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Abstract

In this paperwe presentan image segmentationtechniquethat fusescontritutions from
multiple featuresubspacesisingan enegy minimizationapproach.For eachsubspacewe
computea perpixel quality measureand perform a partitioning throughthe standardnor
malizedcut algorithm[12]. To fusethe subspacesto a nal seggmentationwe computea
subspacédabelfor every pixel. The labelingis computedhroughthe graph-cutenegy mini-
mizationframework proposeddy [3]. Finally, we combinethe initial subspacesementation
with thesubspacé&belsobtainedrom theenegy minimizationto yield the nal segmentation.
We have implementedhe algorithmandprovide resultsfor both syntheticandrealimages.

1 Intr oduction

Imagesegmentatiorin aparticularfeaturesubspaces afairly well understoogbroblem[13]. How-
ever, it is well known that operatingin only a single featuresubspacee.g. color, texture, etc,
seldomyields a good segmentationfor real images. In the simple casegivenin Figure 7, seay-
mentingin eitherthe color or the texture subspaceloesnot yield all of the regions. However,
combininginformation from multiple subspace# an optimal manneris a dif cult problemto
solve algorithmically Althoughthereis recentinterestin combiningtwo subspacesf informa-
tion, primarily color andtexture [1, 4], we are unavare of arny generaltechniquefor combining
multiple subspaces.

A shortversionof this papen5] is publishedn the Proceedingsf the 17thInternationalConferencen Pattern
Recognition(ICPR2004).



The obvious approachone might take to combineinformationfrom multiple subspacess to
constructa large featurevectorwith componentérom eachof the subspacesandthenemploy a
standardsggmentatiorapproachHowever, it is not clearthatsuchanapproachmakesgooduseof
eachsubspaceandthe curseof dimensionalitynayrenderthe problemintractable.

In this paperwe proposea methodthat fusesseparatesegmentationgrom multiple subspaces
into one nal segmentation.Thefusionis performedn the graph-cutdasedenegy minimization
framavork [3, 10]; suchanenegy minimizationapproachattemptgo capturethe globalstructure
of animagewherelocal techniquesvould fail.

1.1 RelatedWork

Theliteratureonimagesegmentations dense Here,we samplerelevantpapersJainetal. [8] pro-
vide acompletesunwey of dataclusteringtechniquesOur approachusesthe normalizedcuts[12]
imageseggmentatiorin eachsubspacéndependentlyThis approachs oneof aclassof techniques
characterizethy Weiss[13] asaneigendecompositioaf theaf nity matrix.! In theseapproaches,
dominanteigervectorsof theaf nity matrix areusedto recursvely partitiontheimageyielding a
globalseggmentation Thenormalizedcutstechniques alsousedin [11] wherethe authorsprovide
atechniqudor combiningtextureinformationandbrightnessnformationfor imagesegmentation.

Thestrengthof enegy minimizationtechniquedie in their ability to modelglobalimagestruc-
ture on which local methodswould normally fail. However, beforethe recentwork by Boykov
etal. [3, 2], enegy minimizationalgorithmsweretypically solved throughsimulatedannealing
methodswhich renderedhemcomputationallyintractable. Their framewnork providesanapprox-
imatesolutionto the minimizationin polynomialtime. While not all enegiescanbe minimized
usinggraphcuts,Kolmogoros andZabih[10] de ne theclassof enegy functionswhich aregraph
representablandthuscanbe minimizedusinggraphcuts. The graphcut minimizationtechniques
have beensuccessfullyappliedto imagerestoration[3], stereo[9], andjoint stereo-background
separatiori7].

2 Approach

We proposetechniquahatcomputeseggmentationsn multiple separatsubspaceandthenfuses
themin a mannerthatattemptgo capturethe globalimagestructure.Thethrustof ourwork is to

selectanappropriatesubspacéor regionsin theimagebasedn theunderlyingimagestructuren

thatregion. We proposea generalenegy minimizationalgorithmthatcomputeshis selection,or
labeling

We rst concentrat®n our approactfor combiningtheresultsof sggmentatioralgorithms.To

this end,let S be the setof labelsfor the consideredsubspaceand| be the setof imagepixel

locations.For every subspacs 2 S we de ne two functions:thequality functio? Qs : | ! [0; 1]

and the sggmentationCs : | ! Zg with the restrictionthatZ;, \ Zs, = ;. Intuitively, the
quality function shouldmeasurehe expectationthat a pixel neighborhooawill yield a promising

1Theafnity matrixis alargematrix containinginformationaboutinter-pixel af nity (similarity or dissimilarity).
20 beingthe bestquality and1 theworstquality.



segmentation.Q is the setof quality functionsf Qs; s 2 Sg over all subspaceandC is similarly
the setof sggmentationg Cg; s 2 Sg over all subspacesOnecanemploy a variety of techniques
to computeQ andC, in Section3 we provide the completealgorithmandexamplesof techniques
to computeQ andCin Sectior4.1.

