Value Range Analysis for Higher-Order Programs

Paritosh Shroff Christian Skalka Scott F. Smith
The Johns Hopkins University University of Vermont The Johns Hopkins University
pari@cs.jhu.edu skalka@cs.uvm.edu scott@cs.jhu.edu
Abstract the nugget. Putting these three steps together gives a method for

automatically proving properties of programs.

We are defining a general approach which we believe can extend
beyond pure functional programs and can also extend to more fine-
grained abstractions, but in this paper we focus on solvingahee
range problem — deducing what range of values integer variables
can take on. While this is a narrow problem, it is a nontrivial

We develop a value range analysis for higher-order programs. The
analysis extracts auggetthat characterizes the value bindings re-
sulting from program execution. This abstraction can be fed into
a theorem prover to extract non-trivial inductive properties about
programs, including the range of values assigned to variables dur-
ing program execution. The paper incorporates several new tech- . T
nical developments, including a novetune-reruntechnique for problem and so we believe it is a good testbed for our general
approximating higher-order recursive functions. The nugget ex- aPProach.
tracted from the analysis condenses higher-order programs into a
first-order rule-based system. We show how the nugget can be in- :
terpreted as an inductively defined structure, and can be simply and2' Informal Overview
directly encoded in the Isabelle/HOL theorem prover, where non- In this section we give an overview of our analysis. We start by
trivial properties of the program can be verified. showing the form that nuggets take, what they mean, and how
properties can be proved about them. Next, we describe informally
the nugget construction algorithm. Consider the following simple

1. Introduction higher-order program which computes the factorial5pfusing
Program analysis and theorem proving are two well-studied fields. recursion encoded by “self-passing”,

Program analysis excels at automatic calculation of simpl_e low- let f = Mact. An.if (n!=0) then

level properties of production programs, and theorem proving ex- n * fact fact (n — 1) 1)
cels at manual or semi-automatic verification of more advanced else

properties of more idealized programs. Progress is now being made 1

on combining the strengths of these two approaches (Chen and Xi inff5

2005; Gronski et al. 2006; Might 2007). This paper also aims to

combine the strengths of program analysis and theorem provers aspyr goal is to statically analyze the range of values assignable to the
a framework for automatic enforcement of sophisticated properties yariapler during the course of computation of the above higher-

of higher-order programs. o order program. Obviously this program will recurse fofrom 5
Higher-order functional programming is a very powerful pro- - gown to 0, each time with the conditioin != 0) holding until
gramming metaphor, but it is also complex from a program anal- finally n = 0, and thus the range of values foiis [0, . . . , 5]. The

ysis standpoint: the actual low-level operations and the order they particular goal of this paper is to define an analysis which can infer
take place in is very far removed from the source code. On the other g ;¢ ranges about variables for this and more complex programs.
hand it is this simpler low-level view that is easiest for automated For non-recursive functions it is not hard to completely track such
methods to apply to. In this paper we focus on defining new forms anges; the difficult case is under recursion, where the course of the

of sound program abstraction which stlrip the higher-order nature computation depends on the guards in the conditional branching
from functional programs; for any functional program we produce giatements of the function.

a sound abstraction which we callragget Nuggets are simple
first-order rewrite systems which contain much of the computa-
tional structure of the source program, but with the higher-order
and other aspects abstracted. Nuggets can be automatically calcuThere is a huge array of potential program abstractions: type sys-
lated, and they can also be automatically translated into an equiva-tems, abstract interpretations, compiler analyses, etc. All of these
lent representation in a theorem prover, HOL in particular for this can be viewed as abstracting away certain properties from program
paper. Then, HOL can automatically prove desirable properties of executions. Type systems abstract away all but the type of data;
abstract interpretations generally make a finitary abstraction on in-
finite datatype domains, but preserve all other execution proper-
ties. Our approach is not a common point in this space of program
abstractions: we wish tabstract awaythe higher-order nature of
functional programs, byireserveas much of the other behavior as
possible, including infinite data types.

The core of our analysis is threiggetizerwhich automatically
generatesiuggetsfrom source programs. We are going to begin
with a description of the nuggets themselves and how they can be

[Copyright notice will appear here once ‘preprint’ option is removed.] used, and subsequently will discuss the nuggetizing process itself.

2.1 Nuggets
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Nuggets are purely first-order; they may contain higher-order expansion on part of it, and can be used in call-by-value evaluation,
function data but in the nugget those functions are just atomic data.

The higher-order flows that occurred in the original program are Z=X. (2 f Qy-zzy)) (e f gz y))
reduced to their underlying first-order actions on data. , .
We will illustrate the form and features of nuggets by consider- let f* = Afact.An.if (n !=0) then
ing the nugget produced by the nuggetizer on program (1): I" * fact (n —1) (3)
else
Nugget:{n — 5,n — (n — 1)"'=°} 2 1
inZ f'5

(We are leaving out the trivial mappings f(f_r and fact her_e.) The nugget at as extracted by the nuggetizer is
As can be seen, nuggets are sets of mappings from variables to

simple expressions — all of the higher-order functions in program Nugget:{n — 5,n — y,y — (n — 1)"'=°} (4)
(1) have been expanded. The mapping— 5 corresponds to
the initial value5 passed in ton in the example. The mapping

n — (n — 1)"'=° additionally contains guardn! = 0, which

can be viewed as a precondition on when this particular mapping
may apply. Also notice this is a recursive mappingnaps ton — 1.

which, by transitive closure, mapsequivalently as in nugget (2).
The more complex higher-order structure of the above program
proves no more challenging to the nuggetizer.

It corresponds to the fact that— (n — 1) is the new binding for. A program with higher-order mutual recursion Consider an-
upon recursive invocation, which only happens in the caise- 0. other variation of (1), now with higher-order mutual recursion,
The denotational semantics of nuggetsThere are several equiva- let g = Afact’. Am. fact’ fact’ (m — 1) in

lent ways to view the meanings of nuggets, which we term thesir let f = Afact. An.if (n = 0) then

notational semanticsThey can be viewed as inductive definitions n*g fact n (5)
of the sets of possible values for the variables: the least set of val- else

ues indicated by the mappings such that the guards hold. They can ) 1

equivalently be viewed as defining the rules of a context-free gen- inff>5

erative grammar with dependencies, where variables are the non- o
terminals of the grammar and data values (integers, booleans, func-1Ne nugget ab andm as extracted by the nuggetizer is:

tion, etc) and binary operatorsy(, —, <, >, ==, !=, etc) com- Nugget:{n — 5,m — n"'=% n— (m —1)} (6)
prise the terminals. The above nugget by either approach has the ’ ’
denotation

The mutually recursive structure between the functibns. . . and
{n=5n—4n—3,n—2,n—1,n+— 0} Am. ... in the above program is reflected as a mutual dependency
between the mappings farandm in the extracted nugget above.

To justify this answer, observe — 0 does not satisfy the guard The denotational semanticsraindm for the above nugget are

(n !=0), and hence, cannot be used in the right side of mapping
n — (n—1)"'=°, to generate a new mapping far The above {n—5n—4n—3n—2n—1n+— 0} and
nugget in fact precisely denotes the range of values assignable to
during the course of computation of program (1).

The key soundness property is, a nuggétfor a programp respectively. Note that the binding — 0 is not added because the
must map each variable occurring inp to values that are at least ~ guardn ! = 0 on the mappingn — n™'=° fails — even though the
the values that may occur at runtimepifmapping extra values that ~ mappingn — 0 is present, it does not satisfy the gudrd = 0)
never occur at runtime may also happen — nuggets are sound but nobere.
necessarily complete). With such a soundness property, it means if
we prove something for all values in a nugget mapping: oive
have proven it for all values could take on while running. Thus
the nugget above serves to bound the range of the example
program to[0, . . ., 5], which in this case is also complete since
will take on no other values at runtime.

{m—5m—4,m— 3, m—2m— 1},

Dealing with unknown inputs The examples above assume a
concrete value such dsis flowing into the function. We want to
make clear that this value could have also come from some input
channel and properties can still be proven. Since we do not have
input statements in our language, we only sketch how inputs can be
handled. Imagine thatp contains the input value. Consider the

Defining and reasoning about nuggets in Isaballe/HOLNugget nugget

properties can be manually calculated as we did above, but our goal {n — inp™ 20 n s (n —1)"'= 0}

is for more automated proofs of program properties. Since nuggets e ) .

are nothing more than simple inductive definitions, any nugget which reflects a program whlgh invokes the factorial func_tlon on

may be directly translated into an Isabelle/HOL inductive defini- under the guard of the conditionahp > 0. Th(? denotational

tion which gives a meaning in Isabelle/HOL that is equivalent to Semantics fom in this nugget is the rang, . .., inp] showing

their denotational semantics as outlined above. The Isabelle/HOL thatn will never become negative over any program run.

theorem prover may then be used to directly prexg0 < n <5

for this example. The Isabelle/HOL encoding of the above nugget

is presented in Section 5, as is the general algorithm for translating We now describe the process for creating nuggets, viatiyge-

nuggets into Isabelle/HOL. tizer. The Nuggetizer intuitively constructs the nugget via a collect-
ing semantics — the nugget is incrementally accumulated over an

A more complex higher-order program To show that the nuggets ~ abstract execution of the program. The abstract execution is a form

can account for fancier higher-order recursion, consider a variation of environment-based operational semantics, wherein the environ-

of the above program which employs a fixed-point combinAttr ment collects abstract mappings suchnas> (n — 1)"'=°, and

perform recursionZ is a version of they combinator, given by- the final environment is the nugget. In fact, the abstract operational

