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Abstract

This thesis presents a visual tracking framework, Component-based Track-
ing. This framework combines low-level visual clues and constraints in a systematic
way. It is based on a probabilistic graphical model to infer the marginal probability
density function of the state of a tracked target. In this framework, all potential func-
tions are approximated as weighted sums of multivariate Gaussians so probabilistic
inference by message passing is equivalent to hypotheses combination and evaluation.
The possibility of low level detectors not providing useful information is taken into
account by the introduction of a null hypothesis. Simulation is conducted to verify
the framework.

In addition, a new kind of image-level region tracking method is studied.
The estimation error of transformation parameters from using kernels is analyzed,
and algorithms are proposed to select and construct optimal kernels to minimize the
estimation errors of various types of geometric transformations. The algorithms are
verified and compared against the method of sum-of-square differences (SSD) by both
simulation and using real images. This optimal kernel tracker can be either used by
itself or as a part of the component-based tracking framework.

Finally, an experimental application on face tracking by the component-based
tracking framework with optimal kernels is developed. Its performance is analyzed

and compared against that of particle filters with various numbers of particles.
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Chapter 1

Introduction

1.1 Challenges in General Tracking

A general visual tracking problem can be briefly summarized as estimating the state se-
quence of a target from an observed image sequence or sequences, given a description of the target
in some predefined form. A usual assumption is the Markovian property of the state:! in this case
the problem takes the simpler form of estimating the target state from the most recently observed
image or images and the existing estimate of the previous state.

If we consider the relationship between the state of the target and the observed image or
images, we can view tracking as a visual detection and recognition problem. A great part of the
image processing and machine vision literature is about this kind of problem, and a large number
of techniques and algorithms have been developed, some of which are already applied in industry.
However, if unfavorable conditions and a less well-controlled environment are taken into account,
for example, ambiguity, occlusion, and unstable illumination, this problem is still far from solved in
general.

A second relationship is between the previous state and the current state. This is about
predicting the target’s temporal behavior, either by having some knowledge about the mechanism
that changes the target’s state, or by statistical or intuitive means. The temporal behavior of the
target state is hardly deterministic, sometimes not even well modeled. This means that even if the
previous state estimate is accurate, it is not a reliable source of current state estimate by itself.

Further, if the target object consists of several parts, either physically or visually, or both,
and these parts can be detected or recognized individually, even in a less reliable and accurate
manner, in addition to composing the overall state of the target, the relationship between the parts
may contain constraints that can be exploited to refine the result.

In summary, there are many sources of information that can be used for visual tracking,

1Even the state in its nature form is not Markovian, often we can find an expanded state that is.



but none of them are fully dependable. Only a combination of them can produce the best result.

Component-based tracking is a probabilistic visual tracking framework that aims to orga-
nize these sources of information according to the description of the target. Each component is a
set of probabilistic variables, represented as a node in the graph. Each constraint is a potential
function, represented as an edge in the graph. Probabilistic inference is done by passing messages,
which are functions. The intention is to organize all sources of information in a formal way so that
visual tracking can be performed accurately, robustly and efficiently.

Obviously, from the point of view of artificial intelligence and machine learning, inference
in a graphical model is the easier part of the problem; learning the parameters of the model is
hard, and learning the structure of the model is even harder. However, this thesis is focused on the
application of this probabilistic graphical model in this particular visual tracking problem, so these
learning problems are subjects of further research. Instead, the structure of the model is formed in
natural and intuitive ways, and the parameters are derived by empirical methods.

In the rest of the chapter, we review some of the related work in the field.

1.2 Image Level Detection and Tracking

There are all kinds of visual cues available on images for tracking. For example, the Canny
edge detector[4] locates the edge points by following the direction of local gradient while performing
non-maximal suppression; the Harris corner detector[21] computes the “strength” of corner points
by comparing the eigenvalues of the local moment matrices computed from the image gradients. A
review[48] compares several types of features on how well they can be tracked and provides a feature
selection criterion. However, in this thesis we mainly focus on region tracking.

A widely applied region tracking technique, blob tracking, relies on the statistics of the
pixels of the target region. For example, Pfinder[56] describes the target by a multi-class statistical
model of color and shape in different viewing conditions. BraMBLe[25] computes image likelihood
by comparison of unified foreground and background statistical models. On the other hand, Sum-of-
Square-Difference (SSD) tracking[17] relies on the spatial structure of the target region. It computes
a linear operator for estimating the transformation parameters by minimizing the linearized sum
of square difference between the transformed image and the template. Hyperplane Tracking[29)
extends this idea by using artificial training instead of internal deduction of SSD to construct the
operator. More recently, kernels are used to exploit both the pixel statistics and structure of the
region. For example, Mean-Shift Tracking[6] detects the modes of an underlying density function in
a multi-model feature space by recursively applying the mean-shift procedure. Kernel Tracking with
SSD[18] estimates the transformation parameters from multiple kernels by solving the kernel-based
objective function in the SSD-like way.

In many cases, a target is composed of multiple visual cues. XVision[20] uses a simple con-

straint hierarchy to organize the trackers for individual visual cues. Incremental Focus of Attention



(IFA)[53] suggests a layered hierarchy for selecting visual cues and accordingly adjusts estimated
ranges of configurations. Data Fusion with Particles[44] uses generic important sampling for weighing

and selecting a number of sources of information? under the particle filter framework.

1.3 Kalman Filtering and Data Association

In a dynamical linear system that indicates how a state vector changes over time, and a
linear observation model that relates the state vector to an observation vector, Kalman filtering[30)
recursively estimates the state vector from observed measurements under the assumption that the
noises in both equations are white Gaussians. The Kalman filter gives optimal results in the sense
of MMSE (Minimum Mean Squared Error) or Bayesian equivalently MAP (Maximum A Posteriori).

There are various Kalman filters extensions. For non-linear systems, the Extended Kalman
Filter (EFK)[50] is the most natural extension: it simply linearizes all non-linear models. The
Unscented Kalman Filter (UKF)[28] employs an unscented transformation to capture the higher
order statistics of the uncertainty via sigma points in an effort to make prediction and estimation
more accurate.

Furthermore, the assumption of white Gaussian noise may not be a good approximation. If
the noise can be modeled, then the equations of Kalman filtering can be adjusted accordingly, such
as in [5]. Bias-aware Kalman Filters (BAKF) in [14] and [8] automatically correct the prediction bias
to some extent without an explicit model, under the assumption that a set of unbiased observations
exists.

A general method to deal with non-linear and non-white-Gaussian system is the Ensemble
Kalman Filter (EnKF)[11]. Statistics are being collected from the ensemble of Monta Carlo samples
that go through the system. In some way, EnKF is similar to the particle filter which will be
discussed in next sub-section.

Another way to approximate non-parameteric probability density is to use a sum (or a
mixture) of Gaussians[51][1]. The Gaussian-sum Filter (GSF)[15], in particular, uses a mixture of
Gaussians to approximate the probability distribution. As a result, the “core” of the distribution is
described by the “main” Gaussian component and the “tails” of the distribution are described by
either one or several additional Gaussian components.

A related problem in applying Kalman filters is data association[3][19]. The mission is to as-
sociate multiple targets with their corresponding measurements (or observations), under the presence
of false measurements or absence of part of the measurements. Some approaches are target-oriented:
the Probabilistic Data Association Filter (PDAF) puts the target through all plausible measurement,
including the possibility that no measurement is associated with the target at all, and weighs them

in probabilistic terms. The Joint Probabilistic Data Association Filter (JPDAF) further takes into

20ne of their sources of information is stereo audio



account the constraints between targets or target parts. Some other approaches to the data associ-
ation problem are measurement-oriented: Multiple-hypothesis Tracking (MHT)[46] is an algorithm
that manages the creation, evaluation and removal of hypotheses from measurements. The efficiency
of the algorithm can be improved by taking the cost ranking[42] of hypotheses into consideration[7].
Similarly, the Multiple Multistage Hypothesis Test Tracking (MMHTT) algorithm[47] uses a trun-
cated sequential probability ratio test to prune the hypothesis combination tree for computation

efficiency.

1.4 Particle Filtering

Particle Filtering[33], or Condensation[23], sometimes referred as Sequential Importance
Sampling (SIS)[10], is another family of tracking algorithms based on a totally different represen-
tation of the probability density function: a large set of samples instead of a few parameterized
functions. In particle filters, a set of weighted particles is used to represent the probabilistic dis-
tribution of the state as its samples. Temporal dynamics are described as resampling functions.
Thus, Particle Filtering has no limit on system linearity or Gaussianity. However, like any other
sampling-based method, Particle Filtering only provides accurate results in an asymptotic sense[32].

As the dimension of the problem increases and the information carried from observations
becomes complex in structure and unevenly distributed in the state space, the sampling efficiency of
particle filters becomes an issue. One way to avoid using more samples than necessary is to adjust
the number of samples on the fly according to a difference measurement between prior and posterior
probability distributions[13]. If the state space can be somehow divided into subspaces, then either
partitioned sampling methods can be used[40], or Kalman filters can be used in some subspaces[39].
On the other hand, more promising particles can have a better chance to be resampled by taking
hints from low-level visual clues directly[24], or by introducing an auxiliary variable[45].

It is worth noting that if we think of every sample in the particle filter as a hypothesis
or “proposal”, Kalman filtering can be applied on each of them to greatly increase the efficiency of
individual samples and thus that of the whole sample set, as in the Gaussian Sum Particle Filter
(GSPF)[34]. Existing improvement of Kalman filters, such as the unscented transform, can be
further applied as well, as in the Unscented Particle Filter (UPF)[54].

1.5 Bottom-up Approaches

Particle filtering is mostly a top-down, model-driven approach: the only requirement of
the data likelihood function is that it can be evaluated at any arbitrary point. In other words,
observed data is used to validate generated hypotheses. In contrast, there are some bottom-up,
data-driven algorithms: constraints are used to validate hypotheses generated by observed data.

RANSACJ[12] randomly picks data points to generate hypotheses, each of them is verified by a



robust estimator and the best one is used. The Hough transform[22] basically lets data points
“vote” for the best hypothesis. Randomized Hough transform[57], like RANSAC, randomly samples
from sets of data points, then accumulates votes in the parameters state space with improved data
structure. Random Window RHT (RWRHT)[31] further increases the efficiency of vote by limiting
the voter in a randomly sized window.

These bottom-up approaches can be utilized in the Particle Filtering framework to greatly
increase the efficiency of the particles, as in[37, 38]. The tracking framework proposed here is also

inspired by these approaches.

1.6 Probabilistic Graphical Models

Probabilistic graphical models[43, 35] use graph structures to describe probabilistic rela-
tionships between random variables, each represented by a node or vertex of the graph. It is a general
mathematical form for which both Markov Random Field (MRF)[16] and Bayesian network[26] are
example as undirected and directed graphs. More specific models, such as Hidden Markov Models
(HMM), can be thought of as a special case of probabilistic graphical models[49].

In probabilistic graphical models, probabilistic inference is done by a belief propagation
algorithm. Functions of partial sums, or “messages”, are delivered between vertexes (or nodes)
of the graph. If the graph is loop-less, such algorithms can be completed in finite number of
iterations with the exact answer®[27]. However, for multiple connected graphs, the same algorithms
are not guaranteed to converge. Nevertheless, they are still used for approximate inference with
good experimental results[41]. Furthermore, if the vertexes are divided by regions (or clusters),
more efficient methods can be used, such as General Belief Propagation (GBP)[58]. An interesting
point is that Gaussian graphical models have better properties in theory[55]. Nonparametric Belief

Propagation (NBP)[52] uses sums of Gaussians representation and uses sampling for their operations.

1.7 Thesis Contribution

The thesis has two closely related topics, each of which addresses the limitation of existing
methods and proposes the new approach.

The first topic, image level tracking of heterogeneous regions, is discussed in chapter 2.
SSD tracking is good in accuracy and efficiency, but since it directly depends on the local image
gradient structure, its convergence range is rather unpredictable. Hyperplane tracking extends the
convergence range, but it is computational costly on initialization. In this thesis, optimal kernel
tracking is proposed as a novel method to track heterogeneous regions. The introduction of the

kernel not only makes the algorithm focus on the large-scale structure of the image region, but

3put aside the practical issue of representing and summing or integrating functions for the moment



also provides a new angle to optimize on. This results in a tracker that is both accurate and
computationally efficient, and in addition has greater convergence range.

The second topic is a new general tracking framework called component-based tracking,
which is described in chapter 3 and 4. All sources of information for tracking mentioned in the
beginning of the chapter are systematically combined in this framework. While the proposed frame-
work is mathematically based on probabilistic graphical models, it does not use sampling to make
inference on the graph as most of other graphical-model-based approaches and the particle filter
do. This is to avoid the cost associated with the large number of samples or particles which is
necessary to accurately describe the probability density. Weighted sums of Gaussians are used to
described the probability density instead. The inference algorithm is driven by both target model
and measurement data, to avoid the overly reliance of either. In addition, robustness is achieved by
the introduction of “null hypothesis” as a general notation of lack of information from a branch of

the graph.



Chapter 2

Heterogeneous Regions

2.1 Motivation

Regions are one of the basic elements used for tracking. There are roughly two classes of
regions to be tracked: homogeneous regions are better described by their pixel (or feature) statistics,
and heterogeneous regions are better described by their internal structure. More specifically, such
a description for the latter can be in the terms of one or a set of model images, or templates, and a
family of feature-level and geometric deformations. This chapter shall focus on one class of approach
to these kind of problems.

Assuming the target in the observed image is a distorted version of the known original
image under a class of transformation, the task now is to find the best transformation parameters.
The Sum-of-Square-Difference (SSD) method defines “best” by the minimal sum of square difference
between the observed image and transformed image. First order approximation of this error term
leads to a linear operator on the image to generate the new transformation parameter estimate.
However, its convergence range is subject to local fluctuation of the image gradient, which is the
derivative of the image.

If the derivative is not taken directly on the image itself, but on some other function that
we have more control on, one would expect the tracker to have better convergence range. This way
of thinking naturally leads to the introduction of kernels: the product of the transformed image
and the kernel can be expressed as the product of the original image and the inversely transformed
kernel, so variation on transformation parameters only directly changes the kernel but not the image.
Since we construct the kernel ourselves in the first place, it can have desirable properties for the
purpose of taking derivatives. Figuratively, the kernel “smoothes” the image.

The introduction of a kernel provides an additional benefit: if the class of kernels has simple
analytical properties, we can estimate the cost associated with parameter estimation error. Thus,

we can select the “best” kernel for the given image in the sense that the estimated cost of estimation



error is minimal.
In this chapter, we estabilsh the general problem formulation in section 2.2, briefly review

SSD method in section 2.3, and derive optimal kernel tracking in the rest of the sections.

2.2 General Problem Formulation

Assume we have

1. a known foreground signal f : R® — R", where n is the number of dimensions of the coordinate

space and r is the number of signal bands;

2. a family of transformations T : R” x R™ — R", where m is the number of dimensions of

transformation parameters 7;

3. a background signal b : R — R", in the sense of “background” that Vxepb(x) = 0, where P

is a given region in R”; and
4. a random additive noise process n : R* — R".
We are asking for a function! k : R* — R™>7, such that for observation g generated by
g(x;7) = (f+b)(T(x;7)) + n(x) (2.2.1)
k can be used to estimate the transformation parameter as
7= /GP k(x)(g(x;7) — f(x)) dx + 79 (2.2.2)

This formulation is for tracking so that we expect 7 be in a small neighborhood of 7 and

we assume
T(x;70) =X (2.2.3)

2.3 Sum of Square Difference

As noted previouly, SSD method directly deals with 2-D grey-level images. so I(x) is used
in this section as the notation instead of f(x). The objective of SSD can be stated as given a

template image Iy(x), to find the parameters 7 for input image Ip(x) so that

N
) N2
e=Y" (I(T(x(’); 7)) — Io(x(’))) (2.3.1)
i=1
is minimized. Here x(¥, i =1,... N is the pixel grid of the image. I may need to be interpolated

as T(x(9;7) is not necessarily on the grid.

IThe value is an m by r matrix.



Note that the above minimization is equivalent? to the equation below under the assumption

of additive white Gaussian noise n:
I(T(xD;7)) = Io(x?) +n; (2.3.2)

If we linearize (approximate to first order) the right hand side of equation (2.3.1) at point

T = 79, we have

oT

ox x=T(x(?);70) or

il : oI 2\
er Z (I(T(x(’);m)) + — (tr—10)— Io(x(’))) (2.3.3)
i=1

T=T0

Let n and m be the numbers of dimensions of x and 7, respectively. Using subscript to
denote elements of a vector or a matrix, we can rewrite right hand side of equation (2.3.3) in the
matrix form:

e~ |GD(r —n) — E| (2.3.4)

where G is the N by m image gradient matrix defined as

oI
G, = — 2.3.5
i Bl (2.3.5)
D is the m by n transformation derivative (Jacobian) matrix defined as
T
py=% (2.3.6)
6Ti T=T0
E is the N by 1 “error” (column) vector
E; = I(T(x?;75)) = I (x?) (2.3.7)

and |V| stands for the L2-norm (magnitude) of vector V.
Equation (2.3.4) is in the form of standard over-constrained (normally N >> n) least-squares
problem and can be solved by existing routines using SVD (or QR or LQ) decomposition.