2.1 Labeling via Energy Minimization

As discussedn [10], thereis a certainclassof enegy functionalsthat canbe minimized using
graphcuts. The enegy function we choosebelongsto that classof functionals. Theinput to the
enegy minimizationalgorithmis the setof quality measure€) andsegmentation<C. The output
is to associata labelingL : | ! S for eachpixeli 2 | thatis the bestsubspacérom the setof
subspaceS. We assumehatthe clusteringobtainedin eachsubspacés the optimal onefor that
subspaceThus,wherever the quality measures goodfor a particularsubspacethe clusteringfor
thatsubspacevill alsobegood.Basedon [3], theenegy functionalthatwe minimizeis

X X
E(L)= Q)+ Vig (L();L(3)) 1)
i21 i 2N
whereN is the neighborhoodbver a setof pixels,V;; is thediscontinuitypreservingsmoothness
or theinteractiontermbetweemeighboringpixelsi andj . It is de ned basedn the clusteringin
eachof the subspacesNe simplify the notationL (i) to beL; here.

Vij (LisLj) = ke + (ke ka)  (Ci(1);Ci(G))  (Cyy(0):Co, () (2)

whereC_, denoteghe clusteringin the subspacevith label L at pixel i, k, > k; and is the
Kronecler deltafunction.

2.1.1 Minimizing the Energy Functional

Following [3], we constructa setof graphsto minimize (1). The graphsare constructedvithout
a-nodesandthe -expansionsteps# areemployedto minimize the enegy. We explain the mini-
mizationof (1) with anexemplarygraphfor two pixelsduringone -expansionstepis presented
in Figure1 wherethe Q| (,(p) termsarede ned by

_ 1 L(p) =
Qp(p) = QL»(p) otherwise (3)

In an -expansionstep,the max- ow is computedfrom the node(source)to the node
(sink). Thecutis de ned by thoseedgeswvhich aresaturateaiuringthe max- ow algorithm. The
pixelsarethenlabeleddependingon which of their terminaledgegqeither or ) is cut. If the
edgeis cutfor a pixel p, the pixel takesonthenew label :ie.L, = . Butif the edgeis cut
for apixel, thelabelingdoesnot change Figure2 presentshe possiblecutson the examplegraph:

30ne -expansionis asinglestepof theapproximatioralgorithmusedto minimizethe enegy functional[3].
4Hencethe useof smallvaluesfor high quality andlargevaluesfor low quality (Sectiord.1 for moreinformation).
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Figurel: An exemplarygraphfor two pixelsdepictingone -expansiorstep.
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Figure2: Thefour possiblecuts(resultinglabelings)Yrom themax- ow procedurenthetwo-pixel
examplegraph.Thecutsaredepictedoy the blue-dashedines.



2.1.2 The Interaction Term V;;

We explain the interactionterm (2) by providing an intuitive motivation and then highlighting
informative cases. Intuitively, the interactionterm (2) attemptsto presere the boundaryat L ;
andL; if eithersubspaceegmentationC,, or C; indicatesa boundary Additionally, it enforces
smoothnesa thelabelingby linking adjacenpixels. We analyzethe effect of theinteractionterm
ontwo dataset#n Section2.1.3.

Referringto (2), for one -expansionstepthereare vecase®ntheparametersf theinterac-
tion term. Here,the setof possiblesubspaces f ; ; g. Thefollowing tableenumeratethem
(notethateachcasehaseither2 or 4 subcasethatdependnthe subspacelusteringC ;C ;C ).

L | L

gl bW N

Q () Q ()

Li= . kl . LJ:
c@i)=1 cC(@G)=1

—

Figure3: An exampleof casel wherebothi andj havethe labelduringan -expansionstep.

