 whereboth i and j have labelsdifferent than � during an � -
expansionstep.

2.1.3 In�uence of the Interaction Term Vi;j

In thissection,weanalyzetheeffectof theinteractiontermonthelabelingof two exampleimages.
Figure5 containsthetwo labelingsfor eachimage:on theleft is thelabelingwith theinteraction
term andon the right is the labelingwithout the interactionterm. For the checker boardimage,
we seethat the interactiontermplaysa very small role. This is dueto the low frequency quality
measurescomputedon this image(Figure7).

However, for thezebraimage,we�nd thattheinteractiontermplaysastrongrole in preserving
thesmoothnessof theresultinglabeling.Referringto thezebraquality imagesin Figure8, we�nd
ambiguousqualityin themid-sectionof thesmallerzebra.Thus,agreedyalgorithmwouldperform
similar to theright side(withoutany interactionterm)andseparatethesmallerzebrainto multiple
clusters.However, our algorithmincorporatesneighborhoodinformation(throughthe interaction
term)andtheresultinglabelingis smootherin theregionswith ambiguousquality.

2.1.4 Proof that (1) is Graph-Minimizable

In order to prove that the energy function we usebelongsto the classof functionsin [10], we
rewrite theenergy functionin thesamenotationasusedthere.Let x1; x2; ::::::; xn ; n = jI j bethe

5Remember, thatanedgewith highweight(capacity)canbearmore�o w thananedgewith low weight.Duringthe
max-�ow computation,in general,edgesaresaturatedsoonerif they have low capacity, andit is thesaturatededges
whichbecomepartof thecut. Thus,an1 -weightededgecanneverbecut.
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binaryvariablesassociatedwith eachpixel i 2 I . Theenergy functionalweminimizecanthenbe
rewritten in termsof thesebinaryvariablesx i as

E(x1; ::::; xn ) =
X

i 2 I

D i (l i (x i )) +
X

i;j 2 N

Vi;j (l i (x i ); l j (x j )) (4)

where

8i 2 I l i (x i ) =
�

l0
i ; x i = 0

� ; x i = 1

Herel0
i is thelabelingfor pixel i beforethe� -expansionstep.It hasbeenshown in [10] that the

energy functionin (4) is graph-representableif andonly if theVi;j satis�esthefollowing inequality.

Vi;j (l i (0); l j (0)) + Vi;j (l i (1); l j (1))
| {z }

L:H :S:

� Vi;j (l i (0); l j (1)) + Vi;j (l i (1); l j (0))
| {z }

R:H :S:

(5)

Claim 1 TheVi;j in (2) satis�estheinequalityconditionin (5).

To show thatVi;j in (2) is graph-representable,we considerall possiblecasesandshow that(5) is
satis�edby all of them.

Case1. l i (0) = l j (0) = � .
Substitutingin theequation(5), all termsbecomeequalto Vi;j (� ; � ). TheL.H.S. of theequation
is equalto theR.H.S.thussatisfyingtheinequalitycondition.

Case2. l i (0) = � andl j 0 = �� OR l i (0) = �� andl j 0 = � .
In this case,aftersubstitutionequation(5) becomes

L.H.S.= Vi;j (� ; �� ) + Vi;j (� ; � )

R.H.S.= Vi;j (� ; � ) + Vi;j ( �� ; � )

SinceVi;j ( ��; � ) = Vi;j (� ; �� ) asVi;j is symmetricby de�nition, theequalityconditionin (5) holds.

Figure5: Labelingresultsfrom graph-cutmethodswith (left) andwithout (right) inclusionof the
interactiontermfor thesyntheticdatasetandthezebraimage.
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Case3. l i (0) = l j (0) = �� .
After substitution,equation(5) for this casebecomes

L.H.S.= Vi;j ( �� ; �� ) + Vi;j (� ; � )

R.H.S.= Vi;j ( �� ; � ) + Vi;j (� ; �� )

Dependingon the clusteringof pixels i; j in both � and �� subspaces,we have four sub-cases
outlinedin thefollowing table.Onecanseefrom thetablefor all thefour casesthattheL:H :S: �
R:H:S: andthustheinequalityconditionin (5) holds.