Furthermore, if 7y is already a close guess® in the sense that

I(T(x;7)) ~ I(x) (2.3.8)
G can be approximated by
oIy
! O |y

so that G no longer depends on the input image I. Now we can precompute the pseudo-inverse of

GD denoted by (GD)~ and use it to estimate 7 for all input image I by

#=1—(GD)"E (2.3.10)

2In the sense that the 7 that minimizes equation (2.3.1) is also a maximum-likelihood estimator to the parameters
7 under equation (2.3.2).
3To allow equation (2.3.3), 70 has to be in the neighborhood of 7 anyway.



which has time complexity of only O(mN).
In addition to geometric transformations, photometric transformations can also be allowed

easily into the setting of SSD. If equation (2.3.1) becomes

N 2
e=>" (F(I(T(x<i>;T));a) - Io(x(i))) (2.3.11)

i=1

where F'(I;0) is a class of photometric transformation with parameters o on the image, then by

(T) = (T()) ~(e¢p P) E (2.3.12)

where P is the derivative (Jacobian) matrix of F:

similar deductions we have

OF

P.= —
k 6Uj

(2.3.13)

x:x(') ,0=00

2.4 Optimal Kernels

SSD tracking is an established technique. Its accuracy is up to sub-pixel level for a close
initial guess, or after a few iterations provided it converges. However, because of the significant
spatial fluctuation of image gradient which is used for first-order approximation, the convergence
range of SSD for transformation parameters is highly dependent on the smoothness of the image
gradients. In practice, both the template and the input image need to be smoothed beforehand to
reduce the gradient fluctuation.

If we look at the equation (2.3.10) or equation (2.3.12), the estimate of each parameter in
addition to its initial value is actually the inner product between an “operator” vector and the error
vector. Specifically, in equation (2.3.10), if we define A = (GD)~ and A; be the i-th row of A, then
A; is that “operator” vector:

7 =AE (2.4.1)

Of course, A; is derived from the templates image I, and class of transformation 7'. This form is
desirable for its minimal computational cost. SSD provides one way to derive A. In this and the
following sections we seek another way to derive A to minimize the estimation error while avoiding
the relatively unpredictable convergence range of SSD caused by relying on the fine structure of
image gradients.

Instead of the SSD objective function on the image in equation (2.3.1), our criteria in op-
timal kernel tracking is directly based on the accuracy of the estimator in equation (2.2.2). This is
because our task here is not to restore image or put images into a mosaic, but to estimate the trans-
formation parameters which are to be used by applications or high-level tracking frameworks. Thus,

the “cost” of estimation error is a function of the actual parameters and the estimated parameters.
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Here we use weighted mean square error, a commaon cost function:
m
e=F [Z wz(ﬁ - Ti)2] (2.4.2)
=1

The weights w;, ¢ = 1,...,m are used to balance parameter dimensions. They are omitted for one
dimensional problems. The expectation is taken over both the randomness of n and 7, and possibly

over b as well, namely

e = EyEnE, Z w; (75 — Ti)Q] (2.4.3)
i=1
We can further assume that the noise n is zero-mean white Gaussian, i.e.
En(x)] =0; (2.4.4a)
E[n(x1)n(x2)] = 026(x1 — X2) (2.4.4b)

2.4.1 Kernels

There are many ways to construct k. One may try to solve it directly via equation (2.4.2),
by either differential equations on the functional domain or matrix manipulation on discrete samples.
Here we present a more constrained approach. k is to be derived by a linear combination of kernels
Ki(x),i=1,...,mg, each of them a function R* — R". Write K(x) as [K1(x),..., Km, (x)]T so
that K has a range of mg by r matrices.

The square difference between the observation g and the transformed original signal £f(T(x; 7))
convolved by the kernels K can be approximated to first order:

2

ex=| [ K (g6 —£(T0x: 7)) x
xeP X (2.4.5)
~ /EP K(x) (g(x) — £(x)) dx + D(# — 7o)
where D is d
D= . . K(x)f(T(x;7)) dx B (2.4.6)
To find 7 that minimizes equation (2.4.5), we need
%eK =0 (2.4.7)
which leads to
D(7 — 1) = /EP K(x) (g(x) — f(x)) dx (2.4.8)
so that
T= /eP D K(x) (g(x) — f(x)) dx + 79 (2.4.9)

where D~ is a pseudo-inverse of the matrix D.
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Compare equation (2.4.9) to equation (2.2.2),
k(x) =D K(x) (2.4.10)

Now as the form of k is constrained, K; is picked from a family of kernels to optimize on
equation (2.4.2).

The purpose of introducing a kernel is to take the derivative of the kernels instead of the
derivative of the signal itself, since the former is usually smoother for better convergence and easier

to differentiate by construction. This is achieved by change of integration variable:

p- <4 /
dr x€T(P;7)

where T~ ! is the inverse of T.

oT1

o K(T 7 (x;7))f(x) dx (2.4.11)

T=T0

Note that the range of integration is also a function of 7, so that there shall be an extra term
when moving the derivative sign into the integration sign. If we mandate the boundary condition of
the kernel:

VxeBp K(x) =0 (2.4.12)

where Bp is the boundary of P under the transformation T at 7 = 79, then this extra term is
approximately equal to 0 to the first order. Appendix A.1 details the proof of this condition. Thus

we can write:

8 |oT! oT-'| T _
D~ /x N [E I K(x)+‘—8x 5 K(x)] f(x) dx . (2.4.13)
where
d
I - —
K'(x) = K& (2.4.14)

Equations (2.4.9) and (2.4.13) are the formulas for estimating transformation parameters
for a given set of kernels. The real problem lies in how to find the set of kernels that has the
minimum estimation error as defined in equation (2.4.2) given the signal (e.g. image) being tracked.
We can further limit the possible choices of the optimal kernels within a given family of kernels. So
is the topic for the rest of the chapter.

Also, for the rest of the chapter we shall limit ourselves in single-band signals (grey-level

images for example). In other words, r=1 in section 2.2.

2.4.2 Connection to SSD

Suppose x takes values over a grid, i.e. a subset of Z™. Let x(¥) be points on the grid. If
we choose kernels K;(x) as
K;i(x) = d(x — xD) (2.4.15)

12



then the objective function to minimize in equation (2.4.5) turns into the classic SSD formulation

for tracking?.
x=3 (/. mitole = feme ) ax)

= (800~ £(DD;4))

i=1

(2.4.16)

However, as a result the SSD method takes the derivative of the signal itself when making

the first order approximation in its next step.

2.5 One-Dimensional Translation Kernels

In this section we focus on the one dimensional translation kernels, both to give a concrete
example and to develop some interesting results. This implies n =1 and m = 1 (and r = 1 too as
previously assumed). Notation-wise, many of the vectors in the previous section are now scalars so

that they are no longer written in bold font.

2.5.1 General Error Analysis

The transformation 7" has only one single parameter u for shifting:
T(z)=z—u (2.5.1)

with the initial condition ug = 0.

Substituting into equation (2.2.1), we have
9(z) = f(z —u) + b(z — u) + n(z); (2.5.2)

For now, only one kernel (mg = 1) is to be used. Denote this kernel simply as K. Letting

P =[a,b] (a < b), equation (2.4.6) becomes

b
D= %/ﬂ K(z)f(x —u) dx

u=0

b—u
4 (2.5.3)

K(z +u)f(z) dz

a—u

u=0

du J,_
b
/ K'(z) f(z) dz + (K(b) f(b) — K(a)f(a))

Il

where K'(z) = £ K ().

4The usual way to write SSD is to take the difference between the original and inverse-transformed observed
signal instead of the one between the transformed and the observed signal as shown here, however, the two objective
functions are equivalent under a change of variables.

13



Now equation (2.4.10) becomes
k(z) = D 1K(2); (2.5.4)
and the estimator equation (2.2.2) then becomes
b
6= D—l/ K()(g(z;u) — f(z)) dz (2.5.5)
a

Substituting back into equation (2.4.2), and assuming independence between u, b and n,

and without loss of generality assuming the zero-mean of 5,5 we have

b 2
e=E (D—l / K(@)(f(@ —u) — f(z) + bz — u) + n(z)) do — u>

(2.5.6)
3 ef+ep+en
where
ef=FE (D_l ' K@) (f(x —u) — f(z)) dz — u) (2.5.7a)
ey =F (D_l ' K(z)b(x — u) d:c) (2.5.7b)
- . 9
en=FE (D_l K(z)n(x) dm) (2.5.7¢)

The three error terms represent the estimation errors caused by the signal itself, back-
ground, and noise, respectively. Let us look at the background error e first. Since b(z) = 0 for all

z that® a < z < b, we have
2
E [(Dl f:+u K(z)b(z — u) d:c) ] u>0

E [(D—l fb”_'_u K(z)b(z — ) dm) 2] " <0 (2.5.8)

ep =

Now if we mandate K (a) = K (b) = 0, plus the continuity of K and a small variation of u,
we can expect the e, to be approximately zero so that it does not become the primary consideration
when looking for an optimal kernel. The side-benefit of such mandate is that equation (2.5.3) is

simplified to \
D= / K'(2)f () dz (2.5.9)

5Because the estimator in equation (2.5.5) does not change if both g(z) and f(z) increase by a constant factor, we
can always subtract the mean of b(x) from everything.

6 Although the same symbol is used, the number b of boundary [a,b] and the function of background b(z) should
be distinguishable according to their context.
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The noise error e, is simple given the zero-mean white Gaussian assumption in the previous

section: ,
en = o,iD*Z’/ K?(x) dz (2.5.10)
Now comes the signal estimation error itself:
[ bu b 2
ey =FE (D‘l K(z +u)f(x) d:L'—D_l/ K(z)f(x) dm—u)
- b \ (2.5.11)
=F (Dl/ (K(z+u) — K(x))f(x) da:—u+Af>

where . s

Ay :D’l/ K(z+u)f(z) de — D ? K(z +u)f(z) de (2.5.12)

a—u b—u

This can be similarly approximated as in the case of background error under the condition
of K(a) =0 and K(b) =0s0 Ay = 0:

b 2
ey~ E (DI/(K(x+u)—K(w))f(a:) dx—u)

- , (2.5.13)
b
=FE (Dl/ (K(z +u) — K(z) — K'(z)u) f(x) d;c)
If K'(z) is also differentiable,
e~ E <D‘1 /b %u2K"(:c)f(m) dm)
‘ (2.5.14)

. 2
= iD‘z </a K"(z)f(z) da:) E [u?]

where K" (z) = L K'(z)

Ignoring the presumably small background error if there is no suitable model for the back-
ground, equations (2.5.14) and (2.5.10) can be used to optimize the kernel K(z) being used. Note
that D also depends on K (x).

2.5.2 Roof Kernels

The estimates on estimation error terms are derived for general kernels in the previous
section. However, it is hard to select a general optimal kernel based on these estimates directly since
the domain is so big. Rather, we want to select the optimal function within a given class of functions.
In this section, we choose the roof kernel as the class, because its first order derivative only changes

at three points (two of them fixed at the boundary), which is the minimal. This provides great
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potential for minimizing the estimation error because the error is exactly caused by varying first
order derivative. In addition, as we can see later in the section, it only takes linear time to evaluate
the error estimate for all roof peak positions.

A one-dimensional “roof” kernel on the interval [a, b] with peak position ¢ (a < ¢ < b) and
height h is defined as follows:

R(z;e,h) = LA (b—z) c<z<b (2.5.15)

b
0 otherwise

Obviously all errors calculated from equations (2.5.14), (2.5.8) and (2.5.10) are independent of the
choice of h,” so we may as well let h = 1 in equation (2.5.15). Note that the interval [a,b] is the
same one for the signal f, in other words, the roof kernel covers the entire length of the signal. Only
c is the variable to be optimized on.

The derivative of the (normalized) roof kernel is even simpler:

1

—a a<zr<c
R(z;e) =4 -7 c<z<b (2.5.16)
0 r<aorz>b

Note that R'(z;c) is undefined on points a, ¢ and b.

If roof kernels are to be used, the equation (2.5.3) is

c b
p=_1 /f(:c) dw—ﬁ/ (@) dz (2.5.17)

c—a
In other words, D measures the difference between the averages of the two partitions of the signal.

The noise error term e, is easy following equation (2.5.10):

2 -2 c 1 2 b1 2
en=0,.D (/a m(x—a) da:-i-/c W(b—x) dm)

_ a2l 1. (2.5.18)
=o0.D (3(c a)+3(b c))

1 -
= gUiD 2(b — CL)

To minimize e, is to maximize |D]|.

As R"(z;c) = 0 everywhere except undefined on points a, b and ¢, the signal error term ey
cannot be calculated simply from equation (2.5.14). However, it can still be easily derived directly
from equation (2.5.11) as

ef & iD*QSQE[u“] (2.5.19)

"More generally, multiplying the kernel by a constant factor has no effect on the estimator.
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1. Let F(2°) =0, and for all i = 1,..., N, F(z(®) = F(z~D) + f(z®)

2. Find the ¢ € (¥ that minimizes e; +e,, as in equations (2.5.19) and (2.5.18), with D computed
by equation (2.5.22).

3. The optimal roof kernel for the given signal f(x) is R(z;¢) as in equation( 2.5.15).

Figure 2.1: The Algorithm to Select Peak Position of 1-D Roof Kernel

where
s 1O - f@) 1@~ ) (2.5.20)

c—a c—b

The details of the deduction is in appendix A.5.

To minimize ey is to minimize |S/D]|.

Combining equations (2.5.19) and (2.5.18), and ignoring® e,, we can search for the best ¢
to minimize e given the foreground signal f(z) and noise strength o,,. Practically, the signal f(z) is
given as N samples f(z1),..., f(zn), so finding the best ¢ is O(N) even using brute-force search.

Some comments about D and S: if we define

F(z') = /w f(z) dz (2.5.21)

another way to write equation (2.5.17) is

F(c) —F(a) F(c)—F(a)

D =
c—a b—c

(2.5.22)

The resemblance between this and equation (2.5.20) for S is interesting.

Equations (2.5.19) and (2.5.18) give the foreground and noise error estimates. Ignoring
the background error as usual, if both the noise strength and the distribution of the translation
parameter are known, we can search for the best roof kernel that minimizes the total error. Limiting
ourselves to kernels that cover the entire signal range, i.e. a and b are fixed, the only kernel parameter
to choose is the location of the peak of the kernel, ¢. If both the signal and the kernel are represented
in N, discrete data points (pixels) % i=1,...,N,, a straightforward algorithm to find the optimal
1-D roof kernel is shown in figure 2.1. The cost of both time and memory for the algorithm is ©(N;).

2.5.3 “Zigzag” Kernels

Rearranging the equations in section 2.5.2, we have

b
/ Rz:0)(f(z +u) — f(z)) do ~ Du— %sqﬂ (2.5.23)

8 Actually, if we make the boundary of the roof kernel “inside” the boundary of the signal by enough margin, i.e.
replace a and b in equation (2.5.15) for a* and b* that a* > a and b* < b, the term e, can be completely ignored
given small u no matter what b(z) is.
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where D and S are given in equations (2.5.17) and (2.5.20).

Now if we have two roof kernels R(z;c;) and R(z;cs) with corresponding Dy, S; and Da,

So such that
S1D1S,D5 <0

we can combine the two kernels into one “zigzag” kernel:
Z(x;c1,c2) = SaR(z;5¢1) — S1R(z;¢2)
so that .
/ Z(wscr,e)(f@ +u) — £(@)) dz ~ (SaDy — S1Da)u
The estimator for this zigzag kernel is accordingly

1 b
i = m/a Z(.’E;C1,C2)(g($) - f(.’L')) dz

(2.5.24)

(2.5.25)

(2.5.26)

(2.5.27)

Obviously, it has a lower order of foreground error e; than either of its component roof

kernels. The approximation or omission for background error ey is still valid as Z(a) = Z(b) =0. In

the terms of noise error e,;:

b
enz = 02(SaDy — S1Dy)"2 / (SoR(;c1) — SyR(x;¢1))? da

a

A rough calculation shows that, under the condition of equation (2.5.24),
b
en,z < 05(S2Dy — lez)*Q/ 2(S5R*(z3¢1) + ST R*(z5¢1)) dw

b b

< S{le_z/ 252R%*(z;¢1) do + Sf2D2_2/ 252 R*(z; c2) dz
a a

= 267,”1 + 267,,’2

If an extra condition of 5155 < 0 is satisfied, since R(x;c) > 0
b -
ens < 02(SyDy — Sy Dy)"2 / (S2R2(z;¢1) + S2R2(w; ¢1)) da

b b
< 52_2D1_2/ S2R*(z;¢1) dz + Sf2D;2/ S?R?*(z;c) dz
=eéen,1 1+ €en2

We can see the noise error is linearly bounded above.

(2.5.28)

(2.5.29)

(2.5.30)

For fixed a and b, the zigzag kernel has two free parameters ¢; and ¢z, corresponding to the

two peak positions of its component roof kernels. The algorithm to find their best values is similar

to the one described in figure 2.1. However its time complexity is ©(N?).
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2.5.4 Multiple Kernels

Still limiting ourselves in the one-parameter transformation (m = 1) case, we now analyze
whether using multiple kernels (mg > 1) can help us. Note that both D and K in equations (2.4.10)

and (2.4.6) are column vectors. Although there can be many pseudo-inverses of a column vector

D = [Dy,..., Dy, )7, a general one is
- D”
D == (2.5.31)
so that equation (2.4.10) becomes
DTK(z)
Each component kernel K;(z), if used individually, should produce ki(z) = D;'K;(x).
That is,
mK D2

We see that k(z) is a weighted average of ki(x). Furthermore, the weights D? are (among
other factors) inversely proportional to the errors caused by k;, as in equations (2.5.14) and (2.5.10).
So roughly speaking, the more accurate the individual kernel is, the more weight is assigned to it.