We examinea subcas®f caseb in detailthroughFigure4. Both subspacelusteringshave dif-
ferentlabels,andtheinteractiontermis high (k,) andactsasa discontinuitypreservingconstraint
betweemeighborhoodsf pixels. The quality valuesdrive the max- ow computatiorandgovern
the resultingcut; the only cut that hasthe potentialto changethe resultingsegmentatiorhereis
thecutthrough( ;i) and( ;j), andthis shouldonly happenf thequality for i andj in subspace

is very good. An importantpoint to noteis thatthe quality termsarethe driving force in the
-expansionlabelingwith interactiontermspresentto enforcesmoothnesén somecasesandto
presere discontinuitiesn others.



We notethatcasel is redundantReferto Figure3 for alabeledgraphhighlightingcasel with
thesubspacelusteringati andj beingequal.lt is easyto seethattheV;; termplaysnorole here
because¢hetwo sinkedgegi; ) and(j; ) havein nity weightandthuscanneverbecut?®

Q (i) Q ()
|_|: kz Lj=
c()=1| ! J C()=2
c@i)=1 C()=2
Q (i) Q ()

Figure4: An exampleof case5 wherebothi andj have labelsdifferentthan duringan -
expansiorstep.

2.1.3 Inuence of the Interaction Term V;;

In this sectionwe analyzetheeffect of theinteractiontermonthelabelingof two exampleimages.
Figure5 containsthe two labelingsfor eachimage:on theleft is the labelingwith the interaction
term andon theright is the labelingwithout the interactionterm. For the checler boardimage,
we seethatthe interactionterm playsa very smallrole. This is dueto the low frequeng quality
measuresomputecn thisimage(Figure7).

However, for thezebraimage,we nd thattheinteractiontermplaysastrongrolein preserving
thesmoothnessf theresultinglabeling. Referringto the zebraqualityimagesn Figure8, we nd
ambiguougualityin themid-sectiorof thesmallerzebra.Thus,agreedyalgorithmwould perform
similar to theright side(without ary interactionterm)andseparatéhe smallerzebrainto multiple
clusters.However, our algorithmincorporatesieighborhoodnformation(throughthe interaction
term)andtheresultinglabelingis smootheiin theregionswith ambiguouguality.

2.1.4 Proofthat (1) is Graph-Minimizable

In orderto prove that the enegy function we usebelongsto the classof functionsin [10], we

SRememberthatanedgewith highweight(capacity)canbearmore o w thananedgewith low weight. During the
max- ow computationjn general,edgesare saturatedsoonerif they have low capacity andit is the saturatededges
which becomepartof thecut. Thus,an1 -weightededgecanneverbecut.
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binaryvariablesassociatedavith eachpixeli 2 | . Theenegy functionalwe minimize canthenbe
rewrittenin termsof thesebinaryvariablesx; as

X X
E(Xq; 5 Xn) = D;i(li(x;)) + Vi (li(%i); 1 (%)) 4)
i21 i;j 2N
where 0. ~
821 lLi(x)= |V if;g

Herel? is thelabelingfor pixel i beforethe -expansionstep.It hasbeenshavnin [10] thatthe
enegy functionin (4) is graph-representabiieandonly if theV;; satis esthefollowing inequality

|Vi;j (1:(0);1;(0)) {"Zvi;j (i (1)1 (1)2 |Vi;j (1i(0); 1; (1)) {"Zvi;j (i (1)1 (O)i %)

L:H :S: R:H :S:

Claim 1 TheV,; in (2) satis estheinequalityconditionin (5).

To shav thatV;; in (2) is graph-representableje considerall possiblecasesandshow that(5) is
satis ed by all of them.

Casel. [;(0) = I;(0) =
Substitutingin the equation(5), all termsbecomeequalto V;j ( ; ). TheL.H.S. of the equation
is equalto the R.H.S.thussatisfyingtheinequalitycondition.

Case2.1;(0) = andl;0= ORI;(0)= andl;0=
In this case aftersubstitutionequation(5) becomes

LHS.= Vi (5 )+ V()
RHS=V,(; )+Vy(;)

SinceVi; (; ) = Vi (5 ) asV; issymmetricby de nition, theequalityconditionin (5) holds.

Figure5: Labelingresultsfrom graph-cutmethodswith (left) andwithout (right) inclusionof the
interactiontermfor the syntheticdataseaindthe zebraimage.