2.2 The Nuggetizer
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semantics (AOS) structurally aligns very closely with the concrete the function invocation(An....) (n — 1), involves (a) collecting
operational semantics (COS); the AOS however is guaranteed tothe mappingn — (n — 1)™'=°, which captures the flow of
terminate on all programs. The nuggetizer needs to repeatedly runthe symbolic argumenfr — 1), under the guardh != 0, to the

the AOS until the environment has stabilized. parameter variable. of function (An....), and (b) immediately
collecting the mapping’ — r, indicatingimmediatereturn of from

the recursion — the function isot recursively invoked as happens
in the COS. Observe that the environment has not yet collected any
mapping forr at this point (in fact no mapping for appears until
step 7), and hence, at this point in the abstract execution it only
serves as glaceholderfor the return value of the recursive call
‘“(Mn....) (n — 1), to be filled in by later analysis; we sayis

Collecting the guards The nuggetizer keeps track of the guards
that are active at all points of the abstract execution, and tags
the abstract mappings with the guards in force at the point of
their addition to the environment. So for example, when analyzing
the then-branch of the above programs, the nuggetizer tags all
mappings with the active guatd ! = 0), before adding them to the

. t Th . 1 n!l=0 1 n!=0
environment. The mappings+— (n—1) Wy (n=1) ' inchoateas of the end of step 6. Also, the mappirig— r is not

andm — n"'=" in nuggets (2), (4) and (6) respectively, are  ag5ed with any guard, another aspect of the pruning mechanism
collected by the nuggetizer during abstract execution ot iilea- 99 ya ' P P g '

branches of corresponding programs; while, the mappings 5, Merging branches and completing Step 7 merges the completed

n — y andn — (m — 1) in the above shown nuggets are collected executions of the two branches by collecting the resulting values
by the nuggetizer when no guards are in force, and hence, the lacktagged with their corresponding guards, that {g % »/)*'=%

of associated guards on them. and ‘1"==%", as mappings" — (n * ' )"'=% andr — 1"==°
respectively, denoting the flow of each of the tagged resulting
values into the outer let-bindindet » = (if ...) in r). The redex

at the end of step 7 is, then, Finally step 8 pops the stack, and the
gbstract execution terminates.

The finiteness of abstract environmentsThe domain and range
of all mappings added to the environment during the abstract ex-
ecution,e.g.then, y, m, 5, (n — 1), and(m — 1) in the above
shown nuggets, as well as the guards on those mappings such a
(n !=0), are fragments thatirectly appear in the corresponding  Environment has a fixed-point The environment at the end of the
source programs — no new subexpressionegaeecreated, either abstract execution is
by substitution or otherwise, during the abstract execution of any nl=0
program; hence, the maximum number of distinct mappings in the {f= (Afactx\:nd ",')’faCt — f,n = i,!]:‘aoct — fait::o ,
abstract environment of the AOS of any given program is finite. "' (n—1) T T (k) el i
This property is critical for the convergence of the nuggetizer. and this is the nugget. It is identical to (2) above but with the
mappings elided there for simplicity now shown.

The nugget is, in general, the least fixed-point of the symbolic
mappings collectable by the AOS for the program (7); this can be

An lllustration We now discuss the abstract execution of pro-
gram (1), placed in a (partial) normal form as follows:

let f = AMact. An.let r = if (n !=0) then ascertained bye-runningthe AOS, but this time using the above
let v’ = fact fact (n — 1) environment as the initial environment. At the end of the re-run, the
inn*r’ (7) environment will be the same as at the start of executien,it is
else a fixed-point. In general, however, the initial run need not yield a
1 fixed-point of the environment.
nr

The need for re-running In the case of higher-order recursive
functions where the value returned is itself a function, the return

inffb
The abstract execution of the above program takes eight steps, ancyalue that is inchoate would be a function if it were present, and

is summarized in Figure 1. The column labeled “Stack” indicates SINCe itisnotpresent, this returned function will not be execuagd
the state of the stack at the corresponding step. The “Collected all in the f|r§t pass of the AQS. He.rells an example to illustrate this
Mappings” column indicates the mappings collected by the nugge- ¢@S€- Consider the following variation of program (7) where the
tizer, if any, during the indicated step. The collected mappings are 'eturn value of the functiogAn. .....) is changed to be a function,
added to the environment of the nuggetizer, and so the environment  |et f — Afact. An. let r = if (n !=0) then

at any step is the union of all collected mappings up to the current let 7' = fact fact (n — 1) in
step. The environment is initially empty. The “Current Guard(s)” let r” =7/() in

column indicates the guard(s) in force, if any, at the corresponding My. (nx7") 8
step. We now highlight the significant steps in Figure 1. else

Setup and forking théf branches During step 1, The mapping of . Az. 1

fto(Mact.An.letr = ... inr)is collected in the environment, ) mnr

and thenf is invoked during step 2, which returns immediately inff50

with the corresponding nested functigin.let » = ... in 1),

During the initial run of the AOS on the above program, the return
variabler is inchoate in the analysis of the then-branch, as in the
previous example. Given the mapping— r, v’ is thus inchoate
as well. Hence, when the redex ist'r” = r'() in (\y.n * ")’

in the initial run, the environment of the AOS has no known func-
tion mapping tor’ which can be invoked. The AOS simply skips
over the call site#*’ ()’ and proceeds without adding any mapping
for r” either. At the merging of the branches the AOS finally adds
the mappings: — (Ay.n * r")"'=%andr — (Az.1)"== to
Pruning recursion Step 6 is crucial in ensuring convergence of the environment, and so andr’ (belatedly) have values. If the
the abstract execution — the recursive activation of the function AOS is rerun starting with an initial environment being the envi-
(An. ...), which is already on the stack,suned The pruning of ronment at the end of the just concluded run, the retlex’ =

resulting in (An.let » = ... in 7) 5 being the redex before
step 3. At step 4 the abstract execution is forked into two, such
that thethen- and theelse-branches are analyzed in parallel under
their corresponding guards, that (s != 0) and(n == 0), and
under the subcolumns labeled ‘T’ and ‘F’, respectively. The step
5 under subcolumn labeled ‘T, is similar to step 2, except, the
collected mappingfact — fact™'=°, is tagged with the current
guard,n != 0, as discussed above.
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Step Stack Collected Mappings | Current Guard(s) Redex Next Action
0 let f = (Mact. An. ...) collect let-binding
inffb5
1 f— (Mfact. dn. ...) frb invoke (Afact. An. ...)
2 fact — f (An...)5 invoke (An. ...)
3 (An. ...) n+—5 letr = (if (n!=0) ...) fork execution
nr
T F T F T F T F T F
4 [ O ) | () nl=0|n==0]letr = 1 | invoke nop
fact fact (n — 1) (Mact. An. ...)
inmxr’
5 [ O . ) | On ) | fact — fact™ =0 n!=0|n==0|letr = 1 | prune nop
(An...)(n—1) re-activation
inn*r’ of (An....)
6 |(W..) ] On..)|n=m-1)"=0 n!=0|n==0|nxr 1
r - merge executions
7 (n. ...) r— (nxr)"=0 r
7 1n==0 pop
8 r

Figure 1. Example: Abstract Execution of Program (7)

n!=0

r'() in (Ay.n = r")" will lead to mappingsz — () LY which is sound but not complete: — 5 becausen — 5 and
O™'=9% " — 1770 andr” — (n*r")"'=° to be collected r +— 1 are present, bu is obviously not in the range of a factorial
sincer andr’ are no longer inchoate. The environment at the end function. The correlation between the argument and return values

of the second run will then be, of recursive function invocations is not captured by the nuggetizer
due to the pruning of all re-activations of any function, as shown in
{f — (Mact. An. ...), fact — f,n — 5, fact — fact™=°, Step 6 of Figure 1 fo(An. ...); hence, precision of the analyzed
n—(n—1""%z— ("0 y— ()"0, return value of the variable is lost. The nuggetizer can in fact
e (Ay.nok r”)n!:O,r — (\z. 1)71::0’ be extended to capture the above mention_ed dependency between
P s 170 0 s ( Tn)m:()} the argument and return values of recursive functions, and thus

perform a precise analysis on the range of return values as well;
which is the least fixed-point of the symbolic mappings collectable this extension is presented in Section 6.
by the nuggetizer for program (8) — the AOS is run one last time by
the nuggetizer to verify this fact. As pointed out earlier, the domain,
range and guards of the mappings collected by the nuggetizer areincompleteness To better show the scope of the analysis, we
all fragments found in the original program, and the growth of the given an example of an incomplete nugget which no extension will
environment is also always increasing, thus it must eventually stop handle. This program is inspired by a bidirectional bubble sort.
at a fixed point, ...the nugget. _The number of re-runs requir_ed is let f = Asort. Az. Alimit. if (z < limit) then
dependent on the level of nesting of and dependency on higher- o
X A . . . sort sort (x + 1) (limit — 1)
order recursive functions, and should in practice be small since the else
order of programs is generally small. 1 (10)
We believe this use of the re-run technique in the presence of Ff09
higher-order recursive programs is a novel insight of our analysis.