Now let us analyze the errors from k(z) in detail. Ignoring e, as usual, first ey:

e;=E ( [ #@) (o~ ) - fa)) da - u>
: mg -2 mK b 2
- B (Zp;) (ZD" (/ Ki(@)(f(z = u) — £(x)) dw—Dm))
mKg -1 mK b 2
<E (ZW) Z(/ Ki(2)(f(z —u) — f(x)) dw—Diu)
- (ZD?) 5 Dty

So the foreground signal error ey is bounded above by a weighted average of ef; which are the

(2.5.34)

foreground errors if the component kernels were used individually. This implies that the foreground

error cannot be worse than that of the worst of the kernels.
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Then e,:

mg b mKg 2
en =02 ( Df) / (Z DiKz(a:)) dz
i=1 @ i=1
mK —2 b mK mK
son( D?) / (ZD?) (21{3(@) da
=1 a =1 =1
. — (2.5.35)
:a;i( D?) / > Ki(z) da
i=1 @ =1
1
2

Same as the case of ey, the noise error e, is bounded above by a weighted average of e,; which are
the noise errors if the component kernels were used individually. This implies that the noise error
cannot be worse than that of the worst of the kernels, either.

If the noise errors of the individual kernels only depend on D in the form of e,, ; = 02 D; >C
where C'is a constant, as in the case of roof kernels, the bound in equation (2.5.35) can be rearranged

into

mg -1
en < mEo’ (Z Df) c
i=1

(2.5.36)
< mKUinC
= MKEn,;

so that the noise error cannot be worse than mg times of the noise error of the best of the kernels,
either, in this case.

In another special case, if the kernels K;(x) are not overlapping with each other, i.e. for
any z that a < z < b, there is at most one 4 that K;(z) # 0, then we have

mx —2 b /mK 2
€n = o’i (Z Df) / ( D,'Ki (l‘)) dx
i=1 a 3

(2.5.37)

Il
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If we further assume that all D;s and e;s are close in value, e, & e, ;/mk, which matches

our intuition.

2.5.5 Effectiveness of Kernel Selection

In the section 2.5.2 we discussed the estimation of two kinds of errors given the position of

the roof kernel on the known signal and outlined an algorithm to select optimal roof kernels. In this
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Figure 2.2: The graph of total (except background) estimation error against the peak position of
the one-dimension roof kernel on a smoothed discrete random signal, with white Gaussian additive
noise of 5 percent of the signal strength. Kernel width is 32 points and the translation parameter is
uniformly distributed in [—5,5]. All quantities are in pixels.

subsection we verify the effectiveness of the kernel selection algorithm by simulation experiments.
Figure (2.2) gives a typical graph of total (except background) error against the peak
position of the roof kernel on a smoothed random signal, as well as the result from the kernel
selected by the algorithm in figure 2.1. As we can see, there are several ‘peaks’ in the graph,
corresponding to the points of ¢ where D is very small.
In the simulation, the distribution of w is fixed as p(u). Every signal f®,i=1,...,Nisa
smoothed (colored) Gaussian random process. For each f(), an estimator 4 is generated from the

roof kernel, and the estimation error is defined as®

eli) — / p(u)(@(u) — u)? du (2.5.38)
The average error and the standard deviation of the error are defined as

1 )

6= — (4)
€= EZ e (2.5.39a)

1 ; 2
- = & _g

o= (e e) (2.5.39b)

i
Table 2.5.5 gives the average error € and the standard deviation s, of the error of roof
kernels in the simulation. In the table, “Selected Kernels” are kernels selected by the algorithm

in section 2.5.2; “Best Kernels” are the best performed roof kernels that have minimum error as

9Obviously, discrete samples are used to compute the integral in the experiment.
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Type of Roof Kernel Average Error | Standard Deviation

€ (in points) se (in points )
Selected Kernels 2.48 1.56
Best Kernels 1.18 0.69
Multiple Kernels 3.92 1.47
Average Kernels 350.68 7843.60
SSD (not roof kernels) 3.16 0.07

Table 2.1: The average error and standard deviation of one-dimension roof kernels over 1000
smoothed discrete random signals with white Gaussian additive noise of 5 percent of the signal
strength. Kernel width is 32 and the translation parameter is uniformly distributed in [—5, 5]. Note
that the “SSD” entry is the result of the SSD method, which is not really a roof kernel.

in equation (2.5.38) in the simulation; The results of “Multiple Kernels” as in section (2.5.4) are
computed from weighted error of average kernels as in equations (2.5.34) and (2.5.35). The result
of the SSD method in section 2.3 is also listed for comparison purpose.

From the table, we can see that the selected kernels perform statistically better then SSD.
They are still not as good as the best kernels since the equations (2.5.19) and (2.5.18) the algorithm
relies on are only approximations. Multiple kernels are not performing very well as they are usually

worse than the best of their composite kernels.

2.6 More General Kernels

It is possible to analyze kernels for more general transformation by the similar method used
in the previous section, however, for certain types of common transformation, we can reduce to 1-D
translation thus reuse the existing result.
2.6.1 Two-dimensional Translation

The selection method for roof kernels can be used to track translation of 2-D images:
9(x,y) = f(z —w,y —v) + bz — u,y —v) + n(z,y) (2.6.1)

We shall devise two 2-D kernels, K, and K, each for estimating one translation parameter

u and v, respectively:

>

by b
=D,* / Ko(z,y)l9(z,y) — f(z,y)] dedy (2.6.2a)

by pba
j=D, / / K, (2, 9)l9(,9) — f(z,y)] dzdy (2.6.2b)
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where

= /aby /bm 6;{”“' ) f(z,y) dedy (2.6.3a)
= / ’ / ’ % f(z,y) dzdy (2.6.3b)
with the requirement that
= /by /bz 8Kz ) f(z,y) dedy (2.6.4a)
0= /a abm aaliy (z,y)f(z,y) dzdy (2.6.4b)

The above can be easily deduced similarly as in the 1-D case by first-order approximation:

/ " Ko@) f(@ - uyy — v) dzdy

w/ Ky(z +u,y +v)f(z,y) dedy
by e
[0 Kalo) @) doty (2.6.5)

+u / » / - 0K,
ay Jas 0

by b= 5K,
+v/ay Ty (z,y)f(z,y) dzdy

)f(z,y) dzdy

and the same goes for K.
To apply our method of selecting 1-D roof kernels, each 2-D kernel K is composed by two
separate 1-D roof kernels R (or zigzag kernels), one on each direction:
Ky (z,y) = Rzz(x)Rzy(y) (2.6.6a)
Ky(z,y) = Ry (z)Ryy(y) (2.6.6b)
Ignoring the interaction between x- and y-translation, which is a second order error term and harder

to estimate, the criterion of best K, (z) that also satisfies the constraint of equation (2.6.4a) can be

separated into:

e minimize the error from estimator

bs
5=D! / Row(2)fo(z) do (2.6.7)
where .
D,= [ R\ (2)falz)de (2.6.8)
and Eb
fa:(m) = Rwy(y)f(wa y) dy (2'6-9)



1. Initialize (ug,vo) to a reasonable value (e.g. the center of the image region).
2. Fort=1,...,T, where T is the maximum number of iterations, do
(a) Let u; be the result of the optimal 1-D kernel selection algorithm in figure 2.1 on the
. by
signal f,(z) = [ Roy (y:vi-1) f(z,v) dy.
(b) Exit the loop if Jg«p <+ that upy = u(t)

(c) Let v be the result of a modified version of the optimal 1-D kernel selection algorithm
in figure 2.1 on the signal f,(y) = fab” R, (z;us) f(x,y) dz. The objective to minimize in
the algorithm is modified to be D as in equation (2.5.17) instead of ey + e,,.

(d) Exit the loop if Jg<y <4 that vy = v(t)

3. The optimal 2-D kernel for x-translation is K, (z,y) = Ry (@;us) Ray(ye).

Figure 2.3: The Algorithm to Construct 2-D Roof Kernel for X-translation

e minimize D, which is
b'.'l
D, = / R, (y)f=(y) dy (2.6.10)
ay

where

be
fy(y) = / Ryw(2) f(2,y) dz (2.6.11)

However, term (2.6.9) contains R,,(y) while term (2.6.11) contains Rz, (), so they can’t
be directly computed at once. Nevertheless, they can be computed iteratively by fixing one while
searching for the other. In practice, it usually only takes a few iterations before they converge. The
algorithm to find the optimal K,(z,y) can be described in figure 2.3. The same algorithm except z
and y swapped is to be used on selection of K.

To verify the effctiveness of the 2-d kernels constructed by the algorithm, experiment
is conducted using real image and simulated translation. Figure (2.4) shows the image used for
tracking experiments. Figure (2.5) shows the magnitude of estimation error over the two translation
parameters on simulated translations for both composed roof kernel and SSD. We can see that the
error of SSD increases more quickly than that of the composed roof kernel for bigger translations.

Figure (2.6) from the same experiment further illustrates the difference of the convergence

ranges between the two methods.

2.6.2 One-Dimensional Scaling

In this section, we focus on the kernels that can estimate scaling. Denote s as the scaling
parameter, now we assume
x

T(z;s) = T+s

(2.6.12)
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Figure 2.4: The image used for tracking 2-D translation using composed roof kernels, boxed area
(60 by 60 pixels) is the template.
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Figure 2.5: The magnitude (/(Z — z)% + (§ — y)?) of estimation error over the two translation
parameters £ and y on simulated translations. The upper mesh is from the SSD method and the
bottom mesh is from the composed roof kernel. All quantities are in pixels.

then
T (z;5) = (1+s)z (2.6.13)
Substituting into equations (2.4.9) and (2.4.13) and letting [a, b] be the interval, the estimate
is b
§= D_l/ K(z)(g(z) — f(x)) d=z (2.6.14)

where g(z) is the input scaled signal and
b
D= / (K(2) + oK' (2)) f(2) da (2.6.15)

Here K'(z) stands for = K(z) as usual.

Constructing the estimator from any given kernel is easy as above, however, the question
is to find an optimal kernel for the purpose. Since optimal translation kernels have already been
discussed in previous sections, especially optimal roof kernels in section 2.5.2, we can simply exploit
existing conclusions under a different coordinate system, where scaling now appears as translation.

Define

fo(z) = kae*@= f(aek(==) (2.6.16a)
K. (z) = K(ae*®~9) (2.6.16b)

It is easy to verify for k = (b — a)~! that both f.(z) and K.(z) are well defined on interval [a, b] if
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Figure 2.6: Each cross is marked for being able to estimate this pair (x,y) of 2D-translation param-

eters within error (1/(2 — 2)% + (§ — y)?) of 0.5 after 3 iterations. All quantities are in pixels.
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1. Calculate f.(z) from known f(z) by equation 2.6.16a.

2. Compute optimal translation kernel K. (z) by the algorithm in figure 2.1.
3. Calculate K (x) from the optimal K.(z) by equation 2.6.16b.

4. Calculate D by equation (2.6.15).

5. Construct the scaling kernel k(z) = D 1K (z) (as in equation (2.4.10)).

Figure 2.7: The Algorithm to Construct 1-D Scaling Kernel

both f(z) and K (z) are well defined on [a,b]. Further, the following holds for small s:

/K

/ kaek(w a)K'( k(z— a))f(ek(m—a)—ln(l—i-s)) dz

/ kaek (o) K (M=) f(ehla—a) =) 4y (2.6.17)

/K )folw — k~Ls) dz

Now right-hand side is exactly in the form of translation, and the new parameter for the
translation k~!s is proportional to the original scaling parameter s. Gaussian additive noise is still
Gaussian additive noise under the new coordinates, thus an optimal K. (z) for it can be found by
one of the methods described in previous sections. More specifically, the algorithm for constructing
a scaling kernel is shown in figure 2.7.

This coordination transform method requires that 0 ¢ [a,b]. However, it is the nature of
scaling that there is little change for the points around 2z = 0, thus their values are not going to
contribute to the estimation anyway.

Figure 2.8 compares the estimation errors of the one-dimension transformed roof kernel for
scaling as described above and the estimation errors of the SSD method in a simulated experiment.
The signals are randomly generated and smoothed. As it shows, the transformed roof kernel does
not have an advantage on accuracy against SSD for very small s, probably because it is indirectly

constructed, but its error does not rise as quickly for relatively greater s, fulfilling its purpose.

2.6.3 Two-Dimensional Scaling and Rotation

For a two-dimensional image, we need to deal with rotation and scaling simultaneously.

The transformation 7'(x;7) is 1°

xcosy +ysiny

To(z,y;1,8) = T+ s (2.6.18a)
Ty(z,y;%,8) = W (2.6.18b)

10please be aware that x is now the vector (z,y) and 7 is (¢, 5).
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Figure 2.8: The graph of estimation errors of the one-dimension transformed roof kernel for scaling
and estimation errors of the SSD method over the scaling parameter on a smoothed discrete random
signal. Kernel width is 64 points. The errors are averages of absolute errors over 1000 runs. All
quantities are unitless.

Therefore
T, Y (z,y;9,5) = (1 + s)(x cos) — ysina) (2.6.19a)
T (z,y;9,5) = (1 + s)(y costp + xsina) (2.6.19b)
50
T (x;7) _ ( (1+s)cosyy (1+3s) sin¢> (26.208)
ox —(1+4s)sing (1+s)cose
T (x7) _ ( T costh — ysin ycos) + zsin e ) (26.200)
or (1+s)(—ycosy) +zsine) (14 s)(zcost) — ysiny)
Substituting into equation (2.4.13) we have
Dy = / (2K, (z,y) — yKq(2,y)] f(2,y) dedy (2.6.21a)
D, = / (K (,9) + oK. (2,9) + yK' (2,9)] f(z,y) dady (2.6.21b)
where
Ky (z,y) = % (2.6.22a)
K!(z,y) = %;”y) (2.6.22b)
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so for two kernels KM (z,y) and K®(z,y) we can compute their corresponding (DS ),Dgl)) and

(fo), D§2)). The estimators can be derived from equation (2.4.9):
p=ht! / [DgQ)K(l)(m,y) — Dgl)K(Q)(m,y)] (9(z,y) — f(z,y)) dzdy

s=nt [ [DPKO (@) - DY KD @,)] (960.9) - fo.0) dandy

where
h=DD® + DY DY

(2.6.23a)

(2.6.23b)

(2.6.24)

Again, we are facing the problem of choosing kernels K(!) and K(®, and we shall reduce

it into translation by changing variables z, y to r, 6:

z = ae" cosf

y = ae"""ging

and accordingly map the kernel and the signal onto the new coordinates:
fo(r,0) = kae®™= f(ae* ("= cos 0, ae*("= ) sin )

K.(r,0) = K(ae" "% cos 6, ae*"% sin 6)

Now since
kae® ") f(T, (2,439, 5), Ty, 959, )
—kaeh (=) f(aek(r=0)=108(1+5) ¢o5(9 — 1) aek(r=a)—108(1+5) gin(g — 4p))
=fo(r —k ' log(1 +s),0 — )
~fe(r —k7's,0 — )
we have

/ K(2,9)f (To(@, 43 6, 8), T (2, v, 8)) dady
:/kaek(r’“)K(w,y)f(Tz(SU;y;¢,8),Ty($,y;¢73)) drdd

x/Ke(r,H)fe(r—k_ls,O—zp) drdé

(2.6.25a)
(2.6.25b)

(2.6.26a)
(2.6.26b)
(2.6.26¢)

(2.6.27)

(2.6.28)

Now right-hand side is again exactly in the form of 2-D translation. An optimal K,(z,y)

for it can be found by the algorithm described in figure 2.3. Similar to the 1-D scaling case, the

algorithm for constructing the 2-D scaling and rotation kernel for equation (2.6.23) is shown in

figure 2.9.

Figure 2.10 shows the parameter estimate of the transformed roof kernel for rotation as

described above and the estimate of the SSD method in a simulated experiment. The image ro-

tated is in figure 2.4, in which the boxed area is the template. As the graph shows, for greater

rotation parameter 1, the transformed roof kernel gives more accurate result than the SSD method

as expected.
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1. Calculate f.(r,0) from known f(z,y) by equation 2.6.26a.

2. Compute optimal translation kernel K" (r,0) and K(go)(r, 0) respectively for r and 6 transla-

tion, by the algorithm in section 2.6.1.

3. Calculate K (z,y) and K (z,y) from the optimal K(ST)(T, #) and Ké”(r,e) by equa-
tion 2.6.26b.

4. Calculate elements of D by equation (2.6.21).

5. Construct the kernels by equation (2.4.10).

Figure 2.9: The Algorithm to Construct 2-D Scling and Rotation Kernels

1 T

| |

Ground Truth

0.8 | Transformed Roof Kernel —— _|
SSD Method —*—

0.6 -

-0.6 a l l l l l
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Rotation Parameter v

Figure 2.10: The graph of both the parameter estimate from the transformed roof kernel for rotation
and the estimate from the SSD method over the rotation parameter on the image in figure 2.4. Dots
are ground truth. All quantities are in radians (0.6 rad = 34.4°).
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Chapter 3

The Tracking Framework

3.1 Rationale

The aim of component-based tracking is to provide a general framework to utilize all types

of information from
e all kinds of image-level detectors,
e internal constraints of visual or physical components of the target,
e prior knowledge of the system dynamics, and
e the observation mode that relates the states of the target to visual observations.