Case3. [;(0) = I;(0) =
After substitutiongquation(5) for this casebecomes

LHS.= Vi (5 )+ V()
RHS.=V(; )+Vy(;)

Dependingon the clusteringof pixelsi;j in both and
outlinedin thefollowing table. Onecanseefrom thetablefor all thefour caseghatthelL:H :S:
R:H:S: andthustheinequalityconditionin (5) holds.

subspaceswe have four sub-cases

Clusteringofi; j in subspace Clusteringofi;j in subspace L.H.S. | R.H.S.
Same Same kl + kl kl + kl
Different Same ki+ ky | ko + ks
Same Different ko + ki | ko + ko
Different Different ko + ks | ko + ko
Cased. ;(0) = ;I;(0) = st ;2 & 6

Theequation(5) for this casebecomes

LHS.= Vi (; )+ V()
RHS.=Vy(; )+Vi(;)

Thereareeightsub-casedependingn the clusteringof the pixelsi; j in

thefollowing table thesesub-caseareenumeratedThelL:H :S:

theinequalityconditionin (5) holds.

, and subspacedn
R:H:S:in all of themandthus

Clusteringofi; j in | Clusteringofi; j in | Clusteringofi;j in | L.H.S. | R.H.S.
subspace subspace subspace
Same Same Same ki+ kg | Ky + kg
Same Different Same ko + kg | ko + kq
Same Same Different ko + kg | kg + ko
Same Different Different ko + kg | ko + ko
Different Same Same ki+ Ko | ko + ks
Different Same Different ko + Ko | ko + k>
Different Different Same ko + Ko | ko + k>
Different Different Different ko + ks | Ko+ ko

As, the conditionin (5) is satis ed by all the possiblecasesthe enegy function (1) usedfor

subspacéusionis graphrepresentable.

2.2 Fusionof Subspaces

The nal stepof our algorithmperformsthe fusion of the subspaceseggmentationsC basedon the
labelingL. Eachpixeli 2 | inthe nal segmentations assignedo theregionbasednits labeling
L (i) andthesubspacegmentatiorC :



Ci(i) = CLy(i); 8 211 (6)

Note thata boundaryin L createsa boundaryin the nal segmentation.Likewise, notethat
boundariesn the highestquality regions (over which L is constant)are presered. To reduce
noise,we rst median lter L.

3 The Complete Algorithm

The completesegmentationalgorithmis presentedn Figure6. We initially computea standard
single-subspacsggmentatiorusingthe normalizedcutsalgorithm[12] anda pixel-coefcient for

eachsubspac¢hatmeasurethesubspaceuality. Thesewo quantitiedrivetheenegy minimiza-
tion which assignsa perpixel subspacéabelthatis thenusedin a fusionprocedure.

SEGMENT (Inputimage | )
foreach(subspaces2 S)
foreach(pixeli 2 1)
Compute quality Qs(i)
Compute clustering Cq(1 )
Compute labeling L(1)
foreach(pixeli 2 1)
Ci (i) = CLy(i)
return C; as nal segmentation

1
2
3
4
5
6
7
8

Figure6: Proposedegmentatioralgorithm.

We employ the standardnormalizedcuts algorithm[12] to computesubspacesegmentation
(Ck; k 2 S) andchooseto usethe dominant6 eigervectorsof the af nity matrix insteadof per
forming explicit recursion.We follow the sameformulato computethe af nity matrix A as[12];
namely we populatethe entriesof A asthe productof thefeaturesubspacsimilarity termandthe
clampedspatialproximity term. Speci cally, for pixelsi andj letX; =k X (i) X(j) k. where
X (i) is the spatiallocationof pixeli,

G
e x if Xij <r (7)
0  otherwise

k F() F()ko
Aij =e F

whereF (i) is thefeaturevectorbasedn featuresubspacéseeSectiord.1for examplesof F) and
r istheneighborhoodruncationthreshold Wefollow [12] in ourchoicesof parameters,; ¢; x:
5;0:01; 4:0 respectiely.



4 Experiments

In this paper we considertechniquesandresultsfor the color andtexture featuresubspacesenly;
however, thereis no inherentlimitation in our approachimiting it to thesetwo subspacesWe
presentesultsfor bothsyntheticandrealdata.