Clusteringof i; j in � subspace Clusteringof i; j in �� subspace L.H.S. R.H.S.
Same Same k1 + k1 k1 + k1

Different Same k1 + k2 k2 + k2

Same Different k2 + k1 k2 + k2

Different Dif ferent k2 + k2 k2 + k2

Case4. l i (0) = � ; l j (0) = 
 s:t: � ; 
 2 �� & � 6= 
 .
Theequation(5) for this casebecomes

L.H.S.= Vi;j (� ; 
 ) + Vi;j (� ; � )

R.H.S.= Vi;j (� ; � ) + Vi;j (� ; 
 )

Thereareeightsub-casesdependingon theclusteringof thepixelsi; j in � , � and
 subspaces.In
thefollowing table,thesesub-casesareenumerated.TheL:H :S: � R:H:S: in all of themandthus
theinequalityconditionin (5) holds.

Clusteringof i; j in Clusteringof i; j in Clusteringof i; j in L.H.S. R.H.S.
� subspace � subspace 
 subspace

Same Same Same k1 + k1 k1 + k1

Same Different Same k2 + k1 k2 + k1

Same Same Different k2 + k1 k1 + k2

Same Different Dif ferent k2 + k1 k2 + k2

Different Same Same k1 + k2 k2 + k2

Different Same Different k2 + k2 k2 + k2

Different Dif ferent Same k2 + k2 k2 + k2

Different Dif ferent Dif ferent k2 + k2 k2 + k2

As, theconditionin (5) is satis�ed by all thepossiblecases,theenergy function (1) usedfor
subspacefusionis graphrepresentable.

2.2 Fusionof Subspaces

The�nal stepof our algorithmperformsthefusionof thesubspacesegmentationsCbasedon the
labelingL. Eachpixel i 2 I in the�nal segmentationis assignedto theregionbasedonits labeling
L(i ) andthesubspacesegmentationCL (i ) :
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Cf (i ) = CL (i ) (i ); 8i 2 I (6)

Note that a boundaryin L createsa boundaryin the �nal segmentation.Likewise, notethat
boundariesin the highestquality regions (over which L is constant)are preserved. To reduce
noise,we �rst median�lter L.

3 The CompleteAlgorithm

The completesegmentationalgorithmis presentedin Figure6. We initially computea standard
single-subspacesegmentationusingthenormalizedcutsalgorithm[12] anda pixel-coef�cient for
eachsubspacethatmeasuresthesubspacequality. Thesetwo quantitiesdrivetheenergy minimiza-
tion whichassignsaper-pixel subspacelabelthatis thenusedin a fusionprocedure.

SEGMENT ( Input Image I )
1 foreach(subspace s 2 S )
2 foreach(pixel i 2 I )
3 Compute quality Qs(i )
4 Compute clustering Cs(I )
5 Compute labeling L(I )
6 foreach(pixel i 2 I )
7 Cf (i ) = CL (i ) (i )
8 return Cf as �nal segmentation

Figure6: Proposedsegmentationalgorithm.

We employ the standardnormalizedcutsalgorithm [12] to computesubspacesegmentation
(Ck ; k 2 S) andchooseto usethedominant6 eigenvectorsof theaf�nity matrix insteadof per-
forming explicit recursion.We follow thesameformulato computetheaf�nity matrix A as[12];
namely, wepopulatetheentriesof A astheproductof thefeaturesubspacesimilarity termandthe
clampedspatialproximity term. Speci�cally, for pixelsi andj let X ij = k X (i ) � X (j ) k2 where
X (i ) is thespatiallocationof pixel i,

A ij = e
�k F ( i ) � F ( j ) k 2

� F �

(
e

� X ij
� X if X ij < r
0 otherwise

(7)

whereF(i ) is thefeaturevectorbasedonfeaturesubspace(seeSection4.1for examplesof F) and
r is theneighborhoodtruncationthreshold.Wefollow [12] in ourchoicesof parameters,r; � F ; � X :
5; 0:01; 4:0 respectively.
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4 Experiments

In this paper, we considertechniquesandresultsfor thecolor andtexturefeaturesubspacesonly;
however, thereis no inherentlimitation in our approachlimiting it to thesetwo subspaces.We
presentresultsfor bothsyntheticandrealdata.

4.1 SubspaceDe�nitions

In both the color andtexture subspaces,we usean intuitive approachto measuringquality (Qc

andQt ): the varianceof the imageI . For the color subspace,regionswith low color variance
areexpectedto yield goodsegmentation.We take a conservativemeasurementandusethecolor-
channelwith theworstvariance.Let i 2 I beapixel in theimage,N i beaneighborhoodof pixels
abouti , � p(i ) = 1

jN j

P
x2 N I p(x) wherep 2 r, g, b, i is a planeof thecolor imageor grayscale,

and� p(i ) = 1
jN j

P
x2N (I p(x) � � p(i ))2.