The nugget at: andlimit as extracted by the nuggetizer is,

{{E — O,ZE — (.17 + 1)z<limit,
limit — 9, limit — (limit — 1)

Value range of return values The core analysis tracks function
argument values well, but loses information on values returned
from recursive functions. The nugget for the return variablef

the function(An. .. .) in the above environment for program (7) is, and their corresponding denotational semantics are,

x < lz‘mit}

{n—5mn—(n-1)""=° {r—0,z—1,...,2+— 9,2 — 9}, and
n==0 An!=0
P 1T s (nkr) T ©) {limit — 9, limit — 8, ..., limit — 1, limit — 0}
Note, the mapping’ +— r is inlined into mapping — (n * respectively; while the exact ranges of values assigned and

)™= for simplicity of presentation. Observe howin the range ~ /imat during the computation of the above program gré| and
of the mapping: — (n * r)"'=° lacks a guard, in effect allowing [4, 9] respectively. The nuggetizer does not record the correlation

any known value ofr to be multiplied withany known value of between the order of assignmentstand/imit in the computation
n (besides0) to generate a new value for. The denotational ~ Of the above program, thatis, the fact that the assignment-6l)
semantics at andr of the above nugget is tox is |mmf_sd|ately followed by the as&gnment(dfm_zt - 1) to
limit, and vice-versa. Note, however, that the analysis still manages
{n—=5n—4n—3,n—2n—1n— 0} and to boundz to a narrow range — if: had been used as an index
{r—1,r— 27— 67— 24,7 — 120, into an array of length 10, the above nugget would prove that all
75,1 — 8,7 18,7 — 48,1 — 600, ...}, accesses to such an array would be in-bounds.
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b ::=true | false boolean

@, i=+|—1*]|/ binary operator (ints)
| ==I'=|<|>

@, i=A|V binary operator (bools)
& =9, |d, binary operator
F u=Az.p function
n s=z|i|b|Flzdz lazy value
k u=n|ifzthenpelsep|zx atomic computation
p s=xl|letz=kinp A-normal program
(n, E) concrete closure

E «:={z~— (n,E)} concrete environment

Figure 2. Language: Syntax Grammar

P:=b|ln=n|PAP|PVP predicate
(n, P) abstract closure

Euw={x— (n,P)} abstract environment
S ={(F,P)} abstract “stack”

Figure 4. AOS: Syntax Grammar

3. The Language Model and Semantics

and used when critically needed, as can be seen from this example.
For this reason, every lazy value, not just functions, are closures.

The following total function reduces a closure to its smallest
equivalent form, or we say “grounds” it.

Definition 3.1 (Ground of a Concrete Closure). || (n,E)| is a
total function inductively defined as,

1 [{z, E)|| = [[E(z)]; and, [ (i, E)|| = (i, 0); and, [[(b, E) ||
(b,0); and, || (F, E)|| = (F,E"), wherefree(F) N dom(E)
{zx} andE’ = {ax — (&, E)]|}; and,

2. (1 ®, 22, B) || = (n, 0), i (1, E) | = (in,0), [ {2, B)]| =
(12, 0), andiy @, i2 = n, wheren is either integral or boolean;
else,|(z1 &, 22, E)|| = (z1 &, z2, E), whereE' = {xl —
[{z1, E)],z2 — U_(a:g,E)ﬂ}; and,

3. [(21®, 22, B) || = (b,0), if ([ (1, E) | = (b1,0), [ {2, E) || =
<b2,@>, and by @b by = b; e|Se,U<(E1 @b IJQ,E)JJ <1}1 @b
x2,E'), whereE' = {z1 — [[(z1,E) ||, 22 — [[(z2,E)]|}.

A closure (p, E) is considerectlosediff free(p) C dom(E)
and all{n, E') in the range of are, in turn, closed.

The following defines theanonicalconstructs in our language
model, the well-formed constructs we will restrict reduction to.
(Here, locals(p), formally defined in Appendix A, is the set of all
local variables in program, and dom(E) denotes the domain of

E.)

This section details the language and the concrete operational se-

mantics, the COS. Our programming language model, Figure 2, is
a pure higher-order functional language with arithmetic, booleans,
conditional branching and let-bindings, with variableand inte-

Definition 3.2 (Canonical Constructs). 1. (Canonical Program).
A programp is canonical iff each of its local variables is dis-
tinct.

gersi. The grammar assumes expressions are already in A-normal 2, (Canonical Environment). An environmdnts canonical iffE

form (Flanagan et al. 1993), so each program point has an associ-

ated program variable. This grammar thus reflects an “internal” lan-

guage which the original source program has been translated into.

Since the differences between the original source and this A-normal
form are minor we have left out the original source languaget)
represents a closure, fora (lazy) value (discussed below), and

is a set of single-valued mappings, and@il, E’) in the range
of E are, in turn, canonical.

3. (Canonical Closure). A closuré, E) is canonical iffp and E
are each canonical, antbcals(p) N dom(E) = 0.

The conditionlocals(p) N dom(E) = (@ for a canonical closure

E an environment. Figure 3 gives an environment based concreteabovg allows new mappings to pe simply appended to the envilrpn-
operational semantics (COS) for our language. The semantics isment in the semantics rules in Figure 3, as opposed to overwriting

mixed-stepthat is, a combination of both small- (in thet rule)

and big-step (in thef andapp rules) reductions. The big-step se-
mantics is used in thepp rule to clearly demarcate the scope of
function invocations, eliminating the need for a stack. The big-
step semantics in thef rule serves mainly to align it with the
corresponding rule in the abstract operational semantics (presente
later). In general, the mixed-step semantics is used to align with the
AOS and hence, to facilitate the proof of soundness by a direct sim-
ulation argument between the two; neither all-big nor all-small step
will give an elegant alignment. The mixed-step reduction relation
— is defined over configurations, which are tupl@s, p); while

—" is then-step reflexive (ifn = 0) and transitive (otherwise)
closure of—.

The environment lookup function on variables is the partial
function defined asii(z) = (', E') iff x — (', E’) is the only
binding for z in E. The transitively closed-lookup function on
variables and function values is inductively definediag;)™» =
E' (7)™ iff E(z) = (#/,E'), andE(F) > = (F, E) respectively.

The arithmetic, relational and logical operationsXx) are eval-
uated in a maximally lazy fashion. So for example, the reduction of
the abstract value + y given its environmen{m — (1,0),y —

(2, Q))}, to integer3, is postponed until it is essential to do so for
the computation to proceed, that is, the branching condition of the
if rule needs to be resolved. In the meantime it is stored in the en-
vironment as(z + y, {z — (1,0),y — (2,0)}). We term them
lazy valuedor this reason. The environment lookup is also maxi-
mally lazy in that mappings are only taken out of the environment

any previous bindings — by keeping variables distinct enough we
can reduce the amount of renaming needed in the COS rules to
zero.

Definition 3.3 (Well-Formed Configuration (E, p)). A configu-

dation (E, p) is well-formed iff the closurdp, E) is closed and

canonical.

The “deep” containment relation is a technical definition used
below; it is inductively defined ag; — (', E’) € E iff either,
z— (n',E') € E,or3(n",E") € range(E). z — (n',E') € E".

The partial functionnezt(let x = k in p) = p, returns the
next redex inp. We write nezt™ () as shorthand forn successive
applications ofnezt(). The length of a program is defined as
len(xz) = 0, andlen(let z = k in p) = 1 + len(p). The variable
serving as a placeholder for the final result value of a program is
defined asp| = nezt™(p), wheren = len(p). The following
technical properties of the COS reflect the precise structure of
configurations under reduction, and are needed to establish the
COS-AQS correspondence in the next section.

Lemma 3.4 (Properties of COS).

1. (Invariants).
(@) (1-step). f(E,p) — (E',p’) thenE C E’ andnext(p) =
/
p

(b) (n.-step). If(E,p) —" (En,r) thenE C E,, |p] = rand
len(p) = n.
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[z, E) || = (bs, 0) (b1,b2) = (true, false) (E,p;) —" (E',y)

if
(E,letx =ninp) — (E UA{z — (n, E)},p) (E, let y = (if = then p1 else p2) in p) — (E/ u{y— E')},p) *
E(/)" = (z.p,Er)  (EfU{z— (@ E)}p) —" (E,r)
a]
(E,letr = f 2 in ppest) — (E U{re— ', E’)},pnezt) PP
Figure 3. Concrete Operational Semantics (COS) Rules
let
(S,f),P,Ietaz = ninp) — (S,EU {x — (n,P)},P/\ (z = n),p)
Py = P A (x = true) Py = P A (z = false)
(Sagvplapl) —m (87817P{7y3) (8787P27p2) —"2 (S,Sg,Pé,yé) Pl:(P{/\(y:yll))\/(Pé/\(y:yé))n(
(S,E, P,let y = (if = then p1 else p2) in p) — (8,51 U{y— (1, P1)} U& U {y — (y2, P)}, P’,p)
EN™ ={(Fs Pr)}  Fr = Azk.pi
Vi<i<k CALL(S, (Fs, Pi)) = p; Si = SU{(Fi, Pi)} (SugU{l’iH <$/7P>}7Pi7p;) —" (8, &, P, 1))
app
(8,5, Pletr = fa'in pnm) — <S,€ U U Ei U {r — (ri, P{}}, P,pnm>
1<i<k
Figure 5. Abstract Operational Semantics (AOS) Rules
2. (Preservation of Well-Formedness). ([E, p) is well-formed, P in abstract configurations indicate the constraints in foiglet

and (E,p) —" (En,pn) then (E,,p,) is well-formed as now, for the current function activation only.
well. The transitively closed-lookup function on variables;(z)*>,

3. (Preservation of Bindings). (£, p’) is anode in the derivation  is inductively defined to be the smallest $éf;, Px)}, such that

tree of (E,p) —" (En,pn) andz — (n,Ea,) € E' then Vo — (y, P) € £. E(y)*> C {(Fx, Pr)}, andVz — (F,P) €
@ 1 Beto) € B . _ . E.(F, P) € (e, Pr)}.
4. (Fixed-Point of Subexpressions). (E’,p’) is a node in the
derivation tree of @, p) —" (En, p») thenp’ is a subexpres-
sion of ofp, and for all z +— (n,E.,) € E/, z andn are 4.1 The AOS Rules

subexpressions gfas well. We now elaborate on the AOS rules.