We base this framework on the probabilistic graphical models not only because they provide a means
to fuse the above sources of information in a mathematically unified form, but also because they are
a natural and intuitive way to present this information.

We use undirected graphs in our framework, for the following reasons:

e The constraint between different parts of the target is more naturally described by an undi-

rected edge than a directed one.

e Although a directed edge is the natural choice for an observation mode between a state and
an observation, it is equivalent to an undirected edge if the observation only depends on this

particular state.

e A directed graph can be always converted to an undirected one by creating new nodes that

are collections of existing nodes.

Furthermore, Gaussian mixture models are used as the basis of our computation for their

nice properties of easy manipulation and suitability to model multi-mode probability densities.
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Figure 3.1: A simple graph example. In the graph, random variables X and Y are generally not
independent; however, since they are only connected by random variable Z, X and Y are independent
given Z.

3.2 The Graphical Model

In this framework, an undirected graph is used to represent the relational structure for all
information sources of the tracking process. The graph G consists of a set of vertexes or nodes V'
and a set of undirected edges E. Vertices are continuous random variables X;, representing tracking

components. The entire graph represents the joint probability distribution!

of all variables, in the
sense that its structure matches the probabilistic dependencies between node variables. This can be
roughly described as independence between variables given a subset of variables that are on every
path of the original two. For example, in the simple graph illustrated in figure 3.1, random variables
X and Y are generally not independent; however, since they are only connected by random variable
Z, X and Y are independent given Z.

For a loopless graph, if we associate each edge with a local potential function ¢ of the two
variables that the edge connects, then the joint probability density function of all variables can be
dissected into a product of these potential function and a constant normalization factor called the

“partition function”. Returning to the example in figure 3.1:

Payz(T,Y,2) = Zm_ylz"p:cz(xaz)wyz(yaz) (3.2.1)

where

oy = / / / on (3, 2)0y (9, ) dadydz (32.2)

For a graph with loops, the joint probability density function is still determined by local
potential functions on all cliques, but no longer as a straightforward product of them. Nevertheless,
we? still treat it as if it were loopless and use the same message-passing algorithm presented in
chapter 4 for inference.

From the joint probability density function of all variables, the marginal probability density

function of one variable can be easily deduced by integrating out all other variables. For example,

IStrictly speaking, all the probability functions here are the posterior probabilities given the observation. This
“given clause” is always omitted to simplify expression.
2In fact, almost everyone does.
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if z is our variable of interest,
po(@) = [ [ poselo0.2) dyds (32.3)
zJy
One of the simplest estimators of  would be its expectation

b= Elz] = / op.(z) dz (3.2.4)

3.3 Message-passing for Inference

One of the algorithms to infer the marginal probabilistic distribution of any component is
called message-passing. Since the marginal probability of one variable is the integral of the joint
probability density function over the rest of variables in the graph, and in the loopless graph the
joint probability density is proportional to the product of local potentials, the marginal probability
is computed from the multiplication and integration of local potentials. These operations can be
done in a stepwise and localized manner by executing one or more iterations of passing “messages”.
Messages are partial results from the corresponding parts of the graph. They originate from “leaf”
nodes, which have only one edge associated with; they are processed on their way to the destination
node. Continuing with the example of the simple graph of figure 3.1: the message from Y to Z
would be simply t,,(y, 2); Z receives this message and integrates it over y, then multiplies it by
Yay(x,y), so the message from Z to X is ¢,y (2, y) fy Yy-(y, 2) dy; finally X receives this message and
integrates it over z, and finally normalizes to get its marginal distribution.

Algorithmically, message-passing can be described as follows: the message between node 4

and node j can be written as

mi;(z;) = /¢ij($i,$j)¢i($i) H Mk (7)) dw; (3.3.1)
keN(i)\j
where 1);(x;) is the node potential that only applies to leaf nodes in our framework and the N (%)
are the neighbor nodes of node i.
The marginal probability of a node is proportional to the product of all its incoming

messages:

p(x;) o H mi () (3.3.2)

kEN(3)
A loopless graph is a tree, so the algorithm can run in one serial pass, provided that messages are
passed in the correct order. Let the node being estimated be the root of the tree. Then messages
must originate from leaf nodes and be passed all the way up to the root. However, for a general
graph the algorithm would have to run on all nodes iteratively. Generally the convergence is not
guaranteed in theory but observed in practice. However, if everything is Gaussian, the convergence

is proven[55].
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Type of Visual Clue Possible States More Possible States
Corner Point Position

Edge Position and Orientation Length
Homogeneous Region (Blobs) | Position Size

Heterogeneous Region Transformation Parameters

Table 3.1: Examples of Types of Observation Components

3.4 Component-based Tracking

Everything discussed so far in the previous sections of this chapter is existing work upon
which the proposed component-based tracking framework is based. In our framework, nodes are
thought of as components and edges as constraints. Together they intuitively and mathematically

model the tracking target.

3.4.1 Components

Components are classified into three classes: observation (visual clues), history (historical
information), and parts (target parts). Observation and history components are leaf components
while part components are not.

Observation components directly operate on the input images. They have node potentials
computed from the underlying image-processing. These potentials are likelihood probabilities based
on the image. Different kinds of observations rely on different kinds of visual clues and image models,
they all generate a function of the state vector from the image. As we shall see later in section 3.5,
the function will be in form of sum of Gaussians. In addition, as we shall see later in section 3.7,
it can also carry an optional term indicating the reliability of the visual detector itself. Table 3.4.1
lists a few examples of the observations. The individual tracking methods of heterogeneous regions
discussed in chapter 2 can be used to generate the node potential functions, which are discussed in
detail later in section 3.4.1.

History components are actually a simplification on the temporal structure of the graph

under the following two assumptions:

1. Only observations on time ¢’ where t' < t are used for estimation of state at time ¢. In other

words, only previous and current observations are used.

2. Time is discrete, and the process is first order Markovian, which means that the conditional
probability of the state at time ¢ given states at all other times is same as that given just the
state at t — 1.3

3Strictly speaking, since we are using undirected graph (Markovian field), the conditional probability of the state
at time ¢ given states at all other times is same as that given state at ¢ — 1 and ¢ 4+ 1. However, this makes no actual
difference since future observations are not used anyway.
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Figure 3.2: History components are actually a simplification of the temporal structure of the graph
under certain assumptions. Note that white circles denote part component, gray circles denote
observation components and dark circles denote history components. This notation is used for all
figures in the rest of the chapter.
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Type of Constraint | Possible Potential Expression
Overlapping exp {—L(xi — x;)TA(x; — x;)}
Linear exp {—3(Ax; + Bx; + u)T (Ax; + Bx; +u)}
2
Distance exp {—% <\/(Axi — Bx;)T(Ax; — Bx;j) — d) }

Table 3.2: Examples of Types of Observation Components

Figure 3.2 shows this simplification on the temporal structure of the graph. The right graph is
equivalent to the left one given the marginal probability of nodes in time ¢ — 1 has already been
computed as of in time ¢t — 1 when computing the marginal probability of nodes in ¢. The node
potential of the history component simply takes the marginal probability of the corresponding part
component of the previous time-step.

Part components represent the states of visually identifiable parts of the tracking target
or that of the whole object itself. They collectively model the conceptual structure of the tracking

target. Usually the result of the tracking is a state estimate of one or a few of the part components.

3.4.2 Constraints
The concept of constraints generalizes three types of knowledge about the target. They are
e the internal constraint of the target parts, as an edge between two part components;

e the prior knowledge of the system dynamics, as an edge between a part component and a

history component; and
e the observation model, as an edge between a part component and an observation component.

The constraints between components are described in the form of the potential function
associated with the edge connecting the components. The function takes variables of states of both
components. The value of the function is the relative probability that these two states meet the
constraints, without regard to other considerations. Thus, all constraints are inherently “soft”,
meaning that violation is only penalized, but not totally prohibited. They could be made “harder”
by increasing the penalties.

Table 3.4.2 lists a few examples of constraints classified in mathematical form.

3.5 Gaussian Mixtures

Equation (3.3.1) and (3.3.2) are in mathematical terms. The functions involved must
be represented in some way before meaningful computation can be performed. If the variables

were discrete and took only a finite number of possible values, their functions could be faithfully
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represented as vectors or tables. However, for variables taking continuous values in our framework,
absent a totally symbolic computation which is not usually feasible, some kind of approximation
must be used.

One possible way is to represent the function by a collection of samples, as in particle
filtering, however, we are looking for a more effective representation in the sense of fewer numbers
are used to describe the distribution. In our framework, we approximate all density and potential
functions involved as multivariate Gaussians or weighted sums of multivariate Gaussians (also known
as Mixtures of Gaussians, hereby referred as MoGs). They can be computed effectively and exactly,
and the results would be multivariate Gaussians or MoGs as well. Furthermore, this representation
has an intuitive meaning: each of the single Gaussians in an MoG can be thought of as a weighted
hypothesis of the state of the corresponding component.

If all functions are approximated as MoGs, the rules for their multiplication and integration

must be established. Letting x denote (1, . .. ,:c‘v‘)T, an MoG function can be written as:*
- 1
fx) = Zwiexp{—i(x—ui)TAi(x—ui)} (3.5.1)
i=1

where w;, u; and A; are weight, center and inverse of the covariance matrix of respective Gaussians.
In case any of the Gaussians is only a function of part of the variables z;, the rows and columns of
unrelated variables in corresponding A;s are zeros, and they are to be ignored when computing the
inverse.

It is easy to see the multiplication of two such functions and integration of the product
results in the same form provided that the product of any two weighted Gaussians is still a weighted
Gaussian and the integral of a weighted Gaussian is also a weighted Gaussian. For Gaussians, it is

easy to deduce:

w1 exp {—%(x )T Ay (x — ul)} W exp {—%(x — )T As (x — m)}

(3.5.2)
1 T
=w exp {_E(X —u) A(x — u)}
where
1

w = W1w2 €xp {—5(111 - u2)TA1 (A1 + Az)_lAg(ul - 112)} (3533)
u = (A1 + A) M (Arws + Asuy) (3.5.3b)
A=A+ A (3.5.3¢)

dexp{z} = e®
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And

T
/wexp _% <X3 — 113) ( AT B) <X3 — ll3> dz;
Tj — Uj B C Tj — Uy (3‘5‘4)
1
=w' exp {—E(xj - uj)TA'(xj - uj)}

where

w' = w@2r) F||C|| "3 (3.5.52)
A'=A-BC BT (3.5.5b)

and m is the number of dimensions in z;, and x; stands for the column vector of all other variables
that are not z;.

Appendix A.2 and A.3 list the derivation details for equations (3.5.2) and (3.5.4).

Also, an estimator based on an MoG probability density function is easy to compute. Take

the example of equation (3.2.4), if

) = Y- G o { 500w i — i) | (35.6)

where m is the number of dimensions of x, the estimator becomes

(3.5.7)

3.6 Linearization of Potentials

There are actually two sources of approximation when representing all functions as MoGs:
one is to approximate the leaf potentials (likelihood functions) from visual clues as a single Gaussian
or an MoG. For example, if the visual clue is a color blob, positions of connected components from the
hue-segmented image can be used as centers of Gaussians, although the weights and covariances can
be tricky to assign. On the other hand, the potential function ;j(z;, ;) on edges mathematically
models the physical or logical constraint between components ¢ and j, which is not necessarily
naturally in a Gaussian form. In the case it is not, the potential function has to be approximated.
One obvious way is to fit the MoG on the function to minimize their difference. However, we use a
more efficient approximation called linearization here. It linearizes the square root of the exponent
to make the function a Gaussian, as we shall see later in this chapter.

For the purpose of simplicity let us assume for the moment both z; and x; are scalars. In

the case of one or both of them being vectors, it is but a simple task to adapt the discussion here
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accordingly. Since the scale of the potential function does not matter, let 0 < 9;;(z;, ;) < 1, so

that we can define

Yij (@i, 25) = |/ =210y (@i, ;) (3.6.1)
such that
1
Yij (i, x;) = exp {—57?3- (i xj)} (3.6.2)

First order Taylor expansion of 7;;(x;,z;) on the point (z;,z;) = (u,v) leads to

~ 1 i 0vij :
ij(zi, ;) ~ exp {—5 (%’j(u,v) + (z; — U)a—mi(u,v) + (z; — U)O—:Uj(u’v)> } (3.6.3)

£ ij(wiaxj;u7v)

Obviously, this is in the form of a Gaussian of variables (z;,z;). Now the question is, how
to pick the best (u,v). Equation (3.6.3) is a good approximation only for (z;,z;) which is in a
small neighborhood of (u,v). Recall that 9;;(z;, x;) is used in the equation (3.3.1) for multiplication
with a function of z; (and other variables) then the product is integrated. The integral is later
used in equation (3.3.1) again and (3.3.2) for another multiplication with functions of z; (and other
variables). If both the former functions and at least one of the later functions are in the form of
MoG, we can use their peaks (centers of individual Gaussians) as u and v.

Formally, the sub-expression of m () at question is:

E(zj, m) = F(mjamk)/¢ij($i;$j)G($i)d$i (3.6.4)

where both I and G are functions. If both of them are MoGs such that

F(zj,ak) = Y filxj,zh) (3.6.52)
l
G(zi) = Zgh(ﬂfz’) (3.6.5b)
h
and f; and gp are centered at x; = v; and x; = up, respectively, equation 3.6.4 becomes
E(zj, )
= zl:zh:fl(xjaxk)/¢ij(xi;wj)gh(33i) dz; (36.6)

Q

S filag,wr) /%"j (@i, @j; un, vr)gn (i) dz;
l h

Thus we impose the following restriction from the linearization of the constraint: all compo-
nents shall have at least one natural Gaussian constraint. For example, the graph shown in figure 3.3
is not computable in our framework if both potentials ¥(x, z) and 9 (y, z) are non-Gaussian, since
Z does not have any natural point of linearization for processing messages. This restriction should

not be a problem in practice since there is always the option to attach a history component.
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®-X Y@

Figure 3.3: A Forbidden graph. The graph is not computable if both potentials 1 (z, z) and ¥ (y, 2)
are non-Gaussian.

A common type of non-linear constraints is the “distance” constraint. Suppose it is between
two components ¢ and j whose variables are x; and x; respectively, the original constraint equation
is

(Ax; — Bx;)T(Ax; — Bx;) = d* (3.6.7)
where A and B are matrices and d is the scalar which represents the “distance” between x; and x;.

A nature construction for the potential function between components ¢ and j is

i (X4, X5) = exp {—% (\/(Axi — Bx;)T(Ax; — Bx;) — d> 2} (3.6.8)

as listed in table 3.4.2.
The linearization of equation (3.6.8) at point (x;,x;) = (u,Vv) as previously described in

this section is

¥i; (X6, X551, V) = exp {—% (%(Au - Bv)T(4x; — Bx;) — k — d) } (3.6.9)
where
k= /(4u— Bv)” (4u - Bv) (3.6.10)

Appendix A.6 lists the derivation details for equation (3.6.9) and (3.6.10).
In the case that both A and B can be further simplified to the identity matrix I multiplied
by a scalar factor, d can “absorb” the scalar factor and equation (3.6.8) through equation (3.6.10)

become®

wij (%3, X;) = exp {—% (\/(Xi —x;)7 (% — %) — d>2} (3.6.11)

5Note that the definition of d is no longer same as in equation (3.6.7).
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Figure 3.4: A simple graph with two leaf components X and Y and a part component Z as the result.

where o represents the “elasticity” of the constraint and

150,553 1,V) = exp {—% (Fu=w7 i —xp) — k- ) } (36.12)
where
k=y/(u—v)T(u—v) (3.6.13)

3.7 Null Hypotheses

3.7.1 Purpose

The purpose of introducing the so called “null hypothesis” in this component-based tracking
framework is to account for the possibility that some of the leaf nodes, thus part of the graph, provides
no useful information at all. For example, figure 3.4 shows a simple graph with three nodes, two of
them leaves.

If both nodes X and Y are observed with corresponding potential function v, (z) and ¥, (y),
and the constraints between X and Z and Y and Z are 9, (x, z) and 9y (y, z), respectively, the joint
probability density function of the entire graph is

p;wZIZ’Z) (1’, Y Z) = Z;ylz¢m (x)'(/}zz (:Ea z)wy (y)d}yz (ya Z) (371)
where

Zaye = / / / o (@)Pas (&, )y (U)W (1, 2) dedydz (3.7.2)

The superscript (zyz) is used above to indicate the situation that all three nodes X, Y and Z are
present.

We only care about Z, so the marginal probability density for Z is

P (2 //p;“yyj) z,y,2) dzdy (3.7.3)
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Figure 3.5: A Possible Situation with Node X Missing.

Alternatively, p(z) can be expressed in the form of product of messages from nodes X and

Y:
pgff) (z) = Zz_ylzmzz (z)myz(z) (3.7.4)
where
mmz(z) = /¢z($)¢mz(xaz) dz (3.7.5&)
my(e) = [ 0 0,2) dy (3.7.5b)

Equation (3.7.3) and equation (3.7.4) are equivalent, however, the latter is more graphically
intuitive and it is the way our component-based tracking framework works.

Now consider the possible situation that for some reason, the sensor corresponding to the
leaf node X does not provide any useful information at all. In other words, the leaf node X is not
present in the graph in this situation and only the nodes Y and Z exist, as shown in figure 3.5.

