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Coordinate SystemCoordinate System
TransformationsTransformations

What is a transformation?

• The instantaneous relationship between a pair
of coordinate systems.

—Defines the relative position, orientation
and scale of two coordinate systems

• Notation: TA_B is the transformation from
coordinate system B to coordinate system A

What is a transformation?What is a transformation?

•• The instantaneous relationship between a pairThe instantaneous relationship between a pair
of coordinate systems.of coordinate systems.

——Defines the relative position, orientationDefines the relative position, orientation
and scale of two coordinate systemsand scale of two coordinate systems

•• Notation: TNotation: TA_BA_B is the transformation  is the transformation fromfrom
coordinate system B coordinate system B toto coordinate system A coordinate system A
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Simple 2D ExampleSimple 2D Example

AA

BB

PP

TTA_BA_B

PPBBPPAA

(3,2)(3,2)

(1,3)(1,3)
(4,5)(4,5)

==PPAA TTA_BA_B PPBB

(4,5)(4,5) == (3,2)(3,2) (1,3)(1,3)

TTA_BA_Bconverts points in B to points in Aconverts points in B to points in A
TTA_BA_Bmeasures the position of B’s origin in Ameasures the position of B’s origin in A

The vector runs from A to BThe vector runs from A to B
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Properties of Coordinate SystemProperties of Coordinate System
TransformationsTransformations

• Used to convert the coordinates of a point
specified in one coordinate system to another.

PA = TA_B  • PB

• Can be inverted

Inverse of TA_B = TB_A

•• Used to convert the coordinates of a pointUsed to convert the coordinates of a point
specified in one coordinate system to another.specified in one coordinate system to another.

PPAA = T = TA_BA_B  • P  • PBB

•• Can be Can be invertedinverted

Inverse of TInverse of TA_BA_B = T = TB_AB_A
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Properties of Coordinate SystemProperties of Coordinate System
TransformationsTransformations

• Can be composed to compute the relationship
between several coordinate systems

TA_C = TA_B • TB_C

—Note: Nice property of subscript
cancellation

Example:

TShoulder_Hand = TShoulder_Elbow • TElbow_Hand

•• Can be Can be composedcomposed to compute the relationship to compute the relationship
between several coordinate systemsbetween several coordinate systems

TTA_CA_C = T = TA_BA_B • T • TB_CB_C

——Note: Nice property of subscriptNote: Nice property of subscript
cancellationcancellation

Example:Example:

TTShoulderShoulder_Hand_Hand = = T TShoulderShoulder_Elbow_Elbow • • T TElbowElbow_Hand_Hand
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Transformation RepresentationsTransformation Representations

• Can be represented by a 4x4 Transformation
Matrix

• Alternately can use the VQS notation

—Represent transformation as a Vector
(translation), Quaternion (rotation), and a
(uniform) Scaling factor

•• Can be represented by a 4x4 TransformationCan be represented by a 4x4 Transformation
MatrixMatrix

•• Alternately can use the VQS notationAlternately can use the VQS notation

——Represent transformation as a VectorRepresent transformation as a Vector
(translation), Quaternion (rotation), and a(translation), Quaternion (rotation), and a
(uniform) Scaling factor(uniform) Scaling factor



Johns Hopkins Department of Computer Science
Course 600.460: Virtual Worlds, Spring 2000, Professor: Jonathan Cohen

 1    0    0  TX
 0    1    0  TY
 0    0    1  TZ
 0    0    0   1

TRANSLATION ROTATION
R11 R12 R13 0
R21 R22 R23 0
R31 R32 R33 0
  0    0    0   1

 SX   0    0   0
 0   SY   0   0
 0    0  SZ   0
0    0    0   1

SCALE

Transformation MatricesTransformation Matrices
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TRANSLATION:
V =  (TX , TY , TZ )

ROTATION:
Q =  (QX , QY , QZ , QW )

SCALE:
S  = SUNIFORM

VQS NotationVQS Notation
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Transformations:  WhyTransformations:  Why
QuaternionsQuaternions??