Proof. Follows by induction on the respective derivations. 0O S
let Thelet rule collects the let-binding in the abstract closure as

. x — (n, P), analogous to the mapping ofin the concrete closure
4. The AOS and Nuggetizer rule. gI'heP> is the guard on the new mapping otere, reflecting
Figure 4 defines additional syntax needed for the AOS. The ab- the constraints in the current execution context. The prediease
stract environment is a set of mappings from variables to ab- also updated to reflect the just executed let-assignment by conjoin-
stract closures; it may map the same variable multiple times due ing (z = 7)), because this is a new constraint hereafter in force in
to imprecision in the execution. Unlike the COS case, abstract clo- this function activation. This equality predicate was not shown in
sures(n, P) do not come with full environments but with highly  any guards in Section 2 for simplicity of presentation; it was was
restricted forms, predicate3 which are simple propositional for-  not required to obtain a precise analysis on examples presented. To
mulae. TheP was informally called the “guard” in Section 2, and  show why it is helpful to add these equations, consider the follow-

notated slightly differently: they — (n — 1)™'=° there for ex- ing variation of program (1):

ample is formallyn — ((n — 1),n != 0) here. By replacing the _ .

concretel with an abstracP in closures, the abstract closures are let f = Aact. An. let ﬁc (_nyf'_no) then

significantly weaker, but the global abstract environm&rs on " *.];zct fact (2 — 1) (11)
the other hand strengthened: it is the sole variable mapping in the clse

AOS. Thus the nested concrete environments have been flattened 1

to a single global abstract environment. The abstract “st&cls’ in £ £5
a set of abstract function closures; this stack is not used as a nor-
mal reduction stack, it is only used by the AOS to detect and prune (For simplicity, the above program is not completely satisfying the

recursive calls. h .
X rammar of our language.) The nuggetizer produces the followin
Figure 5 presents the AOS rules; observe how the AOS rules gugget ats andz: guage.) 99 P g

structurally align with the COS rules of Figure 3. AOS reduction
— is defined over configurations which are 4-tuple®,&, P, p), Nugget:{n — 5,z — n,n — (z — 1)"'=0"=="} (12)
adding a predicat® and stackS to the COS state elements. The
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Note the conjunciz n) in the guard of the mapping; —
(z — 1)"'=97==n_which ties together the values efand n.

Without this addition, the guard would miss the correlation and the

nugget would lose precision.

2. (Monotonicity). If (S’,&’, P’,p’) is a node in the derivation
tree of (S,&,P,p) — (8",&",P",p") thenS C S and
gceg ce.

3. (Invariants).

(@) (1-step). If(S, &, P,p) — (S',&', P',p') thenS = &',

if Theif rule performs abstract execution of the then- and else-
branches in parallel under the current predicate appended with
their respective guards, as discussed in Section 2.2, and merges
their resulting environments, values, and predicates. Observe how
the then-case has = true added toP, indicating the current

context of execution proceeds under this additional constraint, and

similarly for the else-case. The final predica® in theif rule The following lemma states that the AOS has a derivation for all

logically expresses the current constraints to be either the then- orinpyts. We are not concerned now with catching type errors, and
the else-case predicate, and the final vajue be either the then-  having this property simplifies the mathematics.

valuey; or the else-valugs.

& C & andnext(P,p) = (P',p').
(b) (n-step). If (S, &, P,p) —™ (Sn,En, Pn,xn) thenS =
Sn, € C &y, \_(PJ?)J = (men) andlen(p) =n.

Proof. Follows by induction on the respective derivations. 0O

Lemma 4.3 (Existence of Derivation).For all 4-tuples(S, &, P, p)
app Theapprule performs abstract execution of all possible func- there existsS’, £’, P/, v’ and n, such that(S,&, P,p) —"
tion invocations at the corresponding call-site under their respective (S’ &', P/, r").
predicates in parallel (recall th&tmay map a variable multiply),
and merges their resulting environments and values. Observe var
ious analogies between thep andapp rules — for example, the
app rule pulls concrete environmetit; from the concrete clo-
sure of the corresponding function being invoked, while dipg
rule pulls predicateP; from the corresponding abstract closure.
CALL(S, (F, P)) here is a function returning the redex to be ex-
ecuted when invoking the abstract function clos(fe P) given
the abstract stack. In the case that it is not a recursive call, the
body of F is returned, but in the case of the recursive call we need
to pruneat this point, as discussed in Section 2.2, and the answer is
just a placeholder for the return value. The formal definition is as
follows: for 7 = Az.p, cALL(S, (F, P)) = pif (F,P) ¢ S, and
CALL(S, (F, P)) = |p| if (F,P) € S. When&(f)™* = 0 we
say f isinchoatein £ since it is undefined, and tla@prule simply
skips over the call-site and steps the AOS over,tg;; as discussed
in Section 2.2 this skipping over call-sites is sound from the point Definition 4.5 (The Nuggetizer). nuggetizer(p) = £, where is
of view of the nuggetizer as later steps will fill in the appropriate the nugget of 3-tuplé), true, p).
values which will then be analyzed in later rerun(s). This case was

_The proofs of the this and all subsequent Lemmas can be found in
the attached document.

We now formalize the nuggetizer and prove its soundness. We
start by defining the nugget and nuggetizer.

Definition 4.4 (Nugget). The nugget of a 3-tuplé, P, p) is the
the smallest sef’ such that(@, £, P,p) —™ (0, E,, Pn, 1), for
somen, P, andr, and eitherf = &, = &', or inductively,&’ is
the nugget of 3-tupl€s,,, P, p).

Since this is a monotone inductive definition the nugget always
exists, but it could in theory require infinitely many re-runs. We
will show below that is not the case. The nuggetizer is then defined
as the function that builds a nugget starting from an empty envi-
ronment. We will show below that the nuggetizer is a computable
function.

illustrated in example (8) of Section 2.2, where variablevas in-
choate in the initial run due to prior pruning of the re-activation of
function (An. ...), but attains a value in the next run.

4.2 Properties

We need to show the AOS simulates the COS, so we need to
relate concrete and abstract closures.

Definition 4.6 (Predicate Satisfaction RelationE + P).

1. E + true;
2.EFm =, iff [(n, E)] = [[{n2, E);

We now formally prove some properties of the AOS, and define 3 ¢y p A p/ ifE L PandEF P’

and show the nuggetizer is computable and sound. We start by 4. E-PVP

extending the partial functionezt to nezt( P, p) which both gives
the next redex and the updat&dn force at that point.

Definition 4.1 (next(P, p)).

1. next(P,letz =ninp) = (P',p), whereP’ = P A (z = 7).
2. neact(P7 let y = (if = then py else p2) in p) = (P',p), where
P1 = P A (z = true), P, = P A (x = false), n1 = len(p1),
nz = len(pz), next™ (P1,p1) = (P1,y}), next™ (P, p2)
(P3,y5),and P’ = (P1 A (y = y1)) V (P3 A (y = 42)).
3. next(P,letr = f xzinp) = (P,p).
|(P,p)] is then defined a$(P,p)| = next™(P,p), wheren =
len(p).
Basic properties of the AOS include the following. The most
important property is monotonicity: abstract environments only add

mappings over the course of computation, a critical change from

the concrete to the abstract semantics.
Lemma 4.2 (Properties of AOS).

1. (Determinism). If(S, &, P,p) — (S',&’, P',p') and addi-
tionally (S, &, P,p) — (S",&", P",p")then(S', &', P',p') =
(‘5075‘//7 P”,p”).

,iff either,E+ P,orE F P’.

The denotational semantics of the abstract environment may
now be defined as

Definition 4.7 (Denotational Semantics of€: [£]). [£] is the
smallest seE such that,
1z~ (n0) € E ifz— (n,P) € &0+ P,and(n,0) is
closed; and,
22— (n,E') e B, ifz— (n,P)e&,E CEE + P, and
(n',E) is closed.
The denotational semantics defines all possible concrete values
that an abstract environment could take on.

Lemma 4.8 (Properties of [£]). 1.1f z — (n,E) € E' C [£]
thenz — (n,E) € [£].

2. IfE C [€],E(z)t* = (F,E’)andE F P,thenE’ C [£], and
there exists &', such that{F, P’) € £(z)*> andE’ - P’.

Proof. Follows by induction given Definition 4.7 O

Definition 4.9 (Well-Formed 3-Tuple (&, P, p)). A 3-tuple(&, P, p)
is said to bewell-formediff £ is the nugget of€, P, p).
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Finally, we can prove the soundness of the nuggetizer using a

simulation argument. The simulation relation is defined as follows.

Definition 4.10 (Simulation Relation). E C, (&, P) iff (E,p)
and (&, P, p) are each well-formedg C [€], andE | P.

Lemma 4.11 (Simulation of COS by AOS).If E C,, (€, P) and
(Eap) —" (E/,p/) then (®757P7p) —" (@75,]3/,[)/) and
E' C, (,P).

The following Lemma essentially states that the nugget, as

extracted by the nuggetizer, is a sound abstraction of corresponding

program computation.