In this case, the joint probability density function of the entire graph is

Py, 2) = Zy by (y)y= (v, 2) (3.7.6)
where
z.= [ /y by W)y (0, ) dydz (3.7.7)
and
P (2) = / P (y, ) dy (3.7.8)
v

The superscript (yz) is used above to indicate the situation that only two nodes Y and Z are present.

In the term of messages, this can be expressed as

pgyz) (2) = Zy_zlmyz (2) (3.7.9)
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(+x+y) (-x+y) (+x-y) (-x+y)

Figure 3.6: The Ensemble for All Four Possible Situations

Note that the message m,,(z) remains the same in both situations.

Call the original graph in figure 3.4 the whole graph, and let us formally define a “situation”
of a whole graph as a connected subset of the whole graph. Obviously, the whole graph itself is a
situation, too. If we assign probability w(+*) to the situation in figure 3.4 and probability w(~%)
to the situation in figure 3.5, where w(*%) + w(~#) = 1, the overall (mean) marginal probability

distribution of Z with regard to the set of these two situations is

pa(2) = WP () 4 0D p9) (2)

= W) Z L mg (2)my. (2) + 0D Z g (2) (3.7.10)

TYZ

_ x —x Zz z
= Zzylz(w(+ )mwl(z) + 'LU( ) Z?/ )myz
Yz

Define
(3.7.11)

then
p:(2) = Zgymi, (2)my(2) (3.7.12)

which is in the same form as equation (3.7.4).

Thus, we can compute the overall p, (z) without going through both situations, instead, we
only need to do the computation as in the full graph, with corresponding graph branches sending
messages which have an additional constant term to indicate the possibility that this particular
branch is missing.

Furthermore, we want to consider the possibilities that the branch with leaf node Y is
present or absent as well. Define an “ensemble” to be the set of all situations that contains a node of
interest, which is Z here. In our case the ensemble as shown in figure 3.6 contains 4 situations, each

with its probability: w(t*+¥) w(=2+¥) 4 (+2=9) and w(-2-%) . Assuming the presence or absence

44



of X and Y are independent of each other, we have

wFety) = p(+2) y(+y) (3.7.13a)
w—THY) = (=) (+) (3.7.13b)
w =) = 1 (+2) (-9 (3.7.13c)
w7 = () () (3.7.13d)

where w(*¥) and w(=¥ are the respective possibilities for whether node Y is present or absent, and
wtY) £y =1,

At this moment, let us ignore the fact that the single Z node under w'~*=% is a rather
trivial situation and cannot be used for interference by itself. The overall marginal probability
distribution of Z now becomes

P (2) =0tV pleva) () 4 p(—21v) p(v2) ()
+ w(+z—y)png)(z) + w(—z—y)py)(z)
=w D Z L m, . (2)my: (2) + D w Y Z . (2)

+ WP (+Y) Z;zlmyz (z) + w® (=Y Z;l (3.7.14)

Zyy, /A
:Zw—ylz(w(‘i‘x)mmz(z) +w(—Z)_y)(w(+y)myz(z) +’U)( y) Zry )

Yz Tz

+ Z—l (Zwyz _ Zzyz Zmyz)
e Zz Zyz Za:z

In addition to equation (3.7.11), we define

my,(2) = wFmy,(2) + wY ZZZy: (3.7.15)

and
A= Z;ylz(ZZ’Z ZZZ ?:) (3.7.16)

then
p:(2) = Zy.m), (z)m)(z) + A (3.7.17)

which is again in the same form as equation (3.7.4) if we ignore A, which will be discussed in
section 3.7.2 later.

More generally, we can adjust every message to include an additional weighted term to
indicate the possibility of the absence of the node which the message is originated from. We call
this additional term (not including its weight) a “null hypothesis”, because each of the Gaussians
that forms the original message is thought of as a hypothesis, thus the absence of the node and the
corresponding lack of information is a “null” hypothesis. The later section 3.7.3 explains why the
null hypothesis is not the constant number 1. We use symbol ( for the null hypothesis.

As we can see from our example above, by using a null hypothesis adjusted message in

place of the original messages when inferring on the graph, we can directly compute the overall
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(mean) marginal probability of our node of interest over the ensemble without going over each of
the situations individually. Presumably, the ensemble is a better model for the reality than any
of its member situations if the probabilities of each of situations are accurate. Then, by using

null-hypothesis adjusted messages we have the following advantage:

e The result is more robust than the result from only one situation, for example the whole graph,

because the ensemble covers all situations.

e The computational cost is significantly lower than computing the results for all situations
individually, because the number of the situations grows exponentially with the number of

nodes in the graph.

e The computation is confined to be local. Naturally, only the sensor itself can estimate the

probability that it is not functional.

3.7.2 Weight Adjustment

All the above is well except for two issues: first, we do not know the ratio between partition
functions, yet. The value of the partition function itself is not needed at all if only one situation is
of concern, since we can normalize the result in the end. If we are to compute its value, we have
to wait till the computation of the whole graph is completed — this defeats the purpose of locality;
if we are to compute the values of both partition functions, we have to actually go through both
graphs — this defeats the purpose of saving computation cost.

The second problem appears in the form of A as in equation (3.7.16) when more than
one branch may be missing. Although the probabilities over all the situations in the ensemble is
calculated correctly by using the null hypothesis provided that the missing probabilities of branches

are independent of each other, the (yet) unknown ratio of partition functions is not a simple product:

Zmyz # Zacyz . Za:yz (3.7_18)
Zz Zyz sz
In other words, A # 0, so even if we get both Zz“"y”: and ZZ“Tyz correct, their product is still not the
right Zev: which is what we want.

z

Here we can pinpoint the exact problem: we want to estimate the impact of a missing
branch on the partition function of the graph. As shown in figure 3.7, the branch X in question may
be missing, and the (unmodified) message it passes to node Z is g(z). Assume the product of the

messages from rest of the graph to Z is f(z),° then the ratio we want to know is
o L f@() dz
[, f(z) dz

61t does not matter whether node Z is really the variable we care about or not, since the value of the partition
function is a constant given the graph and can be computed using any node as the “final” node.

(3.7.19)
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Figure 3.7: A general graph focused on the message from X to Z, where X has the possibility to be
missing.

However, so far we only know g(z) but not f(z). Consider the fact that both are Mixture
of Gaussians, what is our estimate of the ratio R?
One possible solution is to simply normalize g(z), which is the actual method we used in

the implementation:
R~ /g(z) dz (3.7.20)

If we take this simple normalization approach, the problem of A can be solved as well,
since in this approximation,
A0 (3.7.21)

This normalization is done after the messages are computed but before they are sent. This

effectively adjusts the relative weights of the null hypotheses.

3.7.3 Operation Rules

Recall that we represent all messages in the form of mixture of Gaussians in the form of
equation (3.5.1). However, as we can see from equations (3.7.11) and (3.7.15), the modified messages
are no longer in such form due to the null hypothesis. Furthermore, while this additional term acts
like a constant term when calculating the marginal distribution, i.e. the products of incoming

messages, it does not act so when calculating the outgoing message:

mij(x;) = / Gij(mizs) [ mui(@:) da (3.7.22)

keN(i)\j
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Here, before the integration there is a final multiplication between the potential function
and the partial product of the incoming messages, in addition to the multiplication to form the
latter. For this final multiplication, the null hypothesis from the partial product cannot be treated
as a constant term. The reason is that the null hypothesis here indicates that none of the underlying
branches provide any information, thus the whole sub-tree shall not provide any information in
this case either, regardless of the value of potential function. The null hypothesis itself is the only
meaningful result for this final multiplication in the case of one of the operand is a null hypothesis.

In summary, the general form of MoG in equation (3.5.1) is modified to
- 1
fx)= Z w; exp {—E(x —u;)TA4;(x — u,)} + wo( (3.7.23)
i=1

where ( is the symbol denoting the null hypothesis, and wyq is the weight of null hypothesis.
Equations (3.5.2) and (3.5.3) still apply for Gaussian terms, however, when the computation
involves the null hypothesis term (, the different sets of rules as below apply instead.

When multiplying the null hypothesis with other messages:

¢ flz) = f(z) (3.7.24a)
¢-¢=¢ (3.7.24b)

When multiplying the null hypothesis with the potential function and integrating;:

¢ fl@)=¢ (3.7.25a)
¢-¢=¢ (3.7.25Db)
/ ¢=¢ (3.7.25¢)
Last but no least, we need an estimator based on the following density that includes null
hypothesis:
= w; 1 T
p(x) = ; R exp {—§(x —u;)" Aj(x — ui)} + wg( (3.7.26)

where m is the number of dimensions of x.
Since the null hypothesis itself does not confer any useful information but only the lack of
it, the estimator in equation (3.5.7) becomes:

%= Eziww“ (3.7.27)
i=1 Vi

3.8 Pruning and Merging Hypotheses

Since all our messages take the form of sums of Gaussians, a problem naturally arises
when the messages are multiplied together: the number of Gaussian terms increases exponentially.

Although we can definitely prune the lowest weighted terms to keep the number below an upper
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limit, which we do in the end, it is always better to find another more delicate method to decrease
the number of terms before the brutal purge.

One way to do this is to merge the similar Gaussian terms, each of which represents a
hypothesis. If two Gaussian functions are very close to each other, we may as well use one to
represent both.” The weight of merged hypothesis is the sum of both hypotheses.

Now the question is what would be a good metric® for the Gaussian functions. Assuming

the two Gaussians in question are G1(x) and G (x), that
m 1 1
Gi(x) =(2m) "= ||A1||; exp {_§(X —uy)TA; (x —uy)} (3.8.1a)
m 1 1
Ga(x) = (2m) " 2 ||A2]|2 exp {—i(x —up)T Ay (x — up)} (3.8.1b)

where m is the number of dimensions of x and ||M|| stands for the absolute value of determinant of

matrix M, we define distance D as

D(Gy,Gs) = / (G1(x) — G2(x))? dx (3.8.2)

b,

Allow the same deduction as in equations (3.5.2) and (3.5.2), we have
m 1 1 1
/ G1(x)G2(x) dx = (2m)7 2 || Ax[|? || A2 |41 + Ao 7 R (3.8.3)

where
1
R =exp {—§(u1 —u)T A (Ar + A2) 7T As(wy —us)} (3.8.4)

therefore

D :/(Gl(x) _Gy(%)? dx

:/ [(Gl(x))2+(G2(x))2_2G1(x)G2(x)] dx (3.8.5)
= 0 |2l + 2Yaall 2 Al 4, + Al R

With the metric D defined, the criterion of whether G; and G5 are close enough is
D(Gl, Gz) < Dy (386)

where Dy, is a pre-given threshold.

However, there is still one catch for the above similarity metric D: the value of D depends
on the unit of x. More specifically, D is inversely proportional to the unit of x. This is because the
probability density function is of a dimension inverse to that of x. It may not be a problem as long

as it has been taken into account when choosing the threshold Dy, but it would be better if we can

70r better yet, replace both with a new Gaussian which is a weighted combination of the originals. However, if
the original Gaussians are already very close, this would not make much difference anyway.
8 Actually, being a true metric is not a requirement, just our choice happens to be one.
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have a universal threshold without considering the situational choice of unit every time, and also for

all variables of the entire graph. The following normalization would make the metric dimensionless:

[ (G1(x) — G (x))? dx

D*(G1,G2) = (3.8.7)
i (G1(x) + Ga(x))* dx
Using the same deduction as before, we have

. _ V2 A2 + V2| As|12 — 4[| Au]] | A2]|% [| A1 + Aof| 2R
D*(G1,G2) = T T T T — (3.8.8)

V2([Aill7 + V2] 42|12 + 4l A2 | Ao |41 + Ao 2R

and the criterion under this normalized metric is

D*(G1,G2) < D, (3.8.9)

where Dy} is a pre-given threshold.
Furthermore, if one or both of the hypotheses are not Gaussians but null hypotheses, the

following rules apply:

D*(G,({) = > (3.8.10a)
D*((,G) = x (3.8.10Db)
D*(¢,¢) =0 (3.8.10¢)

To give an intuitive example on reasonable choices of the threshold, assume A; = A, = A

for a particular case. Then in such a case,

) _1-R
D*(G1,CG2) = 113 (3.8.11)
where
1
R= exp {—Z(ul — llQ)TA_l(lll — 112)} (3812)

To cover the situations that two hypotheses are within the area of equivalent 1o of each other,
. 1 — 025

Dy 10 = 140 0.124 (3.8.13)

Nevertheless, 1o is a pretty loose region. If the two are within the area of equivalent 0.1c of each

other,

. 1 — 0-0025
Dino10 = 7 o003 = 0-00125 (3.8.14)
Another example is the case of u; = uy, but A; = r24,. In this case,
Dv/2(r2 +1) -4
D*(G1,Gy) = DV A —dr (3.8.15)

C(r+1)V202 + 1) + 4r

For the ratio » = 1.1, D¢} = 0.0170.
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3.9 Observations

Observations are results generated by image-level sensors. They are leaf potentials of
observation components in the framework. The potential function is in the form of MoG with the
null hypothesis. In this section we briefly talk about some of the observations in table 3.4.1, and
focus on how to fit the region trackers in chapter 2 into the component-based tracking framework.

The general form of the leaf potentials generated by the sensors from the image is
p(x) = ZwiG(x§ui;Az’) + wo( (3.9.1)
i=1
where G(x;u, A) is the Gaussian

G(x;u,A) = 1(X —uw)TA(x - u)} (3.9.2)

1
emEAl P {‘2

and m is the number of dimensions of x. The questions for each type of observations are:
1. How to generate the peak x; and the covariance A; for each hypothesis.
2. How to assign the weight w;, i = 1,...,n to corresponding hypothesis.
3. How to assign the weight wg to the null hypothesis (.

Question 3 is easy. Because the weights are only relative, we can simply assign a constant
number to wg, as long as the weights w;,i = 1,...,n are properly assigned. However, questions 1

and 2 are specific to individual sensors.

3.9.1 Corners

Corner points are one of the most used features in computer vision. The state vector
consists of the x and y coordinates of the corner points. Let I(z,y) be the image, the Harris corner

detector defines a matrix for a point (z,y):

M:<A B>:<z;<x,y>f;<x,y> f;<w,y>f;<way>> (39.3)
B C) \L( Iy IyIzy)

where I; (z,y) and I, (z,y) are gradients on x and y directions, smoothed over a local neighborhood

of (z,y). The corner “strength” is defined as
R =det(M) — k - trace(M) = (AC — B?) — k(A + C)? (3.9.4)
where k is an empirical constant. Given a threshold Ry, if
R> Ry, (3.9.5)

and R is local maximum at (z,y), we take (z,y) as a corner point.
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The above can be easily implemented in an algorithm that generates the set of corner

points {(z},y}), i = 1,...,n} from the image. So it would be easy to fit the corner detector into
the component-based tracking framework: for ¢ = 1,...,n,
x¥
u; = ( ) (3.9.6a)
yi
1 (1 0
A== (3.9.6b)
01
w; =wR (3.9.6¢)

where o and w are constants.

3.9.2 Blobs

Blobs are regions that are homogeneous or otherwise statistically distinguishable on some
feature space. To make it simple, in this section we assume the state vector be the x and y coordinates
of the center of the blob. A blob consists of a set of pixels. These pixels are segmented from the rest of
the image using a binary function on certain characteristic of the pixel and maybe its neighbors. For
example, the segmentation can be based on intensity, hue or texture. The resulting positive pixels
are classified into different blobs according to some criteria, for example, connectivity, distance or
result of some clustering algorithm. Usually the blob itself must meet some extra requirements to
be considered, for example, the area must be greater than a certain number of pixels.

Assuming there are n blobs B; = {(z};,¥5;), j = 1,...,mi}, i = 1,...,n detected in a

particular image I, we can let

1 m; *
u; = <m,- 2= %) (3.9.7a)

1 mg *
m Ej:l Yij

1 ms; * 1 mg * *
T 2ot (@ — ui) (Yl — i) T 21 (Y35 — vi)
1 &
w mi;p(my ) (3.9.7c)

where p(z,y; B;) is the “fittest” measure for pixel (z,y) to blob B;. If a prior model of the charac-
teristics of the blob is known beyond simple screening requirement, for example on its area or shape,

this knowledge can be incorporated in w; as an additional multiplier.

3.9.3 Region Tracker and Sensor Hints

For heterogeneous regions that are identifiable by their internal spatial structure, the region

trackers in chapter 2 can be used. The state vector is the transformation parameters. The estimators
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of both the SSD tracker and the optimal kernel tracker have the same form:
#(10) = 10 + Z k(x) (I(T (x;70)) — Io(x)) (3-98)

In addition, we define a verifier

E(7) = : exp{ LZ(I(T(x;%)) —Io(x))z} (3.9.9)

2 T 9,2
2mo? 202s

where o, is a constant and s is the area of the template image Iy. Now, we can almost fit the region

trackers into the component-based tracking framework:

u; =17(u; ) (3.9.10a)
A; = aimzd(m) (3.9.10b)

where o is a constant, m is the number of dimensions of the parameters, and I;(m) refers to the m
by m identity matrix.

However, there is still one thing missing from the above equations (thus the “almost”). We
need the initial values u; to estimate the new parameters. A stand-alone region tracker can simply
use the value of the previous estimate. In this framework, we have a better solution.