• Allow simple interpolation

• More compact

• Angle and axis of rotation easy to extract

• More efficient (composing and inverting)

• More tractable mathematically than matrices
or Euler angles

•• Allow simple interpolationAllow simple interpolation

•• More compactMore compact

•• Angle and axis of rotation easy to extractAngle and axis of rotation easy to extract

•• More efficient (composing and inverting)More efficient (composing and inverting)

•• More tractable mathematically than matricesMore tractable mathematically than matrices
oror Euler Euler angles angles
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VQS Transform from P to P’VQS Transform from P to P’

p’ = [v, q, s] • p = s (q * p * qp’ = [v, q, s] • p = s (q * p * q-1-1) + v) + v

(where p is treated as a quaternion with zero scalar component,
and the result has a zero scalar component so can be treated as
a vector.)
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Coordinate System GraphsCoordinate System Graphs

• Graphical representation of the coordinate
systems in a virtual world and their
relationship

• Nodes represent coordinate systems

• Edges represent transformations

•• Graphical representation of the coordinateGraphical representation of the coordinate
systems in a virtual world and theirsystems in a virtual world and their
relationshiprelationship

•• Nodes represent coordinate systemsNodes represent coordinate systems

•• Edges represent transformationsEdges represent transformations
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world

room

tracker

handhead

left eye right eye

left virtual image right virtual image

left screen right screen

objects

Coordinate System GraphsCoordinate System Graphs
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Coordinate System Graphs:Coordinate System Graphs:
How do I use them?How do I use them?

Can be used to determine the transformations involved
in converting between coordinate systems.

Example: Finding world coord of head space point

PWorld = TWorld_Head  • PHead

TWorld_Head = TWorld_Room • TRoom_Tracker • TTracker_Head

PWorld= TWorld_Room • TRoom_Tracker • TTracker_Head • PHead

Can be used to determine the transformations involvedCan be used to determine the transformations involved
in converting between coordinate systems.in converting between coordinate systems.

Example: Finding worldExample: Finding world coord coord of head space point of head space point

PPWorldWorld  == T TWorldWorld_Head_Head  •  • P PHeadHead

TTWorldWorld_Head_Head = = T TWorldWorld_Room _Room •• T TRoomRoom_Tracker _Tracker •• T TTrackerTracker_Head_Head

PPWorldWorld= = TTWorldWorld_Room _Room •• T TRoomRoom_Tracker _Tracker •• T TTrackerTracker_Head_Head • • P PHeadHead
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Coordinate System Graphs andCoordinate System Graphs and
Virtual World InteractionsVirtual World Interactions

• Can be used to determine the transformations
involved in any virtual world interaction

—Specifying Actions With Invariants

• Based on frame-to-frame invariants

—A relation between a set of transformations
in the current frame and a set from the
previous frame

•• Can be used to determine the transformationsCan be used to determine the transformations
involved in any virtual world interactioninvolved in any virtual world interaction

——Specifying Actions WithSpecifying Actions With Invariants Invariants

•• Based on Based on frame-to-frameframe-to-frame invariants invariants

——A relation between a set of transformationsA relation between a set of transformations
in the current frame and a set from thein the current frame and a set from the
previous frameprevious frame
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Specifying Virtual WorldSpecifying Virtual World
InteractionsInteractions

• Coordinate system hierarchy and frame-to-
frame invariants can be used to specify many
forms of virtual world interaction:

—Grabbing

—Flying

—Scaling

•• Coordinate system hierarchy and frame-to-Coordinate system hierarchy and frame-to-
frameframe invariants invariants can be used to specify many can be used to specify many
forms of virtual world interaction:forms of virtual world interaction:

——GrabbingGrabbing

——FlyingFlying

——ScalingScaling
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Specifying Actions WithSpecifying Actions With Invariants Invariants

Example: Grabbing a Virtual Object

• Objective: Keep an object “fixed” to the user’s
hand

• Frame-to-frame invariant:

Tn+1
Object_Hand = Tn

Object_Hand

• Result: Updated object position

Tn+1
World_Object

Example: Grabbing a Virtual ObjectExample: Grabbing a Virtual Object

•• Objective: Keep an object “fixed” to the user’sObjective: Keep an object “fixed” to the user’s
handhand

•• Frame-to-frame invariant:Frame-to-frame invariant:

TTnn+1+1
Object_HandObject_Hand = = T Tnn

ObjectObject_Hand_Hand

•• Result: Updated object positionResult: Updated object position

TTnn+1+1
World_ObjectWorld_Object
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world

room

tracker

hand

object

Coordinate System GraphCoordinate System Graph
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Specifying Actions WithSpecifying Actions With Invariants Invariants

• Use coordinate system graph to expand:

TObject_Hand = TObject_World • TWorld_Room • 
TRoom_Tracker • TTracker_Hand

• Substitute:

T2
Object_World • T2

World_Room • T2
Room_Tracker • T2

Tracker_Hand =
T1

Object_World • T1
World_Room • T1

Room_Tracker • T1
Tracker_Hand

•• Use coordinate system graph to expand:Use coordinate system graph to expand:

TTObjectObject_Hand_Hand = = T TObjectObject_World _World •• T TWorldWorld_Room _Room • • 
TTRoomRoom_Tracker _Tracker •• T TTrackerTracker_Hand_Hand

•• Substitute:Substitute:

TT22
Object_World Object_World • T• T22

World_Room World_Room • T• T22
Room_Tracker Room_Tracker • T• T22

Tracker_HandTracker_Hand = =
TT11

Object_World Object_World • T• T11
World_Room World_Room • T• T11

Room_Tracker Room_Tracker • T• T11
Tracker_HandTracker_Hand
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Specifying Actions WithSpecifying Actions With Invariants Invariants

• Solve:

T2
Object_World  = T1

Object_World • T1
World_Room • 

T1
Room_Tracker • T1

Tracker_Hand • 
T2

Hand_Tracker • T2
Tracker_Room  • 

T2
Room_World

• Invert T2
Object_World to obtain T2

World_Object

•• Solve:Solve:

TT22
Object_WorldObject_World  = T  = T11

Object_World Object_World • T• T11
World_Room World_Room • • 

TT11
Room_Tracker Room_Tracker • T• T11

Tracker_Hand Tracker_Hand • • 
TT22

Hand_TrackerHand_Tracker • T • T22
Tracker_RoomTracker_Room    • • 

TT22
Room_WorldRoom_World

•• Invert TInvert T22
Object_WorldObject_World to obtain T to obtain T22

World_ObjectWorld_Object
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Other Common OperationsOther Common OperationsOther Common Operations

FlyingFlying
•• Modify Modify TTworldworld_room_room

Scale world/userScale world/user
•• Also modify Also modify TTworldworld_room_room

•• Often scale about hand or headOften scale about hand or head

Scale objectScale object
•• Scale about hand or aboutScale about hand or about centroid centroid
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Where do I learn more?Where do I learn more?

• Computer graphics texts (e.g. Foley, vanDam,
Feiner, and Hughes)

—probably on reserve at MSE for Kumar’s
Computer Graphics class

• 1994 Paper by Robinett and Holloway

—READ IT!

• Paper on quaternions by Shoemake and Chou

• Quaternion/transformation support provided
by quatlib

•• Computer graphics texts (e.g. Foley,Computer graphics texts (e.g. Foley, vanDam vanDam,,
FeinerFeiner, and Hughes), and Hughes)

——probably on reserve at MSE for Kumar’sprobably on reserve at MSE for Kumar’s
Computer Graphics classComputer Graphics class

•• 1994 Paper by1994 Paper by Robinett Robinett and Holloway and Holloway

——READ IT!READ IT!

•• Paper onPaper on quaternions quaternions by by Shoemake Shoemake and Chou and Chou

•• Quaternion/transformation support providedQuaternion/transformation support provided
by by quatlibquatlib
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