Main Lemma 4.12 (Soundness of the Nuggetizer)For a canon-
ical programp, if nuggetizer(p) = £, (E',p’) is a node in the
derivation tree of(@,p) —" (E.,pn), andz — (n,E) € E’,

thenz — (n,E) € [£].

Proof. Follows by Lemmas 3.4[3], 4.8[1] and 4.11. ad

We now show that the nuggetizer is a total computable function.
We start by defining the functiopairs (P, p) which defines a set
of subpairs of the paifP, p).

Definition 4.13 (Pairs of Predicates and Sub-Programs).

1. pairs (P,z) = {(P,x)}; and, pairs (P,i) = {(P,1)}; and,
pairs (P,b) = {(P,b)}; and, pairs (P, \z.p) = {(P,  \z.p)}U
pairs (P,p) U pairs (P, |p|); pairs (P,i) = {(P,4)}; and,

pairs (P,x ®z') = {(P,z ®z’)}; and,
(
(

2. pairs (P,let x = ninp) = {(P,let z = nin p)} U
pairs (P,n) U pairs (P A(z = n),p); and
3. pairs (P7 let y = (if x then p; else p2) in p) = {(P7 lety =

(if  then p; else p2) in p)}Upai'rs (P1,p1)Upairs (P2, p2)U
pairs (P',p), wherePy = P A (xz = true), P, = P A (z =
false), \_(Plzpl)J = (PLyi)! I_(P2>p2)J - (Pé7yé)l and
P'=(PiA(y=y1))V (PsA(y=1y;)) and

. pairs (P, let r f xinp) {(P,let r
pairs (P, x) U pairs (P, p).

fzinp)}u

The size of a program is defined as,
Definition 4.14 (Size of a Program:|p|).

Llz|=]i|=|b|=|z@|=1
2. | dz.p|=1+|p|+1;
3. [letz =ninp|=1+[n|+|pl;
4. |lety = (if z then p1 else p2) inp| =1+ |p1| +|p2| +|pl;
5. |letr=fxzinp|=1+1+p|
The function absClosures(P,p) denotes a set of abstract
closures in the paifP,p): absClosures(P,p) {(n",P") |
(P',n") € pairs (P,p)}.
Lemma 4.15 (Properties of p|). 1. |locals(p)| < |p].
2. | pairs (P,p)| < |p|, foranyP.
3. |absClosures(P,p)| < |p|, forany P.

Proof. Follows by Definition 4.14. O

The following key Lemma states that there exists an upper
bound on the abstract environment for all programs.

Lemma 4.16 (Upper Bound on the Abstract Environment).

For a programp, if £ C locals(p) x absClosures(true,p)
and (0, &, true,p) —" (0,&',P,r) then& C locals(p) X
absClosures(true, p).

We write pairs (£, P,p) as a shorthand to denote the set
pairs (P, p)UU, <<y, pairs (Pi, n:), where€ = {xy — (nk, Pr)}.
The following lemma states that there is an upper bound on the
number of distinct (predicate, redex) pairs in the AOS of any 3-
tuple (&, P, p).

Lemma 4.17 (Upper Bound on (Predicate, Redex) Pairs)lf
(8',&', P, p')is anode in the derivation tree ¢§, £, P, p) —"
(8",&", P, p") then(P',p') € pairs (€, P, p).

The combination of the termination of the AOS, monotonic
growth of the environment, and the existence of an upper bound
on the abstract environment means that successive re-runs of the
AOS will terminate in a least fixed-point.

Main Lemma 4.18 (Computability of the Nuggetizer). The func-
tion nuggetizer(p) = £ is computable.

Proof. Follows from Lemmas 4.3, 4.2[3b] 4.16 and 4.2[1]. O

We present the complexity of the nuggetizer.

Lemma 4.19 (Complexity of the Nuggetizer). The runtime com-
plexity of the nuggetizer ©(n! - n*), wheren = |p|.

Then! component of the above complexity is due to the possibility
of O(n!) distinct configurations. Here is an example realizing this
worst case:

let x = if y then Az1. 21 21
else if 3/ then Aza. 22 22
else if y” then \z3. 73 23
else \x4. x4 T4
inzx

The environment of the AOS at:‘z’ contains mappingdz —
AZ1.T1 T1,T — AT2. T2 T2, — AT3. T3 T3, — AT4.Ta Ta}

for z (ignoring the predicates for simplicity). As a result the AOS is
forced to successively invoke them in all possible ordexd6, or
O(4!), resulting inO(4!) different configurations. Generalizing the
above example te such functions would result i@ (n!) different
configurations.

All of the exponential programs we have been able to construct
are highly unnatural; it is an open question whether common pro-
gramming patterns would realize the combinatorial bound.

Note that the non-elementary bound on simply type@duction
(Mairson 1992) does not apply to the nuggetizer since there can still
be multiple simultaneous activations of the same function in the
simply typedX-calculus. Consider the following example, where
fa is re-activated insidg;:

let fo = Ab:int—int. b(5) :int in
let fo = Az:int. fo(Az:int. z:int) zint in fo (fs)
(Mairson 1992) encodes primitive recursion in simply typed
calculus and shows the complexity of its reduction as non-elementary,

while the AOS prunes all recursive invocations including ones such
as the above.

4.3 Towards Automated Theorem Proving

In this section we provide “glue” which connects the notation of
the formal framework above with the syntax of the Isabelle/HOL
theorem prover. The basic idea is we define an equivalent denota-
tional semantics of environmentf&]], which grounds programs

by inlining the concrete environment.

We need to relax the grammar for lazy values, atomic com-
putations and programs to be used in this subsection as follows:
nu=4i|b|F|ndnkuz=n|ifnthenpelsep | nn, and
p ==mn | let x = & in p, respectively. We writg[n/z] to denote
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the capture-avoiding substitution of all free occurrences of p 5. Automated Theorem Proving

with . . . . The analysis developed thus far is able to produce a nugget, and

'I_'he following function reciuces a I’fa_zy value to its smallest we have formally defined the denotational semantics of nuggets.
equivalent form, or as we say “grounds” it. In this section we show how to use the Isabelle/HOL proof assis-
Definition 4.20 (Ground a Lazy Value). ||| is a function induc- tant (Nipkow et al. 2002) to formalize and prove nugget properties.
tively defined as, Isabelle/HOL has a rich vocabulary that is well-suited to the en-

) . coding of nuggets, and has a number of built-in proof strategies

Lllz] = a; li] =& [b] =0b; [F]] =7 and , that allow automated proofs to be constructed for properties of in-
2. lm e, 77_2JJ =1 If_LLmJJ = i1, [n2]] = 42, andiy &, iz =7, terest. Intuitively, our strategy is to translate any given nugget into

wheren is either integral or boolean; elsé|n &, n2] = an inductively defined set in the prover. For any such definition,

n ] @; ln=1- Isabelle/HOL automatically generates an inductive proof strategy
3. lm @, m2ll = b, if [m]] = b1, [[m2]] = b2, andby &, ba = b; which can be leveraged to prove value range properties.

elsellm @, n2ll = [lm ] @, ln2]. More formally, we encode variables via the following Is-

We define a new concrete environment denoting the environ- 22523{:'99'— datatype, using numbers to distinguish variables in the

ment in the theorem prover a8, ::= {z— 7j}. Further we write
p|E] as shorthand fop[nx /zx], whereE = {Zx — 7% }. datatype var = X of nat
Definition 4.21 (Predicate Satisfaction RelationE F P).

Hereafter we will assume for simplicity that all variables in the

L E true; source language are of the form where the index is in N, so
2. Etm = na, iff [m[E]] = [n(E]]; that encoding of each is straightforward &g:). Given any set
3.EFPAP,IffEF PandE+ P'; of variablesV/, their indices{iy, . . ., i, } are denotedndices(V).

4, E+ PV P iffeitherE- PorEF P, The encoding of any given nuggét denoted&]uor, is defined

Definition 4.22 (Denotational Semantics, for Theorem Prover, inductively as a set ofvar, nay pairs called *abstractenv":

of £ [€])- [E] is smallest seE such that, consts abstractenv :: “(var * nat) set”

lL.z—n ek ifz— (nP)e&0F P,/|nll =7, andy is inductive abstractenv
closed; and,

222 —w n € Eifx —» (n,P) € &, E C E, E + P, Each mappings; — (n, P) in £ then defines a separate clause
Ilm[E7]l = n’, andn’ is closed. in the inductive definition, wher® defines a set of preconditions.

Furthermore any variable; referenced iy and P needs to be
changed to an Isabelle/HOL variahlg and associated with; via
the precondition( X (¢), v;) : abstractenv. In full detail, individual

Given the relaxed grammar, we redefine the ground of a con-
crete closure as,

Definition 4.23 (Ground of a Concrete Closure). || (n,E) || is a clauses are encoded as introduction rules via the funtfero
function inductively defined as, as follows:
1. |.|.<x7E>M = H.E('T)J_If U(ZvEHJ = U_<b7 E>J_| =", H_(j:? E>J_‘ = [[:L‘Z — <177 P>HHOL =
F[E], wherefree(F) N dom(E) = {z%} and if free(n) = @ then
E = {zx — [[{z+, E)]|}; and, “|[PIor|] = (X (), [n]iow) : abstractenv
2. (m &, 2, E)|| = n,if [(n, BY] = @1, [(m2, E)|| = i, elselet{iy, ..., in} = indices(free(n)) in
andiy @, i2 = n, wheren is either integral or boolean; else, “[|(X (41),vs, ) : abstracteny. . . ;
Lm ®; nz, E) || = L{m, E) ]| ©; [[(n2, E) [ and, (X (in), vi,,) : abstracteny
3. im @, n2, E) || = b, if [[(m1, E) || = b1, [[ (2, E) || = b2, and [Plrov|] = (X (4), [n]nor) : abstracteny

b1, b2 = b else,|[ (m @, me2, E) || = [[(m, E)|®, | (2, E}|].