Ignoring its own potential function, the observation component in question receives mes-
sages from the rest of the graph, too. The marginal density as the product of these messages presents
the information from the rest of the graph about the observation. Same as everything else in the
graph, the density p’(x) is in the form of MoG:

n

P(x) =) wiG(x;uj, Af) + wh( (3.9.11)

i=1
Now we can use the peak positions of these individual Gaussians as the initial values for the param-
eters:

u; =uj (3.9.12)

(3 (2

Since p'(x) is what the rest of the graph uses to tell the sensor where to look, we call it sensor hints.

3.10 Relationship with Established Works

The component-based tracking framework is built upon probabilistic graphical models;
however, instead of using the usual sampling approach on messages for continuous variables, a sum
of Gaussian representation is used and all computations are essentially manipulating the mean and
covariance of the Gaussian. In fact, the algorithm is deterministic even the framework is probabilistic.

This is the fundamental difference with all other existing works using probabilistic graphical models

93



Figure 3.8: A simple graph is equivalent to the standard Kalman filter if the observation Z; is a
single Gaussian without null hypothesis.

on visual tracking. Furthermore, the null hypothesis is a new introduction to address the robustness
issue.

The standard Kalman filter can be thought as a special case of the component-based
tracking framework. Figure 3.8 shows a simple graph with a history component X;_;, an observation
component Z;, and a part component X;. It is equivalent to the standard Kalman filter if the
observation Z; is a single Gaussian without null hypothesis. The system (dynamic) equation in
the Kalman filter is incorporated as the constriant between components X;_; and Xy, while the
observation (measurement) equation is incorporated as the constraint between components X; and
Z. By assigning the measurment to the sensor of Z; and infering on X;, the exact equations of the
Kalman filters can be derived. For a detailed proof please see appendix A.4.

If we ignore the variance of the Gaussian term, each hypothesis is essentially a weighted
sample in the particle filters. However, there is still difference: in our framework the hypotheses
only get verified but not resampled. In this sense it is much like the bottom-up approaches like
RANSAC.
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Chapter 4

Algorithm and Simulation

4.1 Algorithm Description

Chapter 3 provides the mathematical basis for the component-based tracking framework,
however, an actual algorithm must be implemented based on this framework. This section details
the algorithm used in the implementation.

As stated in section 3.2, a graph represents our probabilistic model. Our algorithm runs
on this graph as described in section 3.3. The graph consists of a set of vertices (v; € V'), or nodes,
and a set of edges (e;; € E). Each node is associated with a set of variables z;. In addition, each
leaf node is associated with a fixed “sensor” module, which provides the observed likelihood for each
time-step. Each edge is associated with a fixed potential module, which either is already in the form
of mixture of Gaussians (“linear”), or can be linearized at given points (“non-linear”).

On the variable side, since our algorithm only accesses local! information for all nodes in
the graph at each iteration, the result of previous iteration is always used for calculation of the value
of the current iteration. In this section we use superscript ~ to denote the value of previous iteration.
Each vertex v; is associated with a marginal probability p;, and each edge is associated with a pair
of messages m;; and mj;. These messages are either the true messages to be sent out if the potential
of the edge is linear, or the partial product of incoming messages of v; before multiplication with the
potential and integration over the variables, if the potential of the edge is non-linear. The reason
for the latter is that the linearization of potential 1);; needs points of both z; and z;, and the latter
is unavailable until the message is used in another multiplication operation itself.

Note that m;; (and m;;) is function of z; and z; and p; (and p;) is function of z;. In
the computation these variables x; and y; are never actually evaluated but are kept as mere sym-
bols. Messages and potentials are both in the form of a collection of weighted Gaussian terms,

each of them is represented by an exponent matrix and a vector of symbols for the corresponding

1Here “local” mean the node itself and its neighboring edges.
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1. Properly initialize p; and m;; for all vertices and edges.
2. Repeat for L times, in each iteration:

(a) Set p; = p; for all non-leaf vertices v;.
(

)
b) Set m;; = m;; for all edges e;;
(c) Set p; =[x mi

)

(d) For all edges e;;,

o if v; is leaf, set m;; = p; ;

o otherwise set mg; = [ ¢ij [[,; My, doi

Figure 4.1: The Standard Algorithm of Running the Graph for Each Time-step

variables. Section 3.5 details symbolic multiplication and integration for this representation. In the
implementation, however, since the multiplication of two Gaussians is the most common operation,
it is computationally more effective to combine the mean vector and inverse covariance matrix of
the Gaussian into one larger matrix so the multiplication operation is simplified to a single matrix
addition. We call this form of the Gaussian the “homogeneous form” because it resembles the homo-
geneous coordinates used in computer graphics and vision. For details on the homogeneous form and
on the rules of calculations of Gaussians under the homogeneous form, please refer to appendix B.
In addition, rules regarding null hypotheses are listed in section 3.7.3.

If we do not consider all the issues about potential linearization, null hypothesis, pruning
and merging of hypotheses, and sensor hints, the standard message-passing inference algorithm can
be applied on the graph, as shown in Figure 4.1.

However, since we do need to consider these issues, the actual algorithm is much more
complex. Figure 4.2 shows the algorithm for running the graph at each time-step. To allow the
messages propagate from one end of the graph to another, the number of iterations L is at least the
diameter? of the graph plus 1.

Note that a few important details are missing from the algorithm description in figure 4.2.
One is the merging and pruning of Gaussian terms as described in section 3.8. This happens to
every product computed, as well as to every message calculated, at steps 4(c)iiB and 4(c)iiC, and
4(c)vB and 4(c)vC of the algorithm. Figure 4.3 and 4.4 describe this process. The exact parameters
for the algorithms are dictated by the policy provided by the application.

Another important detail absent in figure 4.2 is the delayed linearization of potentials

described in section 3.6. This is described in figure 4.5.

2The diameter of a connected graph is the length of a longest shortest path between two vertices.
3This “plus 1”7 is caused by the way the algorithm works: the first iteration only in effect lets all leaf emit their
messages.
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Variables (in the programming sense) of the graph:
e Each vertex v; has densities p; and p;;

¢ Each edge e;; has messages m;; and m;; for direction ¢ to j, and m}; and my; for direction j

to <.
For each time-step,
1. Generate p; for all leaf vertices v; from their sensor modules using p; as hints.
2. Set p; = ( for all vertices v;.

3. Set m;; = ¢ and m;; = ( for all edges e;;.

I

. Repeat for L times, in each iteration:

(a) Set p; = p; and initialize p; = ¢ for all non-leaf vertices v;.
(b) Set m;; =m;; and initialize m;; = ( for all edges e;;
(c) For all vertices v;, do the following;:

i. Sort all incoming edges e;; in the order of
A. with linear potential from leaf vertex;
B. with non-linear potential from leaf vertex;
C. from non-leaf vertex.

Call the sorted incoming edges ex, k = 1,..., K, where K is the degree of the v;, and

their corresponding messages my, and potentials ¥y.
ii. Let My =1landfork=1,...,K do
A. Compute My = My_ym,, .
B. Merge M}, as in figure 4.3.
C. Prune the number of Gaussian terms in M}, as in figure 4.4. .
iii. Let p; = Mk.
iv. if v; is leaf, let m;; = [ ¢;;p; dx; for all edges e;j;
v. if v; is not leaf, do
A. Compute m;; = [ 9;;(My—_1 Hf:kﬂ m; ) dz;, where ej; is ey.
B. Merge m;; as in figure 4.3.
C. Prune the number of Gaussian terms in m;; as in figure 4.4.

D. Adjust the null weight of m;; as in figure 4.6.

Figure 4.2: The Algorithm of Running the Graph for Each Time-step
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For a collection of terms {(w;,G;), @ = 1,...,n}, where G; can be either a Gaussian or the null
hypothesis (, the objective is to merge the similar terms according to a given precision D}j,.

In the following algorithm, the merging is done “in-place”. {(w;,G;), i =1,...,¢— 1} is always the
set of merged hypotheses at the end of loop in step 2a, while {(w;,G;), i = g,...,p} is the set of
yet-to-be-merged hypotheses.

1. Let ¢ =1.
2. Forp=1,...,n,
(a) Find the minimum r that 1 < r < p, and D*(G,,Gp) < Dy}, where D* is defined in
equations (3.8.8) and (3.8.10).
e If such r exists, let w, = w, + wp;
e Otherwise,
i. Let G4 = Gp.
ii. Let wy = wp.
iii. Let ¢g=¢q+ 1.

3. Return the collection {(w;,G;), i=1,...,¢ —1}.

Figure 4.3: The Algorithm of Merging Gaussian Terms

For a collection of terms {(w;,G;), @ = 1,...,n}, where G; can be either a Gaussian or the null

hypothesis ¢, the objective is to select at most N terms carrying at most P of original weights:

1. Sort the terms according their weights in the descending order: {(w},G}), i = 1,...,n} that
Vi<j : wg > w;.

2. Normalize the weights: w} = (X7, w!)™ " w)

3. Search for the maximum k that ¥ < N and Ele wi <P

-1
4. Return the normalized collection {(w},G}), i =1,...,n}, where w} = (Zle w;’) wy'.

Figure 4.4: The Algorithm of Pruning the Number of Gaussian Terms
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Two kinds of operations are involved in handling delayed linearization of potentials (all numbers

refer to the main time-step algorithm in figure 4.2):
e When doing last multiplication and integration in 4(c)vA, m;; = [ ¥s; finput d;

— if the potential 1);; is linear, process normally;
— otherwise just store the finput as m;;.
e When doing multiplications between messages in 4(c)iiA and 4(c)vA, which is actually done
in the accumulative way, foutput = Mij finput,
— if the potential 1;; is linear, process normally;

— otherwise, suppose finput = ., wsGs and my; = Y, w, G}, where G, and G, are Gaus-

sians with respective centers c; and cj;:
1. For all s and k linearize 1;; at z; = ¢, and y; = ¢},. Denote the result as 1},

2. Let foutput = Es Zk wsw;ch f%ka dz;

The sorting in 4(c)i ensures that as long as at least one of the potentials is linear, the multi-

plication of them can be done.

Figure 4.5: Handling of Delayed Linearization of Potentials

For a collection of terms {(w;,G;), @ = 1,...,n}, where G; can be either a Gaussian or the null

hypothesis ¢, the objective is to adjust the weight of null hypothesis.

[y

. Calculate w, = ), w; for all G; # (.

N

. Calculate wy = ), w; for all G; = (.
3. Let w} = (w, + wp)w; t (wg + 2wp) " tw; for all G; # ¢.
4. Let w! = (w, + 2wp) 1w; for all G; = (.

5. Return the collection {(w},G;), i =1,...,n}.

Figure 4.6: Adjusting the Weights of the Null Hypotheses
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1. Set up the graph structure.
2. Initialize image-level sensors.
3. Repeat the following:

(a) Acquire a new image or set of images.
(b) Run the graph for this time-step.

(c¢) Retrieve the p; for all nodes of interest v;.

)
)
)
)

(d) Compute the estimators #; from p;, for example, by equation 3.2.4.

Figure 4.7: Structure of a Typical Application

The last detail needing more explanation is the adjustment of the weight of null-hypothesis
for each message computed as described in section 3.7.2. This happens before each message is sent
at step 4(c)vD of the algorithm in figure 4.2. Figure 4.6 shows the algorithm for adjusting null
weights.

Finally, the application would run through many time-steps, turning the stream of input

into stream of output. The intended way of doing this is described in figure 4.7.

4.2 The Implementation

A software system has been developed for the purpose of implementing and verifying ideas
and algorithms proposed in this thesis. With that in mind, the design emphasizes the following

properties of the system, in their order:

1. Flexible structure to allow fast prototyping. The ideas and algorithms themselves need to be

tested and refined in the process.

2. Extensible modules. The framework itself is supposed to work with all kinds of components

and constraints.
3. Reuse of existing code when suitable. In fact, this system relies on

e the XVision2[20] library, which is developed by Computational Interaction and Robotics

Lab at Johns Hopkins University, for image data structures and input and output;

e the LAPACK]2] and BLAS[36, 9] routines for linear algebra operations.

4. Reusability of the code. Many implemented image processing and vision functionalities should

be beneficial to other projects on these areas.
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The graphic model for the tracking target in simulation. A and B are target parts; A_; and B_;
are history components, which take values of their corresponding part component of the previous
time step. Az and By are the observations. The edge between A and B is a distance constraint; all

other edges are overlapping constraints.

Figure 4.9: The Graph for Simulated Experiment

The system is written in C++. Figure (4.8) shows a much simplified version of the class
diagram of the system in UML (Unified Modeling Language). For a detailed description of the
software system, please refer to the source code. Appendix C lists a sample of the actual source

code used in the experiments.

4.3 Simulation

The purpose of the simulation is to verify the theory in chapter 3 and its corresponding
algorithm in section 4.1. The observations are simulated: there is no actual stream of input video;

otherwise the experiment is as same as an actual application.

4.3.1 Setup

In our settings, the 2-D tracking target is composed of two identical and observable parts
A and B, softly constrained by an unobservable bar with fixed length. The target is shifting and (in-
plane) rotating over the time, but the application has no knowledge of its dynamics. The application
has the knowledge of the constraint, as well as the initial position of target parts A and B at time
t = 0. Also in the scene are random distractors, all identical to A and B.

Mathematically, the state vector x has components (z,y). All x}, ¢ =1,...,n are distrac-
tors except for x7; is the true position of A and xj is the true position of B.

The graphic model for the target described above is shown in figure 4.9. A and B are target

parts constrained by their fixed Euclidean distance. Each of them connects a history component,
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respectively A_; and B_1, and an observation component, respectively Az and Bz. Overlapping
constraints are between the parts and leaves.
In addition to the graph, the model needs to be described by its potential functions. For

the observations Az and By,

waG (24 — X}, 0,) + wol t=0

Ya,(za) = (4.3.1a)
S owiG(za —xF,0,) +we( t>0
wpG(zp — x}50.) + wol t=0

YB,(z2B) = ’ (4.3.1b)

E?:O wiG(zB - X’;;O’z) + wOC t>0

where G(x;0) is the Gaussian:

1 1 7
G(x;0) = 5rg7 &P {——202)( x} (4.3.2)
The potentials between parts and observations are

Yaa,(xa,24) = G(xa — 24504) (4.3.3a)
YBB, (XB,2B) = G(XB — 2B;03) (4.3.3b)

and the potentials between parts and observations are

Yaa_,(xa,y4) = G(xa —ya;0y) (4.3.42)
¢BB_1(XB7yB) = G(XB - YB;(Ty) (434b)

Finally, the potential between two parts is

1 2
YaB(X4,XB) = exp {—2—2 (\/(XA —xp)T(x4 —xB) — d) } (4.3.5)
04
From section 3.6, we know their linearized forms at x4 = u4, Xp = up are
¥ij(X4,XB;us, up) =

- 2 4.3.6
exp 1 (\/( 2(uy B)T (XA_XB)_\/(uA_uB)T(uA—uB)—d> ( :

207 uy —up)T(ug — up)

In the simulation, we take d = 30, 0, =0y =0, =04 =1, w; =1fori =1,...,n, and

wo = 0.1.

4.3.2 Results

Figure 4.10 shows a typical tracking result for part A in the simulation. In the figure, the

center of the largest cross which indicates the estimate from the best hypothesis is almost coincident
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At t = 10, the tracking results for part A. Distractors are shown by unbounded grey circles and true
parts are shown by bounded grey circles with a line connecting them. The centers of the circles are
the actual positions while the sizes of the circles are only for illustration purpose. Each hypothesis as
the tracking result of part A is shown by a cross, with the center of the cross indicating the position
and the size of the cross linear with the logarithm of its weight. The tracking result of part B is not

shown.

Figure 4.10: Result from a Typical Frame in Simulation
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At t = 24, the tracking results for part A. Distractors are shown by unbounded grey circles and part
B is shown by a bounded grey circle. Part A is actually missing from the scene. The centers of the
circles are the actual positions while the sizes of the circles are only for illustration purpose. The
hypothesis as the tracking result of part A is shown by a cross. The tracking result of part B is not

shown.

Figure 4.11: Result from Missing Object Part in Simulation
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Figure 4.12: Tracking Error for Part A in Simulation

with the center of one of the bounded circle which indicates the true position of the part. Nearby
distractors are all covered by hypotheses as well but with much smaller weights.

Figure 4.11 shows the tracking result for part A for a scene from which it is actually missing.
Obviously, one of the nearby distractors is mistakenly taken as part A. However, when the true part
A emerge in the next frame, the tracker catches it up immediately. This shows the robustness of
the tracker.

Figure 4.12 shows the tracking error for part A over time. The peak at ¢t = 24 is caused by
missing of the part from the scene.

On the other hand, figure 4.13 shows the relative weight of the best hypothesis of part A
over time. The dip around ¢ = 11 is caused by very close distractors as in figure 4.10. Another dip
at t = 24 is caused by missing of the part as in figure 4.11.

It is worth noting that the simulation performs almost identically except for the first few
frames even if the tracker is not initialized, i.e. there is no special case for t = 0 in equation (4.3.1).
This is not surprising given the bottom-up approach of the framework. This shows the framework’s

auto-reinitialization potential.
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Chapter 5

Experiments

5.1 Setup

In this chapter, we focus on an experiment that uses real-world data. Specifically, we are to
track the 2-D positions of both eyes and the mouth of a human face on the image.! All three of target
parts (the eyes and the mouth) are tracked as heterogeneous regions under 2-D translations by the
methods described in chapter 2. Figure 5.1 shows the first image of the video sequence. Figure 5.2
shows the three image regions cut from this image, which are used as templates for tracking the
target parts.