4.1 SubspaceDe nitions

In both the color andtexture subspacesye usean intuitive approachto measuringquality (Q.
and Qy): thevarianceof theimagel . For the color subspaceregionswith low color variance
areexpectedto yield goodsegmentation.We take a conserative measuremerdndusethe color
channelwith theworgvarlance Leti 2 | beapixelintheimage,N; beaneighborhoof pixels
abouti, P(i) _Pm «wn | P(X) wherep 2 1, g, b, i is a planeof the colorimageor grayscale,

and P(i) = Ni won (1P(X) P(i))>.

o(i) = max{ ") %) P ®)
(=10 ©)

By corvention(Section2.1), we de ne quality O asbestquality and1 asworstquality. Let bea
thresholdon the maxcolor varianceallowed (we use0.2in our experiments).

1t (i) >
Q= 0 otherwise
Q=1 (i) )

For the color andtexture subspacesye de ne F(i) asfollows:

(10)

- Color - F(i) = [v;v s sinh;v s cosh](i), whereh;s;v aretheHSV values.

- Texture-F(@) = [jI ai; ;jI oajl(i), wheretheg, aretheGaborcornvolutionkernelq6]
atvariousscalesandorientationsln ourimplementatiorwe use4 scalesand6 orientations.

4.2 Results

Figure 7 shows the resultof our algorithmon a syntheticimagethat containsthreeregions: one
from the texture domainandtwo from the color domain. It is clearly visible that fusing the sub-
spacesmprovesthe segmentatiorsigni cantly over eitherthe color or texture subspacealone.

Figure8 shaws theresultof subspacéusionon areal zebraimage. The segmentationin both
the color and texture subspacess shovn with the resultantsegmentationobtainedby subspace
fusion.

It is importantto notethatthe segmentationin the texture subspacén the zebraimageis not
very good asthe segmentationwasrun on a very low resolutionimage(i.e. 100x80)wherethe
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Figure7: Resultof subspacéusionon a syntheticimage.Firstrow shavsthe originalimage,and
thecolorsubspacsegmentatiorandquality. Secondow shavsthetexturesubspaceeggmentation
andquality andthe nal fusionseggmentationNotethatquality rangedrom 0 (black)to 1 (white)

with 0 the bestquality and1 theworstquality.

texture informationis subdued. We expect that on higher resolutionimagesthe resultswould
be much better but dueto the high computationcostinvolved with segmentinghigh resolution
imageswe currentlyrestrictourselhesto low resolutionimages.

In Figure9, we shaw thequalityinformationin boththecolorandtexturesubspacenaleopard
image. The labeling assignedby the graph-cutenegy minimizationis also shavn with black
correspondingo color andwhite to texture. Finally the clustersandthe segmentatioroverlaidon
theoriginalimageareshavn.

5 Conclusionand Futur e Work

In this paperwe have presented techniquefor imagesegmentationwhich emplgys information
from multiple subspacesWe make two contrikbutions: First, we proposea techniqueto measure
subspaceguality basedon the expectationthata localimageneighborhoowill yield a goodseg-
mentationfor a given subspace Secondwe proposea novel useof the graph-cutbasedenegy
minimizationframework [3] to fusethe subspacsggmentationsnto a nal segmentation.

Presentlywe showv techniquesndresultsfor the color andtexture subspaced-owever, there
is noinherentlimitation in our approacHimiting it to thesetwo subspaces.

For future work, we planto experimentwith additionalsubspacesreconstructiorgeometry
for multiple camerascontours,neighborhoodstatistics,etc. Also, the texture subspaceve are
currentlyusingis basednthe Gabor lter responsevhich assumesa repetitve texture. However,
for caseswith scale-aryingtexture,this measurevill performpoorly. Alternatively, sincethe Ga-
bor convolution providesa measurdor repetitvenessa betterquality measuravould be onethat
judgesa neighborhood repetitveness We arecurrentlyinvestigatingooth scaleinvariantrepet-
itive texture measuresindthe useof Fourier analysisfor computinga measureof repetitveness.
For thegraphcutresults we planto studythe effect of usingdifferentsizeneighborhoods.
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Figure8: Completesggmentatiorfor the zebraimage. Top-leftis the high resolutionimageand
top-rightis the low-resolutionimageused. Row 2-left is the color subspacelustering,Row 2-
right is the texture subspaceRow 3-left is the color subspacejuality, Row 3-right is the texture
subspaceuality, bottom-leftis thelabelingwith black assignedo color, andbottom-rightshavs
the nal clustering.
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Figure9: A leopardimagedataseshaving in column 1 the quality and clusteringin the color
subspaceg¢olumn 2 the quality and clusteringin the texture subspacein column3 the original
imageandthelabeling,andin column4 the nal seggmentation.
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