We now show the original denotational semantics and the re-
vised form designed for the theorem prover are equivalent.

Lemma 4.24 (Equivalence of £] and [€]).

The above definition references our Isabelle/HOL encoding of
predicates and abstract valugB]uor and [n]uor respectively,
which are defined as follows:

b — “b??
1. If z — (n,E) € [€] then||(n,E)|| = n" andz — 7’ € [[€]. [[[[Z%Egi —
2.1f x — n € [£] then there exists dn’,E’), such that [z]aor = “v”
IL(n",E"]] =nandz — (n',E") € [£]. [n®nluor. = “[m]uor @ [n2]mor”
PiAP = ‘[P & [P ”
Proof. Follows by Definitions 4.7 and 4.22. a %pi V. pi%igi — «c%]{%igi | [[[[le]]]igi”

TT)? following theorem t.i|1|ebn ?hovgs_ thﬁt "’I‘WH values arisinfg N The main point to notice in this last definition is how variahles
variables in program runs will be found in the theorem-prover form aferenced directly in the nugget mapping are referenced indirectly
of the denotational semantics of the environment, meaning this i3 the variabley; associated wittX (i) in the encoding. For exam-

denotation soundly reflects run-time program behavior. ple, consider the nugget:

Theorem 4.25 (Soundness of the Analysisfor a canonical pro-

gram p, if nuggetizer(p) = &, (E’,p’) is a node in the deriva- {z0 — 5,20 — (0 — 1)™'="}

tion tree of (0,p) —" (En,pn), andz — (n,E) € E’ then

L(n.E)] = n" andz - n’ € [£]. that would be generated by analysis of the factorial function dis-
cussed in the introduction if, were substituted for. The encod-

Proof. Follows by Lemmas 4.12 and 4.24[1]. O ing of this nugget will generate the following Isabelle/HOL defini-
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tion: Now consider program (7) from Section 2.2 again. Its nugget

consts abstractenv :: “(var * nat) set” under this extended AOS is, after some simplification,

m?ﬁﬁg\f abstractenv {n e (1 o -
“| true |] = (X(0),5) : abstracteri o 17270 s (e )0 A (m:(nil))}
“[l(X(0),vo) : abstractenvuy # 0]] :

= (X(0),v0 — 1) : abstracten¥ The predicate(r.n = (n — 1)) defines a dependency between
To prove properties of the nugget, we can then leverage the the values ofn andr that can be used in the above mapping to
Isabelle/HOL proof assistant. In particular, to prove thatfalls generate new values for This dependency allows only the return
in the range [0,5], we state the following theorem: value mapped te which corresponds tn — 1) to be multiplied
theorem range : with n in order to create a new return value which then corresponds
b : " to n. Now suppose a partial denotation of the above nugget for the
(X(0), vo) : abstractenv= vo < 5 & vo > 0”. return variable-, as per Definition 4.7 when used with the extended
Following this, a single application of the elimination rule ab- Definition 4.6 is:
stractenv.induct will unroll the theorem according to the inductive
definition of abstractenv, and the resulting subgoals can be solved {r = (1 {n—0}),

by two applications of the arith strategy. While we have proved this r—=(1,{n—1,...}),
and other more complicated examples in an interactive manner, the r— (2 {nw—2...}),
strategy in each case is the same: apply the inductive elimination "o <6 {n—3 }>}
rule, followed by one or more applications of the arith strategy. ’ ’

This suggests a fl_JIIy _autor_nated technique for proof. We note that we will now show how new bindings for will result, assuming
the nugget encoding itself is fully automated by the preceding def- known range fom is [0, 5]. Observe the correlation between the

initions. - _ binding forr and the binding for under which it was generated
Observe that the Isabelle/HOL least fixpoint interpretation of — the latter is a factorial of the former, that is, the latter is the
the encoding[€]uoL can be seen to be equivalent f&] as return value for functior(An. ...) in program (7) when invoked

specified in Definition 4.22, by inspection of the two definitions on the former. Fom — 4 the predicate~.n = (n — 1) allows

with the same structure, for any fixed Thus, by Theorem 4.25,  only the mapping for which was generated under an environment

any property of[€]xor verified in Isabelle/HOL for all values of  containingn — (4 — 1), that is,n ~— 3. Note,r (6,{n —

varilable.s is a property of the runtime variables of the progsdor 3,.. _}> is the only mapping satisfying the above predicate which

which £ is its nugget. leads to the generation of mapping— (24, {n — 4,...}) for r.
The complete denotation of the above nugget is,

6. The Extended Nuggetizer { (1,{n ~ 0})
T AN ’

The nuggetizer of the previous section does not capture the corre-

lation between argument and return values of function invocations, re <1> {n—1,...}),
and hence is unable to precisely track return values of recursive r—(2,{n—2,...}),
functions, as discussed in Section 2.2. This nuggetizer however can r= (6, {n—3,...}),
be easily extended to capture the above mentioned dependency; in ri— (24, {n —4,...}),
this section we present _such an extende_d nl_Jgge_tizer. We do not T <120, {nr—5,.. }>}
present proofs of properties of this extension in this paper, but the

properties of previous section may all easily be proved, with the which is the precise range of the return variahle
exception of runtime com_plexity which will be worse. We have not The Main Lemma 4.12 stating the soundness of the nuggetizer
yet developed an encoding of extended nuggets into the theoremholds directly in presence of this extended AOS. We plan to extend

prover. _ _ _ _ the theorem prover encoding to process extended nuggets; it will
~Thelet andif rules are identical to those in the core AOS. require a more complex encoding which will keep track of the
Figure 6 presents the extended A@Ep" rule; it is identical to environments under which the values were generated as well.

the originalapp except it has added the underlined conjunctions.
The predicater,.z; = 2’ additionally captures the dependency 7. Related Work

between the argument and return value of each function invocation. _ ] ) )
The added predicate: = r}) in theapp" rule is analogous to the ~ Thisworkis an abstract interpretation (Cousot and Cousot 1977a,b)

(x = n) predicate in thdet rule and serves the same purpose. N the sense that an abstraction of an operational semantics is de-
The grammar also must be extended to include this new atomic fined. It differs from the abstract interpretation literature in method-
predicate: ology and focus on higher-order functions — nearly all of the ab-
stract interpretation literature focuses on first-order programs. We
are also not interested in abstracting away any of the (infinite)
Consequently, Definition 4.6, the predicate satisfaction relation, is structure of the underlying data domains. Some earlier work on

Pu=...|lzax=n

also extended to include the following cade:F r.z = n iff higher-order abstract interpretation (Cousot and Cousot 1994; Ash-
IE (z)]] = |[{n,E)], whereE(r) = (n’,E’), for somen’. Note ley 1996; Nielson and Nielson 1997; Jones and Rosendahl 1997)
how the interpretation of-.z’ in the above definition looks inte’'s does exist. The most related abstract interpretation is the recent
closure environmerit’ and not the top-level environmeRtfor x; LFA (Might 2007), a paper that addresses a similar problem but
this matches the intuition thatz means the mapping far in the by different technical means. LFA is over a richer language, but is

environment under which was generated. The rest of the defini- more a proposal in that it has no formal proofs. We are concerned
tions of the previous section can be re-used in the extended AOSthat it may be infeasible to implement in practice since it funda-
and nuggetizer without change, stopping upon reaching Subsectionmentally relies on an initial CPS transformation step, and because
4.3 (the theorem prover mapping). of this will never merge results of if-then statements. Since nontriv-
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g(f)Jr)‘ :{<‘7:k7pk>} fk :Axk.pk
Vi<i<k CALL(S, <fi,Pi>) =p; Si=SU{(F;, Pi)} (Si,f,' U {xz — <$/7P>}7Pi7p{i) L (Sugi,Pi/,?";) app+
(S,€,Pletr = fa'inppea) — <S’5 U U E U {r— (ri, P)}, \/ PA(rizi=2")A\(r= 7";)7pnel‘t>

1<i<k 1<i<k

Figure 6. Extended Abstract Operational Semantics (A@E)" rule with addition underlined

ial programs have significant numbers of conditionals, there will be Chiyan Chen and Hongwei Xi. Combining programming with the-
many paths in the conditionals tree to explore and no reasonable orem proving. INCFP '05: Proceedings of the tenth ACM SIG-

way to prune them since CPS has unfortunately removed the join  PLAN international conference on Functional programming

points. LFA has potentially more precision on function calls by us- pages 66—77, New York, NY, USA, 2005. ACM Press. ISBN
ing multiple contours la 1CFA or CPA; we plan to incorporate this 1-59593-064-7.

extens(ljonk.) LtTIA alsot ]E)ropOﬁez af.corénectlon ‘.N'thta theorem-prover o 6t and R. Cousot. Abstract interpretation: a unified lattice
as we do but has notformally defined & mapping to a prover, or con- -, qqe| for static analysis of programs by construction or approx-
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interpretation-based approaches need to be pursued because each Conference on Computer Languag&894.

h i t ths. .
as unique strengths Cormac Flanagan, Amr Sabry, Bruce F. Duba, and Matthias
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8. Conclusion PLDI'93: Proceedings ACM SIGPLAN conference on Program-

) . . ming Language Design and Implementati@@93.
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A. Definitions and Proofs for the COS

The complement operation on a generic set of mappigs—=
{d+—r}, isdefinedasM\d = {d' — r' | d' — 1" e MAd #
d}.
Definition A.1 (Free Variables). 1. (Variable).free(z) = {z}.
2. (Lazy Value).
(@) free(i) = free(b) = 0.
(b) free(Az. p) = free(p) — {a}.
(©) free(x ® 2') = {z,2'}.
3. (Atomic Computation).
(@) free(if x then p; else p2) = {x} U free(p1) U free(p2).
(b) free(z 2') = {z,2'}.
4. (A-normal Program).free(let = =
(free(p) — {z}).
Definition A.2 (Local Variables). 1. (Variable).locals(z) = 0.
2. (Lazy Value).
(@) locals(i) = locals(b) = locals(z ® x') = .
(b) locals(Az.p) = {x} U locals(p).
3. (Atomic Computation).
(a) locals(if  then py else p2) = locals(p1) U locals(p2).
(b) locals(z z") = 0.
4. (A-normal Program).locals(let © =
locals(k) U locals(p).