Besides the cluttered background, the image sequence is not always as “friendly” as the
image shown in figure 5.1. For example, figure 5.3 lists a few difficult scenes in the video sequence. For
them, the deformation of the eyes and the mouth in the images is obviously beyond the assumption
of simple transformations made in chapter 2, so the tracker would have a hard time to track the
targets. Nevertheless, even the tracker is completely lost on these scenes, its performance can be
still measured on how it recovers from these occasions. In other words, by not using perfect low-
level detectors on target regions, the robustness from combining these detectors and exploring the
relationship between the target parts can be shown.

For the same purpose, the constraints between the target parts are simply set to be distance
constraints. For the images in the video sequence where the face rotates out-of-plane, the distances
between the parts changes, however, since the constraints have inherent flexibility, we expect the
construct would still work to a certain degree.

The graphical model for the tracking target is shown in figure 5.4. L, R, and M are target
parts for the left eye, the right eye, and the mouth, respectively. They are all connected with

L1If both the 3-D model of relative positions of the eyes and the mouth on the face and the camera parameters are
known, the 3-D position and orientation of the face can be deduced from these 2-D positions. However, since 2-D
tracking already serves the purpose of verifying and evaluating the component-based tracking framework, we are not
going to explore the 3-D implication in this chapter.
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Figure 5.1: An Image from the Video Sequence

Figure 5.2: Templates of Tracked Regions
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Figure 5.3: Difficult Scenes in the Video Sequence
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Figure 5.4: The graphic model for the tracking target in experiment. L, R, and M are target
parts for the left eye, the right eye, and the mouth, respectively; L_;, R_;, and M_;are history
components; Lz, Rz and My are the observations. The edge between L and R, the edge between
L and M, and the edge between R and M are distance constraints; all other edges are overlapping
constraints.
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each other by distance constraints. Fach of them connects a history component and an observation
component by overlapping constraints.

All the node variables here are 2-D vectors of x and y coordinates. The position of a region
is defined as the center of the region. Denote the estimates of new target parts positions for the eyes
and the mouth to be Z5,; (! =1...n1), Zg; (i = 1...ng), and Zy; (¢ = 1...na), respectively,

leaf potential functions for the observations are

nL
Yr,(20) = Y wriG(2L — 1,:502) + wol (5.1.1a)
ng
YR, (2r) = Y _wriG(zr — 2R3 0:) + wol (5.1.1b)
Yar, (Zar) = Y wiiG(zar — 2a,5502) + wo (5.1.1c)

K3

where G(x;0) is the Gaussian:

1 1
G(x;0) = 552 OXP {—ﬁxTx} (5.1.2)

Denote h for image pixel locations within the template images relative to the image centers and
T'(h; x) for the geometry transformation function. Since we use 2-D translation, the latter actually
is

T(h;x) = h + x; (5.1.3)

The weights in equations (5.1.1) are given as in section 3.4.1:

wr,; = 2205 €xp {—ﬁ Zh: (I(T (h; iL,z‘)) - IL(h))Q} (5.1.4a)
1 1 . 2

WR,; = \/2_—7I'Us €exp {—m ; (I(T(h; zR,z’)) - IL(h)) } (5'1'4b)

W, = \/2_#7?03 exp {—ﬁ ; (I(T(h; 20,3)) — IL(h))2} (5.1.4¢)

where [ is the input image at the current time-step, I, Ig, and I, are image templates and sy,
sgr, and sps are their size (area in pixels). All images are grey-level: only the intensity of the original
images from the video sequence is used.

The potentials between parts and observations are

YL, (Xr,21) = G(x1, — 21;04) (5.1.5a)
YRR, (XR,2R) = G(XR — ZR;0;) (5.1.5Db)
Yy, (Xm,2m) = G(Xm — 2p504) (5.1.5¢)
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and the potentials between parts and histories are

Yro_,(xL,yr) = G(XL —yL;0y) (5.1.6a)
YrE_(XR,YR) = G(XR — YR; 0y) (5.1.6b)
Yum_, (X, ym) = G(Xy — Ym;0y) (5.1.6¢)

Finally, the potential between parts are

X1,XR) = €x 1 xr, —xr)T(x1, — xg) — i
Yrr(XL,XR) = € p{ 502 (\/( r —xgr)T (XL — XR) dLR) } (5.1.7a)
Yrm (XL, Xp) = exp {_ﬂ (\/(XL —xp) T (xp —xnm) — dLM) } (5.1.7b)

1 2
YrM(XR,XM) = €xp {_W <\/(XR —xm) T (xp —xm) — dRM> } (5.1.7¢)
d
From section 3.6, we know their linearized forms at x;, = uy, Xg = ug, X)r = uys are
¥i;(XL,XR; UL, uR) =

exp d - L 2(up —ug)? X —xn) — /(0 — )T (s —um) — dy )2 (5.1.8)
’ 203<\/<uL—uR)T<uL—uR)( )= (e~ ) (s — )~ do

and j; (X, Xym;ur, up) and ¢, (XR, Xar; UR, Uy) are similar.

In the experiment, we take 0, = 0y =0, =1, 0g = V10, 0, = 10. These values should
be close to the actual variances in the video sequence. wg = 0.01. drg, dra, and dgryr are their
corresponding distances (between left and right eye, between the left eye and the mouth, and between

the right eye and the mouth, respectively) in the first frame of the video sequence.

5.2 Particle Filtering

Before comparing the result of our component-based tracking to that of particle filtering,
the technical detail of the latter is briefly introduced in this section.

Particle filtering, or Condensation, assumes a Markovian state and observation model as
same as that of Kalman filtering: state x; only depends on x;_; and observation z; only depends
on x;. However, unlike Kalman filtering, there is no restriction on the linearity of either the state
equation between x; and x; 1 or the observation equation between z; and x;. Instead, the only
additional assumption the particle filter relies on is that the state dynamic p(x;|x;—1) can be sampled
and the likelihood p(z:|x;) can be evaluated. These are very weak restrictions that can be satisfied
in almost all cases.

Each of the particles is a state vector x(*) associated with a weight w(?. The algorithm

starts with an initial set of particles {(x(()i),w(()i)), i=1,...,n}, where n is the number of particles.

73



For each time-step ¢, a new set of particle {(xg ),w((f)), i =1,...,n} is generated from the set of
particles {(xg )1, w(() ))}, i=1,...,n} of the previous time-step ¢t — 1:

(4

1. For all j =1,...,n, independently generate x; ) and ng ) by the following procedure:

(a) Draw xgj)l as a sample from probability density function s(x) = Y7, w;d(x xﬁ')l)

where 6 is the Dirac delta function. In other words, with probability w; let x%’ ) = x(z)

(b) Draw xi’ ) asa sample from probability density function p(x;|x;—1 = igj_)l)

1

(¢) Evaluate @\’ = p(z|x; = x\").

A\ —1 .
2. Forallj=1,...,n,let wl = (E?zl uvt(’)) el

It can be proved that with this algorithm the set of particles asymptotically converges to

the posterior probability of the state as n — oc:
{(x", w§")} = p(xi|Z) (5.2.1)

where Zy = {z,,7 =1,...,t}. Let the estimator be the weighted average of the particles:

Zwt’) (@ (5.2.2)

then
Tlim %, = B [p(x,|20)] (5.2.3)
In our experiment, the forms of both the state dynamic and the likelihood function are
invariant to time-step ¢, so in the rest of the section the subscript ¢ is dropped from the equations.
Instead, the subscripts L, R, and M are used as in the previous section to identify the left eye, the
right eye, and the mouth, respectively, and y is used for the state vector for the previous time-step.
The state vector for the experiment consists of three sub-vectors (xr,xg,xa). The state

dynamic is on par with equations (5.1.6):
(XL, XR, XM|YL, YR, YM) = G(XL — YL;0,)G(XR — YR; 0,)G (XM — Y13 0,) (5.2.4)
and the likelihood is on par with equations (5.1.4) and (5.1.7):

p(I|1xp,xp,xnm) = Wr(I,xp)Wr(I,xp)Wn (I, xpm)Drr(X1,Xr)D v (X1, X0 ) DR (XRy X 1)

(5.2.5)
where
Wi (I,x1) = \/%Js exp {—ﬁ Xh: (I(T(h; 1)) — IL(h))Q} (5.2.6a)
Wa(l,xR) = \/%US xp {—ﬁ ; (I(T(h; xR)) — IR(h))2} (5.2.6b)
W (I,xar) = \/%US Xp {—ﬁ ; (I(T(h;xpr)) — IM(h))Q} (5.2.6¢)



and

DLR(XLaxR) = 271_103 exp {—% (\/(XL — XR)T(XL — XR) — dLR> } (5273)
1 2
DLM(XL;XM) = 2 3 exp {—2—2 (\/(XL - XM)T(XL - XM) - dLM) } (527b)
U] g4
DRM(XR;XM) = % exp {—% (\/(XR — XM)T(XR — XM) — dRM) } (5270)

Here all symbols not defined otherwise are as same as in section 5.1. Also, the same constant
parameters take the same value for both the component-based tracking and particle filtering. Since

there is no o, or o, for the particle filtering setup, we let a; =2.

5.3 Results

To validate and evaluate the performance of our component-based tracking, and to compare
it against particle filtering, some form of ground truth must be established. We manually labeled
centers of both eyes and the mouth in the video sequence as the “true” values of the state vectors.
In this section these values are denoted by xj, x}, and x},. We estimate the accuracy of these
“true” values to be within about 2 pixels. The estimation error from one of the tracking methods is

defined as?

e= %\/(&L —x5)T(Ry — X5) + (Rr — x3)T (ke — x5) + Ru — x3) T (Rar — X5)  (5.3.1)

where Xy, Xg, and X are estimates from the tracking method. All estimates are expectations as
in equation (3.7.27) or (5.2.2).

Firstly we are to verify the effectiveness of the constraints in equations (5.1.7). Figure 5.5
shows the estimation errors for component-based tracking with and without constraint. Note that
the actual distance between the target parts on the image in in the range of 80 to 100 pixels, so
an error greater than 20 pixels can be thought as a lost track. From the plots the constraints do
help the tracker to avoid losing track in many periods of time. For example, the subject begins to
turn the head to his right (left in the image) with the eyes closed around frame 140, in which case
the constraints prevent the region tracker for the right eye (left in the image) from losing track and
slipping to the left of the image, as demonstrated in figure 5.6.

The next step is to compare our component-based tracking against particle filtering. Fig-
ure 5.7 shows the estimation error of the two tracking methods. Figure 5.8 reveals more details by
showing only the first 100 frames. With more particles, the particle filter performs better, but gen-
erally still not as good as component-based tracking for this video sequence; For instance, figure 5.9

shows the tracking result for frame 440, which is in one of its error peaks. On the other hand, the

2The factor % in the equation is because of the number of total dimensions in all state vectors is 6.
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Figure 5.5: The estimation errors of component-based tracking, with or without constraints between
object parts. The upper limit of the number of hypotheses is 20. The errors e are in pixels and the
time ¢ is the frame number.

Figure 5.6: The tracking results at frame 143 by component-based tracking. The left image is
the result with constraints between object parts while the right image is the result without these
constraints. The boxes are regions indicated by the state estimates; the triangle represents the
constraints between object parts.
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Figure 5.7: The estimation errors of component-based tracking and particle filtering. The upper
limit of the number of hypotheses is 20 for component-based tracking; the number of particles is
100,000 for particle filtering. The errors e are in pixels and the time ¢ is the frame number.
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Figure 5.8: The estimation errors of component-based tracking and particle filtering. The upper
limit of the number of hypotheses is 20 for component-based tracking; the number of particles is
either 1,000, 10,000, or 100,000 for particle filtering. The errors e are in pixels and the time ¢ is
the frame number. Note that the results of particle filtering with 1,000 particles are only shown for
t < 50, since the rest of the data are out of scale.
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Figure 5.9: The tracking results for comparison at frame 440. The left image is the result from
component-based tracking; the right image is the result from particle filtering. The boxes are
regions indicated by the state estimates; the triangle represents the constraints between the object
parts.
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Figure 5.10: An Image from Another Video Sequence

performance of component-based tracking only requires a limited number of hypotheses to perform
reasonably well. In this experiment, the resulting difference from choosing the upper limit as either
10 or 20 is too small to show in the plot.

Figure 5.10 shows the first image from another video sequence. The same program is used
to track their positions of both the eyes and the mouth of the subject on this video sequence. The
results are shown in figure 5.11. Again, the component-based tracker outperforms the particle filter
according to the data.

Table 5.1 summarizes the result from both methods with different parameters on both image
sequences. The methods are either component-based tracking (CBT) or particle filtering (PF). The
parameter is either the upper limit of the number of hypotheses for the former, or the number of
particles for the latter. The average error is the sum of estimation errors over time divided by the
total number of frames. The average computation time per frame is from the implementation running
on an Athlon64 3000+ processor. From the table we can conclude that for this particular settings

and video sequence our component-based tracker performs better than the established particle filter.
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Figure 5.11: The estimation errors of component-based tracking and particle filtering on the second
video sequence. The upper limit of the number of hypotheses is 20 for component-based tracking;
the number of particles is 100,000 for particle filtering. The errors e are in pixels and the time ¢ is

the frame number.

Table 5.1: Result summary of tracking methods. “CBT” stands for component-based tracking and
“PF” stands for particle filtering; “Parameter” is either the upper limit of the number of hypotheses
for the component-based tracker, or the number of particles in the particle filter; “Error” is the
average estimation error in pixels; “Time” is the average computation time in milliseconds per

frame; (1) and (2) are results for the first and the second video sequences.

Tracker | Parameter | Error (1) | Time (1) | Error (2) | Time (2)
CBT 2 184 59 16.5 62
CBT 10 6.7 65 4.8 75
CBT 20 6.6 66 4.8 77
PF 1,000 33.2 116 34.8 121
PF 10,000 12.8 833 10.1 860
PF 100,000 11.6 7692 8.2 7945
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Chapter 6

Conclusion

6.1 Contributions

This thesis has covered two closely related topics: a low-level heterogeneous region tracker
by optimal kernels and a high-level component-based tracking framework combining visual clues.

In some sense, optimal kernel tracking is a generalization of sum-of-square difference (SSD)
tracking. Although its final mathematical form on estimating the transformation parameters bears
similarity with SSD and other related region tracking methods such as hyperplane tracking and
kernel tracking, the philosophy behind the optimal kernel tracking is essentially different than these

existing works. In optimal kernel tracking,

e A general structure is formulated for estimating of the transformation parameters by using

kernels.

e The estimation error of roof kernels on 1-D translation is mathematically studied and an

algorithm is developed accordingly for selecting the optimal kernel.

e Some other transformations like 2-D translation, 1-D and 2-D scaling, and rotation are all
reduced to 1-D translation. Thus algorithms are developed for selecting the optimal kernel to

minimize the estimation error under these transformations.

In summary, optimal kernel tracking is a novel method to track heterogeneous regions under
certain types of transformations. By using kernels which have more predictable gradient structure,
it attains both accuracy and a great convergence range.

On the other hand, component-based tracking is a general framework based on a probabilis-
tic graphical model. By approximating all functions in the form of a weighted sum of Gaussians, each
of which can be thought as a hypothesis, this framework significantly differs from sampling-based

probabilistic approaches, such as particle filtering. In component-based tracking,
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A systematic method is proposed to combine and evaluate hypotheses from low-level visual

detectors.

A single intuitive representation is presented for all kinds of constraints, which include internal

relationship of target parts, system dynamics, and the observation model.

A null hypothesis is introduced for missing information to increase the robustness of tracking.
e A message-passing-based algorithm is developed to run the graph for tracking.

Overall, component-based tracking provides an intuitive and modular way to model the
tracking target. It works both effectively and efficiently in spite of unreliable low-level visual detectors

and approximate modeling of the system dynamics.

6.2 Future Work

The algorithms for optimal kernel tracking are not perfect. In particular, the kernel gen-
erated for 2-D scaling is still sensitive to the rotation of the image even though it should not be in
theory. The reason is that the process of reducing the problem into 2-D translation results in an
image that has overwhelming gradients in one direction. Although the translation in both directions
on the image can still be detected separately, the translation of the direction with strong gradients
affects the detector of the other direction with weak gradients. It is not a problem in practice, as
one can always detect the rotation first. Nevertheless, solving this issue would further improve the
accuracy and convergence range when both scaling and rotation are significant.

From a higher point of view, the algorithms of optimal kernel tracking are designed in-
dividually for each kind of transformations. Although they include the most common types of
transformations, a general formulation to minimize estimation error for an arbitrary transformation
would be desirable for a wider range of application.

Both the algorithm of the component-based tracking framework itself and the low-level
visual detectors have some parameters to be tuned. The choices of values for some of them are
straightforward, for example, the weights of non-null hypotheses from a region tracker, or the co-
variance of a distance constraint; the choices of some other parameters are not that obvious but
reasonable values can still be easily decided by experiments, for example, the maximum number of
hypotheses allowed for messages. The problem lies in the rest of the parameters that can be neither
chosen in a straightforward way nor easily decided by experiments. The weights of null hypotheses
from some low-level detectors are such examples. Although their current choices of values seem rea-
sonable and work in experiments, the tracker could have performed better if there was a systematic
way to tune these parameters.

To apply the component-based tracking framework in a more complex setting, more types

of visual detectors and constraints are needed. This also relates to another problem that some of
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constraints in reality are not easy to approximate as a weighted sum of Gaussians, for example, the
constraint that one object part must always be on the left side of another. Its potential is naturally
a step function, but the linearization result of the step function does not make much sense,! and
a functional fitting would generate an infinite number of Gaussians.?2 Of course, for this particular
case in practice we do not have to choose the step function as the constraint. If we limit how far the
left part can go, the potential can be approximated by a few Gaussians. However, a more general
solution to this issue would allow the algorithm to work on more tracking situations.