� c(i ) = max[� r(i ); � g(i ); � b(i )] (8)

� t (i ) = � i (i ) (9)

By convention(Section2.1),we de�ne quality 0 asbestquality and1 asworstquality. Let � bea
thresholdon themaxcolor varianceallowed(weuse0.2in ourexperiments).

Qc(i ) =
�

1 if � c(i ) > �
� c (i )

� otherwise
(10)

Qt (i ) = 1 � � t (i ) (11)

For thecolorandtexturesubspaces,we de�ne F(i ) asfollows:

- Color - F(i ) = [v; v � s � sinh; v � s � cosh](i ), whereh; s;v aretheHSV values.

- Texture- F(i ) = [jI � g1j; � � � ; jI � gn j](i ), wherethegk aretheGaborconvolutionkernels[6]
atvariousscalesandorientations.In our implementationweuse4 scalesand6 orientations.

4.2 Results

Figure7 shows the resultof our algorithmon a syntheticimagethat containsthreeregions: one
from the texturedomainandtwo from thecolor domain. It is clearlyvisible that fusing thesub-
spacesimprovesthesegmentationsigni�cantly overeitherthecoloror texturesubspacealone.

Figure8 shows theresultof subspacefusionon a realzebraimage.Thesegmentationin both
the color and texture subspacesis shown with the resultantsegmentationobtainedby subspace
fusion.

It is importantto notethat thesegmentationin the texturesubspacein thezebraimageis not
very goodasthe segmentationwasrun on a very low resolutionimage(i.e. 100x80)wherethe
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Figure7: Resultof subspacefusionon a syntheticimage.First row shows theoriginal image,and
thecolorsubspacesegmentationandquality. Secondrow showsthetexturesubspacesegmentation
andqualityandthe�nal fusionsegmentation.Notethatquality rangesfrom 0 (black)to 1 (white)
with 0 thebestqualityand1 theworstquality.

texture information is subdued. We expect that on higher resolutionimagesthe resultswould
be muchbetter, but dueto the high computationcost involved with segmentinghigh resolution
images,wecurrentlyrestrictourselvesto low resolutionimages.

In Figure9,weshow thequalityinformationin boththecolorandtexturesubspaceonaleopard
image. The labeling assignedby the graph-cutenergy minimization is also shown with black
correspondingto color andwhite to texture. Finally theclustersandthesegmentationoverlaidon
theoriginal imageareshown.

5 Conclusionand Futur eWork

In this paperwe have presenteda techniquefor imagesegmentationwhich employs information
from multiple subspaces.We make two contributions: First, we proposea techniqueto measure
subspacequality basedon theexpectationthata local imageneighborhoodwill yield a goodseg-
mentationfor a givensubspace.Second,we proposea novel useof the graph-cutbasedenergy
minimizationframework [3] to fusethesubspacesegmentationsinto a �nal segmentation.

Presently, we show techniquesandresultsfor thecolor andtexturesubspaces.However, there
is no inherentlimitation in ourapproachlimiting it to thesetwo subspaces.

For future work, we plan to experimentwith additionalsubspaces:reconstructiongeometry
for multiple cameras,contours,neighborhoodstatistics,etc. Also, the texture subspacewe are
currentlyusingis basedon theGabor�lter responsewhichassumesarepetitive texture.However,
for caseswith scale-varyingtexture,thismeasurewill performpoorly. Alternatively, sincetheGa-
bor convolution providesa measurefor repetitiveness,a betterquality measurewould beonethat
judgesa neighborhood's repetitiveness.We arecurrentlyinvestigatingbothscaleinvariantrepet-
itive texturemeasuresandtheuseof Fourieranalysisfor computinga measureof repetitiveness.
For thegraphcut results,weplanto studytheeffectof usingdifferentsizeneighborhoods.
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Figure8: Completesegmentationfor thezebraimage. Top-left is thehigh resolutionimageand
top-right is the low-resolutionimageused. Row 2-left is the color subspaceclustering,Row 2-
right is the texturesubspace,Row 3-left is the color subspacequality, Row 3-right is the texture
subspacequality, bottom-leftis thelabelingwith blackassignedto color, andbottom-rightshows
the�nal clustering.
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Figure9: A leopardimagedatasetshowing in column1 the quality andclusteringin the color
subspace,column2 the quality andclusteringin the texture subspace,in column3 the original
imageandthelabeling,andin column4 the�nal segmentation.
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