Lemma A.3 (Properties of|| (n, E)])).
IL{z, E}]| = |[E(z)].
2.1tz & free(n) then||(n, E) || = |[(n, E\z}]|.

Proof. Follows by Definition 3.1. ad

Kk in p) = free(k) U

kinp) = {z} U

1. If E(x) is defined then

Lemma A.4 (Property of a Canonical Closure). If (n,E) is
canonical andE(n)** = (F,E’) then(F,E’) is canonical.

Proof. Directly by Definition 3.2[2]. O

B. Proofs for the AOS and Nuggetizer

Lemma B.1 (Properties of Predicate Satisfaction Relation). 1.
IfE - P,E C E' andE' is a set of single-valued mappings,
thenE’ - P.

21fEF P,z & dom(E) andz ¢ free(n) thenE U {z —
mE)} P A(x=n).

3. IfEF Pand|(n,E)|| = (b,0) thenE - P A (n =b).

Proof. Follows by Definition 4.6. ad

Lemma B.2 (Properties of AOS under Fixed-Point of Environ-
ment).

1. (Stack Expansion). IfS,&, P,p) — (S,&, P’, pnest) then
forall S, (SUS',E,P,p) — (SUS',E, P, pnext).

2. (Stack Shrinkage). IfS,&, P,p) — (S,&, P, ppest), and
(Svgvpulozpbody) —" (8787Pélo,r)lthen(s/76,P7p) I
(8,7(‘3’ Plvp’fwﬂ)‘ Where‘sl = S_{<)\x'pb0d"j7 PCl0>}‘ for any
x.

Proof. Follows by induction on the respective derivations. 0O
Lemma B.3 (Stack Shrinkage).If (S, &, P,p) —" (S,&, P’,r)
then(S', &, P,p) —" (§',&, P',r), whereS’ = S—{{()\z.p, P)},

for anyz.

Proof. Follows directly by Lemma B.2[2]. ad

13

Lemma B.4 (Simulation: 1-step). If E C,, (£, P) and(E,p) —
(E',p’) then(0,&, P,p) — (0,&, P',p') andE' T,/ (€, P').

Proof. The proof proceeds by induction on the derivation of
(E,p) — (E',p). Following are the possible semantics rules
at the root of its derivation:

1. let. Hencep = (let z = 0 in ppest), fOr somez, n andppeq,
andE’' = EU {z — (n,E)} andp’ = pnes:.

By hypothesis, Definition 4.4 antbt rule, (0,&, P,p) —
(0,&, P',p’)suchthat — (n, P) € £andP’ = PA(z = n).
By Lemma 3.4[2](E’, p’) is well-formed. By hypothesis and
Definition 4.4,(&, P, p’) is well-formed.

By hypothesis, we knowE C [£] andE + P. Also, we
know (E, p) is well-formed, implying(n, E) is closed. Then
by Definition 4.7[2],.x — (n, E) € [£]. HenceE’ C [£].

Again knowing (E, p) is well-formed, impliest ¢ dom(E)
andz ¢ free(n). Then by Lemma B.1[2]E’ + P’.

Then by Definition 4.10E' C, (€, P').

2.if. Hencep = (let y = (if @ then p; else p2) in preat),
for somey, x, p1, p2 andpn..:. Without loss in generality, we
assumé| (z, E) || = (true, 0). Hence,(E, p1) —"' (E1, 1),
E' =E1U{y— (y1,E1)}, o’ = Prest, andni = len(p1).

By hypothesis, Definition 4.4 anfl, (0, &, P,p) — (0,&, P',p")
such thatP; = P A (z = true), P, = P A (z = false),
(®757P17p1) —m (®7€7P{7y1)1 (®a57P27p2) —"2
(@78, Pé7y2)' nz = len(pg), P = (P{ A (y = yl)) \ (Pé A
(y = y2)), and{y — (y1, P1),y — (y2, P3)} C €.

By premise,(E, p) is well-formed, implying(E, p1) is well-
formed as well. By Definition 4.4(&, P1, p1) is well-formed.
By assumption and Lemma B.1[3, - P;. Hence, by Defini-
tion 4.10,E C,,, (&, P1). Then applying the induction hypoth-
esisn, times, we geE, Cy, (&, P1).

By Lemma 3.4[2],(E’, p’) is well-formed. By hypothesis and
Definition 4.4,(€, P’, p’) is also well-formed.

By Definition 4.7[2),y — {(y1, E1) € [£]. HenceE' C [£].
Since,E’ is canonical, that is}1 U {y — (y1,E1)} is a set of
single-valued mappings, ¢ dom(E1); and, since(y,, E1) is
closedy & free(y1). Then by Lemma B.1[2JE' F P; A (y =
y1), thatis,E' - P’

Hence by Definition 4.108" T, (€, P’).

3. app. Hence,p = (let 7 = f z’ in ppest), fOr somer, f, x
andpreq:. As perapp, B(f)™ = (F,Ef), F = Az.prody,
Ey = Ef U{z — (@ E)} (Bf,pwa) —" (Ef,1),
" = |proay], n = len(peoay). ' = EU{r — (', Ef)},
andp/ = Pnext-

By hypothesis and Lemma 4.8[2,; C [£], and there exists
Py, such that{F, Py) € £(f)™ andE;  Py. Then by hy-
pothesis, Definition 4.4, arapp, ({(F, P)},E, P, prody) —"
({(}', Pp)},E, PY, r’) such that{:c — {(x', P),r — (r, P}')} -
E;and,P’ = P andp’ = pneat.

By Corollary B.3,(0, £, Py, proay) —" (0,&, Pf,r"). Hence
by Definition 4.9,(&, Py, prody) is well-formed. By premise
and Lemma A.4,(E/f,pbody) is well-formed as well. Also by
Definition 4.7[2],« — (z', E) € [£], implying E}; C [£]. By
Lemma B.1[1]E} - P;. HenceE}; Ty, . (€, Py).

Then applying the induction hypothesigimes, we geE}’ C,
(&, PY).

By Lemma 3.4[2],(E’, p') is well-formed. By hypothesis and
Definition 4.4,(€, P’, p’) is also well-formed.

By Definition 4.7[2],r — (r',E}) € [€], implying E’ C [£].
By Lemma B.1[1],E’ - P, thatis,E' - P’.

Hence by Definition 4.108' T, (€, P’).
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Lemma 4.11 (Simulation). If E C,, (£, P) and (E,p) —"
(E',p') then(0,&, P,p) —" (0,€, P',p’) andE' T,y (€, P').
Proof. Follows from Lemma B.4. O

Lemma B.5 (Existence of Derivation:1-step). For all 4-tuples
(S,&, P,p), wherep # z, for anyz, there existsS’, £, P’ andp/,
suchthat(S, &, P,p) — (S, &', P, p').

Proof. By induction on elements of the sebsClosures(E, P, p)—

S, we assume the lemma holds for all its subsets. By premise 3.

p # x, for any x; hence, following are possible outermost struc-
tures forp:

1. let.p = (let £ = 1in Ppest), fOr somex, n andppeq:. Directly
by let, (S,€,P.p) — (S,EU{z = (n,P)},P A (z =
n),pnezt)-

2.if.p = (lety = (if  then p1 else p2) in Pnest ), for somey, z,
P1, P2 andpnezt-

Let P, = P A (x = true) and P, = P A (z = false). Then

absClosures(E, P1,p1) — S C absClosures(E, P,p) — S

and absClosures(E, P2,p2) — S C absClosures(E, P,p) —

S. By induction hypothesis there exisfs, Pi, y1 and n;

such that(S, &, P1,p1) —"* (S, &1, P1,m). Analogously,

there existss, P3, y2 andns such that(S, &, Pz, p2) —"2

(S, &2, P3,y2).

Hence, byif, (S,&,P,p) — (S,&1U{y — (41, P1)} U

E Uy — <y2,P§>}7Plapnczt>v where P’ = (P{ ANy =

y1)) V (Ps A (y = 2)).

3.appp = (letr = f 2’ in prest), for somer, f, z’ andpnes.
LetE(f)** = {<.7:k, Pk>},.7:k = A\2k. pk, Sk =S U {<.7:k, Pk>},
and&, = £ U {zx — (a’, P)}. Now for eachi € [1, k] there
are two possible cases:

(@) (Fi, Pi) € S. Then,CALL(S, (F;, Pi)) = |pi] = 4, for
somer}. By reflexivity, (S;, &, Pi, i) —° (Si, &L, P}, r})
suchthatt! = & andP} = P;

(b) (Fi,P;) ¢ S. Then, cALL(S, (F:, P;)) = pi. Note,
absClosures(E;, P, pi)—S; C absClosures(E, P,p)—S8.
Then by induction hypothesis, there exi§fs P;, r; andn;
such thal(S;, &, Pi, pi) —™ (Si, &L, Pl,r1).