For an actual application, the current implementation of the component-based tracking
algorithm is far from optimized. Some inefficiencies are due to historical reasons as the framework
itself was still evolving at the time these codes were written. For example, each hypothesis carries
the list of the names of the variables it associates with, and the contents of the list are compared
and merged for every single operation on the hypothesis. But it is in fact totally unnecessary
since the variables are fixed for any message between two particular nodes in a given graph. The

computational performance can be further increased by reducing these inefficiencies.

1Because the derivative of the step function is zero everywhere except undefined on the origin.
2Because the area under the step function is infinite while the area under any Gaussian is finite.
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Appendix A

Proofs

A.1 Equation (2.4.13) by Equation (2.4.12)

For the sake of simplicity, define

~1
F(x;7) = ‘8’;‘)( K(T ! (x;7))f(x)
so equation (2.4.11) becomes
d
D= — F(x;7) dx
dr xE€T(P;7) =70

Now at 7 = 719

A / F(x;7) dx z/ AF(x;T) dx+/ F(x; 7o) dx
xeT(P;7) x€T(P;70) x€EBp

Since T(x;70) = x (see equation (2.2.3)), if

vxEBp K(X) =0

we have
/ F(x;79)dx =0
xEBp
thus
d F(x;7) dx R~ / iF(x; 7) dx
dr x€T(P;7) =70 x€EP dr =70

Substitue back F,

o [loT! o
D~ [ o (| K emre) x|
o |oT! oT-'| 9T _,
. /XEP [E ox Ko+ ‘ ox | Ot K (X)] f(x) dx r=r0

which is equation (2.4.13).
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A.2 Equation (3.5.2) and (3.5.3)

For symmetric, inversible matrice A; and As of the same dimension:

Ap(Ag + Ag) A (AT + ATH)
A

( )~

= Ai(Ar + As) VAL AT + Ay (Ar + Ay)7!
( )~
( )™

I
h S

V(AL + Ay) T ALATY + Ay (Ar + Ap) 1A ALY (A.2.1)
= Aj(Ar+ As) N4 + A)AL!
= T

Thus we have

Ai(A + A2)71A2
= (At +AhT (A.2.2)
= Ay(A; +A) T4

Now is deduction process of equation (3.5.2) and (3.5.3):
w1 €Xp {—%(X —uy) Ay (x - “1)} " W2 €Xp {—%(X — )T Ay (x — 112)}
= wywyexp {_%(XT(AI + A)x — (uf Ay +uj Ao)x — x" (Ajuf + Ayug) +uf Ajuy + u§A2u2)}
= wiwsexp {—%(x — (A; + Ay) H(Ajug + Asu)) T (AL + Ag)(x — (A1 + 4Ay) (A + Agllg))}
- exp {—%(—(Alul + Aqup)T(A; + Ao) 1Ay + Apup) +ul Aju; + u2TA2u2)}
= wiwsexp {—%(x — (A + Ay) 7N Ajuy + Ayup))T (A + Ag)(x — (A + Ay) (A + A2u2))}
- €xp {_%(_U{Al(Al + Ag) A1y + Aoup) — ud Ap(Ay + A) H(Ajug + Azllz))}
- exp {—%(ulTA1 (A1 + A2) (A1 + Ao)ur +ug Az (Ar + Ap) ' (Ar + AQ)uQ)}
= wiwsexp {—%(x — (A1 + Ap) 7N Ajug + Asu))T (AL + Ag)(x — (A1 + Ao) Ay + Agllz))}
- exp {—%(WTAl (A1 + A2) 7" Ao (w1 — up) — ug As(Ar + A) A (wi — 112))}
= wiwzexp {_%(ul —w)T A1 (A1 + As) T As(wy — 112)}

- exp {—%(X — (A + A2)71(A1U1 + A2u2))T(A1 + A))(x— (A1 + Ag)fl(Alul + AQIIQ))}

(A.2.3)

Note that the last step above uses equation (A.2.2).
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Figure A.1: Labelled Kalman Filter Equivalence Graph

A.3 Equation (3.5.4) and (3.5.5)

Let m be the length of vector z; or 1 in case it is a scalar, then for any v which is not a

function of z; and symmetric, positive definite matrix W:

/exp {—%(wj )W (a2 — v)} da; = 2m W)~} (A3.1)

where || M|| stands for the absolute value of determinant of matrix M.

Now we have

T
/wep 1 X5 —uj A B X; —uj d
X —_ = T
2 Tj — Uj BT C Tj — Uj !

w exp {—%(X; — ;)T A(x; - “3)}

- /exp {—%((XE —u3)" B(x; — uj) + (xj — u;) "B (x5 —u3) + (x; — w;) " Clx; — uj))} dz;
= wexp {—%((x; - u;)TA(xi —u;) — (x5 — u;)TBC'*lBT(x; - u-))}

J J J

[ exw {56 = w) - 07 BT ) TO( ) — BT (x; — i)} d

w(2r)? ||C||7% exp {—%(x—- —u;)" (A= BC™'B")(x; — u—-)}

J J J
(A3.2)

Note that the last step above uses equation (A.3.1).

A.4 Equivalence of Figure 3.8 and the Kalman Filter

To simplify the notation, let us use numbers to label the nodes in figure 3.8, resulting in
figure A.1.
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The standard (discrete) Kalman filter setup can be described as follows:

Xt = AXt_l + wy (A41a)
Zt = HXt + Vi (A41b)

where X; is the state (vector) at time-step ¢t and Z; is the observation (vector) at time-step t. wy
and v, are white Gaussian noises with covariance ) and R, respectively. Now we are going to see
that in this case our graphical framework without null hypothesis generates the same result as the
Kalman filter.

Assume P, ; be the covariance and X; 1, the potential functions are listed as follows:

1 (Xo_1) = exp {{—(Xt_1 — X )P (X - Xt_l)}} (A.4.2a)
PY12(Xe—1, Xe) = exp {{— (Xt — AX;—1)TQ 1 (Xt — AXy_1)}} (A.4.2b)
Vo3(Xt, Zy) = exp {{—(Zs — HXy)"R™"(Zy — HXy)}} (A.4.2c)

From the equations above, we can deduce the following:

m12(Xt) = /¢1(Xt—1)¢12(Xt—1,Xt) dXi1

(A.4.3a)
=exp {{—(X; — AX; )" (ATP1 A+ Q)7 (X — AX; 1)} }
ma3(Xy) = Ya3(X, Zy) (A4.3b)
=exp {{—(Zy — HXy)"R ' (Z, — HX})}}
Now define
Pr=ATP,_1A+Q (A.4.4)
we have
mia = exp {{—(Xt — AXt_l)T(Pti)_l(Xt - AXt_l)}} (A45)
and
P(X¢) = mia(X¢)moas(we)
o ) (A.4.6)
= exp {{(2; - %) P71 (2 - R0)}
where
X, = '+ HYRH) WP ' AX, + HTR 2)) (A.4.72)
P=(P '+ H'R 'H)? (A.4.7b)
Consider the fact that
(P '+ HTR'H)™' = Py — PCH'(HP; H' + R)"'HP; (AA48)
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we have got
X, =AX, 1+ PFHT'(HP H" + R)™*(Z, - HAX, ;) (A.4.9a)
Po=(I-P HY(HP, H" + R)"'H)P; (A.4.9b)

If we define K; = P, H'(HP;, HT + R)™!, the above becomes the familiar Kalman filter

equations.

A.5 Equation (2.5.19)

Denote

dy 2 / "o+ u) - K() - K'(z)u)f () do

+/aKm+wﬂmw— " K@) /@) do

b—u

(A.5.1)

so from equation (2.5.11)
1522
es=E [(D Ld;) ] (A5.2)
For u > 0, assuming small u that 4 < min(c—a,b—c) and f(z+¢€) = f(z) for 0 < |¢| < |u]

based on the assumed continuity of f(z):

b
/ (R(z + u;¢) — R(z;¢) — R (z;¢)u) f(x) dz

¢ b
:—%/C_u(w+u—c)f(x) dz + bic/b_u(m-i-u—b)f(:c) dz (A.5.3)
(b—a)f(c) w*  f(b) u?

/aauR(m+u,c)f(m)d:L':cia/aau(z—ku—a)f(m)dm \
 fl) 2 (A.5.4)
T (c—a) 2
b
R(z +u)f(z)dz =0 (A.5.5)
b—u
Overall, for u > 0,
do = ( fla)  _f) _ _(b-a)f() ) u?
= \(c=a) " (b=0¢ (c-ab-0)) 2 (A.56)
_ (f(C) —fla) | f(o) —f(b)) u?
c—a c—b 2
and the exact same formula can be deduced in the case of u < 0 under the same assumptions. Let
o 1@ —f@ 1= f0) A5
c—a c—b
and from equation (A.5.2) we have
ef N 3D7252E[u4] (A5.8)
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A.6 Equation (3.6.9) and (3.6.10)

Let
Vi (Xir Xj) = \/(Axi — Bx;)T(Ax; — Bx;) —d (A.6.1)
so that
1
Yij (i, X;) = exp {—57?,-(u, V)} (A.6.2)
Now since!
. NT
oy _ 2(Ax; — Bx;)' A (A.6.32)
6xi \/(AXZ — BXj)T(AXi — BXJ)
- N\T
oy _ A% - Bx) B (A.6.3b)
an \/(AX,' — BXj)T(AXi - BXJ')
and
(x5, X531, V) = exp 1 vii(u, v) + %(u v)(x; —u) + %(u v)(x; — V) : (A6.4)
g\ )y 9 () ) 6Xj ’ 1 axj ) 7
we have
1%, (Xi7xj; u, V)
2
2(Au — Bv)T A(x; —u) ~ 2(Au-— Bv)TB(x; —v)
V/(Au — Bv)T(Au — Bv)

1 T(Au— Bv) —
exp{—— <\/(A11—BV) (Au — Bv) d+\/(Au—BV)T(Au—BV)

2(Au — Bv)T(Ax; — Bx;) 3

u— Bv)T(Au — Bv 2
_ exp{ ;<\/(Au—Bv)T(Au—Bv)—d—|— \/(Au_Bv)T(Au_Bv) 2(14 B ) (A B )) }

V/(Au — Bv)T(Au — Bv)

— exp {_1 <2(Au — Bv)T(Ax; — Bx;) _ \/(Au — Bv)T(Au — Bv) — d) }

2 \ v/(Au - Bv)T(Au — Bv)
(A.6.5)
If we define
k=1/(4u — Bv)T(4u - Bv) (A.6.6)
then equation (A.6.5) can be written as
(A6.7)

L g(Au — Bv)"(Ax; — Bx;) — k — d)z}

ng(x’bxj;uav) = exp{_§(k

1The (partial) derivative of a scalar with respect to a column vector is presented as a row vector.
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Appendix B

Two Forms of the Multivariate

(GGaussian

A form of a function is just a regularized way to present the given function. Different forms
of a function are still the same function. On the other hand, when implementing symbolic manip-
ulation of the function, one form may be more convenient or has better computational efficiency
than another in spite of the same result. In our framework, mixture of Gaussians (MoQ) is the most
frequently used form of function so choosing the right form for Gaussian functions is important.

This section lists two forms of multivariate Gaussian and their corresponding rules for
multiplication and (indefinite) integration. The proofs are either trivial or similar to those in ap-

pendix A.

B.1 Natural Form
The natural form of a multivariate Gaussian function is
G(x;u, W) = (21)~ 2 ||W|? exp {—%(x —u)TW(x - u)} (B.1.1)
where m is the number of dimensions of x.

e Rule of multiplication:

G(x;u1, W) - G(x;uz, W)

( ”I/Vl_1 + W2_1|| )
W w5

-G(x; (W1 + Wo) T Wiy + Waus), Wi + W)

[N

exp {—%(ul —w) T (W + W) (uy - 112)} (B.1.2)
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e Rule of integration:

[aQ)-C)-(ar e

1RT\-1y|. -1 .
(” A BC™'B ) ”1 ”C ||)§G(X;U,A—BC_IBT)

(o o)

B.2 Homogeneous Form

(B.1.3)

The homogeneous form of a multivariate Gaussian function is (note that the symmetric

matrix A has one more row than the column vector x has):

H(x; A) = exp {—%(XT 1)4 (’;) } (B.2.1)

The homogeneous form can convert to the natural form and vice versa:

(B.2.2a)

( ) =(2m)" =] ||l ( T T
Gx;u, W) = (27 W||? H(x;
—u' W u' Wu

W B m _1 1

H(x; (BT )) = (27) B ||W||" % exp {—§(c — BTwlB)}G(x; -W B, W) (B.2.2b)
C

where m is the number of dimensions of x.

e Rule of multiplication:
H(X;Wl) -H(X; Wz) = H(X; Wi +W2) (B23)

e Rule of integration (note that symmetric matrix A has one more row than column vector x

has while symmetric matrix C' has same number of rows as column vector y has):

[ %) na

= (2n)%||C|"*H(x;A - BC'B")

where m, is the number of dimensions of y.
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Appendix C

A Sample of the Source Code

The code listed here is the actual code used in the face tracker in chapter 5. The code is a
function to construct the graph as in figure 5.4, and to initialize the underlying region trackers by

a face model which contains the template images and their positions in the first frame.

Ref<Frame> build_graph( GrayImage& input, const FaceModel& face ) {

Ref<ImageInput<Image> > source = newImageInput(input) ;
Ref<Frame> graph = new Frame ;

// left eye and its constraints
// make names of variables
VariableSet vl = makeVariableSet( "x1", "yl1" ) ;
VariableSet vlh = makeVariableSet( "x1lh", "ylh" ) ;
// create a region tracker using roof kernels for 2-D translation
cbt::Region * 1_eye = new cbt::Region
( vl, face.l_eye, source, new cbt::Region::TransRoof() );
// initialize the region tracker
1_eye->init( vector<double>( face.l_pos, face.l_pos+2 ) );
// add part component to the graph
Ref<Node> nl = graph->add( 0, vl, (string)"l_eye" );
// add observation component to the graph, which is the region tracker
Ref<Node> nlo = graph->add( l_eye, (string)"l_eye_o" );
// add history component to the graph
Ref<Node> nlh = graph->add( new History( **nl, vl, vlh ), vlh,
(string)"1l_eye_h" );
// add a simple constriant between part and observation to the graph
graph->add( nl, nlo, new SimplePotential( vl, 0, .01 ) );
// add a simple constraint between part and history to the graph
graph->add( nl, nlh, new SimplePotential( vl, vlh, .01 ) );

// right eye and its constraints

// make names of variables

VariableSet vr = makeVariableSet( "xr", "yr" ) ;
VariableSet vrh = makeVariableSet( "xrh", "yrh" )
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// create a region tracker using roof kernels for 2-D translation
cbt::Region * r_eye = new cbt::Region
( vr, face.r_eye, source, new cbt::Region::TransRoof() );
// initialize the region tracker
r_eye->init( vector<double>( face.r_pos, face.r_pos+2 ) );
// add part component to the graph
Ref<Node> nr = graph->add( 0, vr, (string)'"r_eye" );
// add observation component to the graph, which is the region tracker
Ref<Node> nro = graph->add( r_eye, (string)"r_eye_o" );
// add history component to the graph
Ref<Node> nrh = graph->add( new History( **nr, vr, vrh ), vrh,
(string)"r_eye_h" );
// add a simple constriant between part and observation to the graph
graph->add( nr, nro, new SimplePotential( vr, 0, .01 ) );
// add a simple constraint between part and history to the graph
graph->add( nr, nrh, new SimplePotential( vr, vrh, .01 ) );

// mouth and its constraints
// make names of variables
VariableSet vm = makeVariableSet( "xm", "ym" ) ;
VariableSet vmh = makeVariableSet( "xmh", "ymh" ) ;
// create a region tracker using roof kernels for 2-D translation
cbt::Region * mouth = new cbt::Region
( vm, face.mouth, source, new cbt::Region::TransRoof() );
// initialize the region tracker
mouth->init ( vector<double>( face.m_pos, face.m_pos+2 ) );
// add part component to the graph
Ref<Node> nm = graph->add( 0, vm, (string)'"mouth" );
// add observation component to the graph, which is the region tracker
Ref<Node> nmo = graph->add( mouth, (string)'"mouth_o" );
// add history component to the graph
Ref<Node> nmh = graph->add( new History( **nm, vm, vmh ), vmh,
(string) "mouth_h" );
// add a simple constriant between part and observation to the graph
graph->add( nm, nmo, new SimplePotential( vm, 0, .01 ) );
// add a simple constraint between part and history to the graph
graph->add( nm, nmh, new SimplePotential( vm, vmh, .01 ) );

// constraints between the three parts
// add a distance constraint between left and right eyes to the graph
graph->add( nl, nr, new DistancePotential

( vl, vr, .1, distance( face.l_pos, face.r_pos ) ));
// add a distance constraint between the left eye and the mouth to the graph
graph->add( nl, nm, new DistancePotential

( vl, vm, .1, distance( face.l_pos, face.m_pos ) ));
// add a distance constraint between the right eye and the mouth to the graph
graph->add( nr, nm, new DistancePotential

( vr, vm, .1, distance( face.r_pos, face.m_pos ) ));

return graph ;
} // build_graph
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