Then byapp, (S,&,P,p) — (8,5 UlUicicn & U {r =
7"7,7 } Ppnext)

O

Lemma 4.3 (Existence of Derivation).For all 4-tuples(S, £, P, p)
there existsS’, &, P/, v’ and n, such that(S,&, P,p) —"
(8¢, P r').

Proof. Follows from Lemma B.5. a

We writepairs (S, £, P, p) as a shorthand farairs (€, P, p)U
{(P",F)|(F,P)eS}.

LemmaB.6 (Upper Bound on Pairs of Predicates and Sub-Program

1-step). If (§',&’, P',p’) is a node in the derivation tree of
(8,€,P,p) — (8".&",P"p") then pairs (S,E,P,p) 2
pairs (8, &', P’ p').

Proof. Proceeding by induction on the derviation(sf, &, P, p) —

(8",&", P, p"), following are the possible semantics rules at its

root:

1. let.p = (let z = 0 in prext), fOr somezx, n andp,..... Hence,
§"=8& =EU{x— (n,P)}, P" = PA(zx =n),and

p” = Pnext-
Directly, pairs (S, &, P, p) 2 pairs (8",E", P",p").

14

2.if.p = (let y = (if = then py else p2) in prest), for some
Y, T, p1, p2 ANd ppese. As perif, S = S, & = & U
{y = (1, PYUE ULy — (y2,P2)}, " = Preat SUCh
that P, = P A (xz = true), P = P A (x = false),
(8,&, P1,p1) —" (8,&1,Pl,y1), (S,€, P2yp2) —"2
(S, &2, Py, y2),andP” = (PiA(y = 11)) V (PaA(y = y2)).
Directly, pairs (S, &, P,p) 2 pairs (S, &, P1,p1) and

pairs (S,E,P,p) 2 pairs(S,E, P2,p2). The result then
holds by induction hypothesis.

appp = (letr = f 2’ in prest), for somer, f, x’ andpnm.
Asperapp " =8,8" =EUU, ;0 E U {r— (ri, P},
P" = P, andp” = ppex SUCh thatE( )T = {(Fr, Pr)},
Fr = Azk. pr, and for alli € [1 k,Si = Su {(]—1,P)}
CALL(S, (Fi, Pi)) = pi, & { — P)
(Sugzupupz) —" (31,5{7[3{,1“1)

Directly, for alli € [1, k], pairs (S, E, P,p) D pairs (Si, &, Pi, ps)-
The result then holds by induction hypothe5|s

O

Corollary B.7 (Upper Bound on Pairs of Predicates and Sub-Programs:

n-step). If (S',&’,P',p’) is a node in the derivation tree of
(8,€,P,p) —™ (8",&",P" p") then pairs (S,€,P,p) 2D
pairs (S8, &', P',p').

Proof. Follows directly by Lemma B.6. O

absClosures(E, P,p) = {(n', P') | (P',n') € pairs (€, P,p)}.
We write absClosures(S, €, P, p) as a shorthand for
S U absClosures(E, P, p).

Lemma B.8 (Bounds on Abstract Stack).If (S’,&’, P’,p’) is a
node in the derivation tree «fS, &, P,p) —" (8", &", P",p")
thenS C &’ andS’ C absClosures(S, €, P, p).

Proof. Follows by induction on the derivation ¢f, £, P, p) —
(S// 5// Pl/ //) |:|

We writelocals (€, p) as shorthand fof z. }UU, , <, locals(n;)U
locals(p), where€ = {xy — (nx, Px)}, for someP;.

Lemma B.9 (Bounds on Abstract Environment). If (S’,£’, P',p")
is anode in the derivation tree 6§, £, P, p) —" (S",&", P",p")
then& C &' C £" and&’ C locals(€, p) x absClosures(E, P, p).

Proof. Follows by induction on the derivation 65, &, P,p) —"
(Sll gll P// //) I:l

Lemma 4.16 (Upper Bound on the Abstract Environment).

For a programp, if £ C locals(p) x absClosures(true,p)
and (0,&,true,p) —" (0,&', P,r) then&' C locals(p) x
absClosures(true, p).

SF’roof Follows from Lemmas B.9. a

Lemma 4.17 (Upper Bound on (Predicate, Redex) Pairs)If
(8',&', P',p')is anode in the derivation tree 68, £, P, p) —"
(s, & , P",p") then(P’,p’) € pairs (€, P, p).

Proof. Follows by Lemma B.7. O

Lemma B.10 (Upper Bound on Distinct Nodes).The number of
distinct nodes in the computation ofiggetizer(p) is O(n! - n?),
wheren = |p]|.
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nu=...|loc lazy concrete value
ku=...|refx|lx|z:=2 atomic computation
H := {loc — (n,E)} heap

H ::= {loc — (n, P)} abstract heap
S == {(F,P)Jt} abstract stack

Figure 7. Syntax Grammar with Mutable State

Proof. Let (S, &, P, p) be anode in the computationotiggetizer(p).
By Lemma B.8 and Lemma 4.15[2], number of distinct possibili-
ties for S, by simple combinatorics, i©(n!). By Lemma B.9 and
Lemma 4.15[1,2], number of distinct possibilities ¥y again by
simple combinatorics, is%. By Lemma 4.17 and Lemma 4.15[2],
number of distinct possibilities for tuplegs?, p) is n. Hence the
number of distinct possibilities for the nods, &, P, p), once
again by simple combinatorics,@(n! - n? - n), thatis,O(n! - n?®).

0O

Lemma 4.19 (Complexity of the Nuggetizer). The runtime com-
plexity of the nuggetizer ©(n! - n*), wheren = | p|.

Proof. Follows by Lemma B.10. a

15
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let!

(E,H,letz =ninp) — (EU{{E — (n,E)},H,p)

[(z, E)]| = (bi,0)  (b1,b2) = (true,false)  (E,H,p;) —" (E,H,y") i
(E, H,let y = (if = then p; else p2) in p) — (E/ U{y— (', B}, H',p)

E(f)+k = <)\$p7 EClO) (Eclo U {(L' = <I,7E>},H,p) —" (E/7H177'/)a H
(E7 H7 let r = f .CL" in pnewt) N (E ] {7” — <’f’,, E/>},H/7pnezt) PP

loc is a fresh heap location £H
re
(E,H,lety =ref zinp) — (EU{y — (loc, E)},HU {loc — (z,E)}, p)

[(y, E) || = loc, B)
(E,H,let z =lyinp) — (EU{z — H(loc)},H,p)

ISy, E) | = (loc, 0)
(E, H,letz = (y:=z)in p) — (E,H[loc — (z,E)],let z =z in p)

deref™

updateH

Figure 8. Operational Semantics Rules with Mutable State

let"
(S8,&,H,P,letx =ninp) — (S,EU{x— (n,P)},H,PA(z=n),p)

Pl =PA (CL’ = true) (8757H17P17p1) —" (817517H/1>P{:y1)
Py =PA(z=false) (S,& Ha, Pa,p2) —"2 (S2,E2, Ho, Po,y) P =(PiA(y=uy1))V(PaAy=12)) ..

(S,E,H, P,lety = (if z then py else p2) inp) — (S1 WSz, &1 U{y — (y1, P1)} UE U{y — (y2, P2)}, Hy UHa, P',p)

EN™ ={(Fe,Pr)}  Frn=Aze.px k>0
V1i<i<k
CALL<8757H7 P, (Fi, Pi) xl) —" (Si’gi’Hiv Pi/"r;) F'Xheap(shgi,ﬁiv (Fi, P1>) - (8{,5{,7—(2) POPs (Sz{a (Fi Pz)) =5/

—app
(S.€,H,P,letr = fa’ inpnear) — (su I sieu | guf{r—@iPh}, U H;,P,pmt)

1<i<k 1<i<k 1<i<k

(F, Py €S 8 =S8 {(F, P

(F.P\ireS  H.=H He#H (86 Ha, Pip) —" (8", € H, P 1)
Fveee( S, €, H, (F, P)) = (S,€,H) FiXreap(S, €, H, (F, P)) = Fixea S", €', 1, (F, P))
—=3loc.{loc, P) € E(y) T loc is a fresh heap location ref-fresH

(8,5,7—(, P lety =ref zin p) — (S,E U{y — (loc, P}, H U {loc — (z, P)}, P,p)

{lock} = {loc | {loc, P) € E(y) T} k>0

: — ref-reusé’
(S,&,H,P,lety =refzinp) — (S,&, H U {lock — (z, P)}, P,p)

Ew)" = {Qocs, Py} Hlocy)" = {ne, P} e
(S,E,H,P,Ietz =lyin p) — (8,5 U{z— <’l7k,Pk>},H,P,p)

8(y)+l°C = {{loc, P')} H' = H[loc — (z, P)]

trong-updaté
(S,S,H,P,Ietz: (y :=2) inp) — (S,E,H',P,Ietz:xinp)srong tpca

E(y) T = {{lock, Pr)}  k#1  H =HU{lock — (x,P)}
(S,E,H,P, let z = (y :=x) inp) — (S,S,H/,P, let z = x inp)

weak-updat¥

Figure 9. Abstract Operational Semantics Rules with Flow-Sensitive Mutable State
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